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On the Discovery of the Photograph of
S. Ramanujan, F.R.S.

S. CHANDRASEKHAR, F.R.S.

Hardy was to give a series of twelve lectures on subjects suggested by

Ramanujan’s life and work at the Harvard Tercentenary Conference of Arts
and Sciences in the fall of 1936. In the spring of that year, Hardy told me that
the only photograph of Ramanujan that was available at that time was the
one of him in ca and gown, “which make him look ridiculous” And he asked

me whether 1 would try to secure, on my next visit to India, a better
photograph which he might include with the published verson of his lectures.

It happened that 1 was in India that same year from July to October. 1 knew
tha Mrs. Ramanujan was living somewhere in South India, and 1 tried to find
where she was living, at first without success. On the day prior to my
departure for England in October of 1936, 1 traced Mrs. Ramanujan to a
house in Triplicane, Madras. 1 went to her house and found her living under
extremely modest circumstances. [ asked her if she had any photograph of
Ramanujan which 1 might give to Hardy. She told me that the only one she
had was the one in his passport which he had secured in London early in
1919. 1 asked her for the passport and found that the photograph was
sufficiently good (even after seventeen years) that one could make a negative
and copies. It is this photograph which appears in Hardy's book, Ramanujan,
Twelve Lectures on Subjects Suggested by His Life and Work (Cambridge
University Press, 1940). It is of interest to recall Hardy's reaction to the
photograph: “He looks rather ill (and no doubt was very ill): but he looks all
over the genius he was”

L1t is this photograph which has served as the basis for all later photographs, paintings, etchings,
and Paul Granlund's bust of Ramanujan; and the enlargements are copies of the frontispiece in
Hardy’s book.



from the University Library, Dundee

B. M. Wilson devoted much of his short career to Ramanujan's work. Along
with P. V. Seshu Aiyar and G. H. Hardy, he is one of the editors of
Ramanujan's Collected Papers. In 1929, Wilson and G. N. Watson began the
task of editing Ramanujan’s notebooks. Partially due to Wilson’s premature
death in 1935 at the age of 38, the project was never completed. Wilson was in
his second year as Professor of Mathematics a The University of St Andrews
in Dundee when he entered hospital in March, 1935 for routine surgery. A
blood infection took his life two weeks later. A short account of Wilson's life
has been written by H. W. Turnbull (1].



Preface

Ramanujan’s notebooks were compiled approximately in the years
1903-1914, prior to his departure for England. After Ramanujan’s death in
1920, many mathematicians, including G. H. Hardy, strongly urged that
Ramanujan's notebooks be edited and published. In fact, origind plans caled
for the publishing of the notebooks along with Ramanujan's Collected Papers
in 1927, but financial considerations prevented this. In 1929, G. N. Watson
and B. M. Wilson began the editing of the notebooks, but the task wes never
completed. Finaly, in 1957 an unedited photostat edition of Ramanujan’s
notebooks was published.

This volume is the first of three volumes devoted to the editing of
Ramanujan’s notebooks. Many of the results found herein are very well
known, but many are new. Some results are rather easy to prove, but others
are established only with great difficulty. A glance at the contents
indicates a wide diversity of topics examined by Ramanujan. Our goa has
been to prove each of Ramanujan’s theorems. However, for results that are
known, we generaly refer to the literature where proofs may be found.

We hope that this volume and succeeding volumes will further enhance the
reputation of Srinivasa Ramanujan, one of the truly great figures in the
history of mathematics. In particular, Ramanujan’s notebooks contain new,
interesting, and profound theorems that deserve the attention of the math-
ematical  public.

Urbana, Illinois
June, 1984
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ntroduction

Srinivasa Ramanujan occupies a central but singular position in mathemat-
ical history. The pathway to enduring, meaningful, creative mathematical
research is by no means the same for any two individuas, but for Ramanujan,
his pah was strewn with the impediments of poverty, a lack of a university
education, the absence of books and journals, working in isolation in his most
creative years, and an early desath at the age of 32. Few, if any, of his
mathematical peers had to encounter so many formidable obstacles.

Ramanujan was born on December 22, 1887, in Erode, a town in southern
India. As was the custom at that time, he was born in the home of his
maternal grandparents. He grew up in Kumbakonam where his father was an
accountant for a cloth merchant. Both Erode and Kumbakonam are in the
state of Tamil Nadu with Kumbakonam a distance of 160 miles south-
southwest of Madras and 30 miles from the Bay of Bengal. Erode lies 120
miles west of Kumbakonam. At the time of Ramanujan’s -birth, Kumba-
konam had a population of approximately 53,000.

Not too much is known about Ramanujan’s childhood, although some
stories demonstrating his precocity survive. At the age of 12, he borrowed
Loney's Trigonometry [1] from an older student and completely mastered its
contents. It should be mentioned that this book contains considerably more
mathematics than is suggested by its title. Topics such as the exponential
function, logarithm of a complex number, hyperbolic functions, infinite
products, and infinite series, especialy in regard to the expansions of
trigonometric functions, are covered in some detail. But it was Carr’s A
Synopsis of Elementary Results in Pure Mathematics, now published under a
different title [1], that was to have its greatest influence on Ramanujan. He
borrowed this book from the local Government College library at the age of
15 and was thoroughly captivated by its contents. Carr was a tutor at
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Cambridge, and his Synopsis is a compilation of about 6000 theorems which
served as the basis of his tutoring. Much on calculus and geometry but
nothing on the theory of functions of a complex variable or elliptic functions
is to be found in Car's book. Ramanujan never leaned about functions of a
complex variable, but his contributions to the theory of elliptic and modular
functions are profound. Very little space in Carr's Synopsis is devoted to
proofs which, when they are given, are usually very brief and sketchy.

In December, 1903, Ramanujan took the matriculation examination of the
University of Madras and obtained a “first class” place. However, by this
time, he was completely absorbed in mathematics and would not study any
other subject. In particuiar, his failure to study English and physiology
caused him to fail his examinations at the end of his first year at the
Government College in Kumbakonam. Four years later, Ramanujan entered
Pechaiyappa's College in Madras, but again he failed the examinations at the
end of his first year.

Not much is known about Ramanujan's life in the years 1903-1910, except
for his two attempts to obtain a college education and his marriage in 1909 to
Srimathi  Janaki. During this time, Ramanujan devoted himself amost
entirely to mathematics and recorded his results in notebooks. He also was
evidently seriously ill at least once.

Because he was now married, Ramanujan found it necessary to secure
employment. SO in 1910, Ramanujan arranged a meeting with V. R. Aiyar,
the founder of the Indian Mathematical Society. At that time, V. R. Aiyar was
adeputy collector in the Madras civil service, and Ramanujan asked him for
a podgition in his office. After perusing the theorems in Ramanujan’'s
notebooks, V. R. Aiyar wrote P. V. Seshu Aiyar, Ramanujan’s mathematics
ingructor while a dudent a the Government College in Kumbakonam. P. V.
Seshu Aiyar, in turn, sent Ramanujan to R. Ramachandra Rao, a relatively
wealthy mathematician. The subsequent meeting was eloquently described
by R. Ramachandra Rao [1] in his moving tribute to Ramanujan. The
content of this memorial and P. V. Seshu Aiyar’s [ 1] sympathetic obituary are
amalgamated into a single biography inaugurating Ramanujan’s Collected
Papers [15]. It suffices now to say that R. Ramachandra Reo was indelibly
impressed with the contents of Ramanujan’s notebooks. He unhesitatingly
offered Ramanujan a monthly stipend 0 that he could continue his
mathematical research without worrying about food for tomorrow.

Not wishing to be a burden for others and feeling inadequate because he
did not possess a job, Ramanujan accepted a clerical position in the Madras
Port Trust Office on February 9, 1912. This was a fortunate event in
Ramanujan’s career. The chairman of the Madras Port Trust Office was a
prominent English engineer Sir Francis Spring, and the manager was a
mathematician S. N. Aiyar. The two took a very kindly interest in
Ramanujan's welfare and encouraged him t0 communicate his mathematical
discoveries to  English  mathematicians.

C. P. Snow has reveded, in his engaging collection of biographies [1] and
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in his foreword to Hardy’s book [17], that Ramanujan wrote two English
mathematicians before he wrote G. H. Hardy. Snow does not revea their
identities, but A. Nandy [1, p. 147] claims that they are Baker and Popson.
Nandy evidently obtained this information in a conversation with J. E.
Littlewood. The first named mathematician is H. F. Baker, who was G. H.

Hardy’s predecessor as Cayley Lecturer at Cambridge and a distinguished
analyst and geometer. As Rankin [2] has indicated, the second named by
Nandy is undoubtedly E. W. Hobson, a famous analyst and Sadlerian
Professor of Mathematics a Cambridge. According to Nandy, Ramanujan's
letters were returned to him without comment. The many of us who have
received letters from “crackpot” amateur mathematicians claiming to have
proved Fermat's last theorem or other famous conjectures can certainly
empathize with Baker and Hobson in their grievous errors. Ramanujan also
wrote M. J M. Hill through C. L. T. Griffith, an engineering professor a the

Madras Engineering College who took a great interest in Ramanujan’s
welfare. Rankin [1] has pointed out that Hill was undoubtedly Griffith's
mathematics instructor at University College, London, and this was obvi-
ously why Ramanujan chose to write Hill. Hill was more sympathetic to
Ramanujan's work, but other pressing matters prevented him from giving it a
more scrutinized examination. Fortunately, Hill’s reply has been preserved;
the full text may be found in a compilation edited by Srinivasan [1].

On January 16, 1913, Ramanujan wrote the famed English mathematician
G. H. Hardy and “found a friend in you who views my labours sympatheti-
caly” [15, p. xxvii]. Upon initialy receiving this letter, Hardy dismissed it.
But that evening, he and Littlewood retired to the chess room over the
commons room at Trinity College. Before they entered the room, Hardy
exclaimed tha this Hindu correspondent was ether a crank or a genius. After
24 hours, they emerged from the chess room with the verdict-“genius.”
Some of the results contained in the letter were false, others were well known,
but many were undoubtedly new and true. Hardy [20, p. 9] later concluded,
about a few continued fraction formulae in Ramanujan's first letter, “if they
were not true, no one would have had the imagination to invent them. Finaly
(you must remember that 1 knew nothing whatever about Ramanujan, and
had to think of every possihility), the writer must be completely honest,
because great mathematicians are commoner than thieves or humbugs of
such incredible skill.” Hardy replied without delay and urged Ramanujan to
corne to Cambridge in order that his superb mathematical talents might
corne to their fullest fruition. Because of strong Brahmin caste convictions
and the refusal of his mother to grant permission, Ramanujan a first declined
Hardy's invitation.

But there was perhaps dill another reason why Ramanujan did not wish to
sail for England. A letter from an English meteorologist, Sir Gilbert Walker,
to the University of Madras helped procure Ramanujan’s first official
recognition; he obtained from the University of Madras a scholarship of 75
rupees per month beginning on May 1, 1913. Thus, finaly, Ramanujan
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posesed a bona fide academic postion that enabled him to devote all of his
energy to the pursuit of the prolific mathematical ideas flowing from his
creative genius

At the beginning of 1914, the Cambridge mathematician E. H. Neville
sdled to India to lecture in the winter term at the University of Madras. One
of Neville’s tasks was to convince Ramanujan that he should corne to
Cambridge. Probably more important than the persuasions of Neville were
the efforts of Sr Francis Spring, Sir Gilbert Walker, and Richard Littlehailes,
Professor of Mathematics at Madras. Moreover, Ramanujan’s mother ¢con-
sented to her son's wishes to journey to England. Thus, on March 17, 1914,
Ramanujan boarded a ship in Madras and sailed for England.

The next three years were happy and productive ones for Ramanujan
despite his difficulties in adjusting to the English climate and in obtaining
suitable vegetarian food. Hardy and Ramanujan profited immensely from
each other's ideas, and it was probably only with a little exaggeration that
Hardy [20, p. 11] proclaimed “he was showing me half a dozen new ones
(theorems) almost every day.” But after three years in England, Ramanujan
contracted an illness that was to eventualy take his life three yearsater. It
was thought by some that Ramanujan was infected with tuberculosis, but as
Rankin [1], [2] has pointed out, this diagnosis appears doubtful. Despite a
loss of weight and energy, Ramanujan continued his mathematical activity as
he attempted to regain his hedth in a least five sanatoria and nursing homes.
The war prevented Ramanujan from returning to India. But findly it was
deemed safe to travel, and on February 27, 1919, Ramanujan departed for
home. Back in India, Ramanujan devoted his attention to 4-series and
produced what has been caled his “lost notebook.” (See Andrews paper [2]
for a description of this manuscript.) However, the more favorable climate
and diet did not abate Ramanujan’s illness. On April 26, 1920, he passed
away after spending his last month in considerable pain. It might be
conjectured that Ramanujan regretted his journey to England where he
contracted a termind illness. However, he regarded his stay in England as the
greatest experience of his life, and, in no way, did he blame his experience
in England for the deterioration of his health. (For example, see Neville’s
aticle[1, p. 295].)

Our account of Ramanujan's life has been brief. Other descriptions may be
found in the obituary notices of P. V. Seshu Aiyar [1], R. Ramachandra Rao
[1], Hardy [9], [10], [11], [21, pp. 702-720], and P.V. Seshu Aiyar,
R. Ramachandra Rao, and Hardy in Ramanujan’s Collected Papers[15]; the
lecture of Hardy in his book Ramanujan [20, Chapter 17; the review by
Mordell [1]; an address by Neville [1]; the biographies by Ranganathan [1]
and Ram [17; and the reminiscences in & commemorative Volume edited by
Bharathi [ 1.

When Ramanujan died, he left behind three notebooks, the aforemen-
tioned “lost notebook” (in fact, a sheaf of approximately 100 loose pages), and
other manuscripts. (See papers of Rankin [1] and K. G. Ramanathan [1] for
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descriptions of some of these manuscripts) The first notebook was left with
Hardy when Ramanujan returned to India in 1919. The second and third
notebooks were donated to the library at the University of Madras upon his
death. Hardy subsequently gave the first notebook to S. R. Ranganathan, the
librarian of the University of Madras who was on leave at Cambridge
University for one year. Shortly thereafter, three handwritten copies of all
three notebooks were made by T. A. Satagopan at the University of Madras.
One copy of each was sent back to Hardy.

Hardy strongly urged that Ramanujan’s notebooks be published and
edited. In 1923, Hardy wrote a paper [ 12], [ 18, pp. 505-5 16] in which he gave
an overview of one chapter in the first notebook. This chapter pertains almost
entirely to hypergeometric series, and Hardy pointed out that Ramanujan
discovered most of the important classical results in the theory as well as
many new theorems. In the introduction to his paper, Hardy remarks that “a
systematic verification of the results (in the notebooks) would be a very heavy
undertaking.” In fact, in unpublished notes left by B. M. Wilson, he reports a
conversation with Hardy in which Hardy told him that the writing of this
paper [12] was a very difficult task to which he devoted three to four full
months of hard work. Origind plans caled for the notebooks to be published
together with Ramanujan’s collected published works. However, a lack of
funds prevented the notebooks from being published with the Collected
Papers in 1927.

G. N. Watson and B. M. Wilson agreed in 1929 to edit Ramanujan’'s
notebooks. When they undertook the task, they estimated that it would take
them five years to complete the editing. The second notebook is a revised,
enlarged edition of the first notebook, and the third notebook has but 33
pages. Thus, they focused their attention on the second notebook. Chapters
2-13 were to be edited by Wilson, and Watson was to examine Chapters
14-21. Unfortunately, Wilson passed away prematurely in 1935 at the age of
38. In the six years that Wilson devoted to the editing, he proved a mgjority of
the formulas in Chapters 2-5, the formulas in the first third of Chapter 8, and
many of the results in the first half of Chapter 12. The remaining chapters
were essentially left untouched. Watson's interest in the project evidently
waned in the late 1930’s. Although he examined little in Chapters 14 and 15,
he did establish a mgjority of the results in Chapters 16-21. Moreover,
Watson wrote several papers which were motivated by findings in the
notebooks.

For severd years no progress was made in either the publishing or editing
of the notebooks. In 1949, three photostat copies of the notebooks were made
a the University of Madras. At a meeting of the Indian Mathematical Society
in Delhi in 1954, the publishing of the notebooks was suggested. Finaly, in
1957, the Tata Institute of Fundamental Research in Bombay published a
photostat edition [16] of the notebooks in two volumes. The first volume
reproduces Ramanujan’s first notebook, while the second contains the second
and third notebooks. However, there is no commentary whatsoever on the
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contents. The reproduction is very clearly and faithfully executed. If one side
of a page is left blank in the notebooks, it is Ieft blank in the facsimile edition.
Ramanujan’s scratch work is also faithfully reproduced. Thus, on one page
we find only the fragment, “If » is positive” The printing was done on heavy,
oversized pages with generous margins. Since some pages of the original
notebooks are frayed or faded, the photographic reproduction is especially
admirable.

Except for Chapter 1, which probably dates back to his school days,
Ramanujan began to record his results in notebooks in about 1903. He
probably continued this practice until 1914 when he left for England. From
biographical accounts, it appears that other notebooks of Ramanujan once
exised. It seems likely that these notebooks were preliminary versions of the
three notebooks which survive.

The first of Ramanujan’s notebooks was written in what Hardy called “a
peculiar green ink.” The book has 16 chapters containing 134 pages.
Following these 16 chapters are approximately 80 pages of heterogeneous
unorganized material. At first, Ramanujan wrote on only one side of the page
However, he then began to use the reverse sides for “scratch work” and for
recording additional discoveries, starting at the back of the notebook and
proceeding forward. Most of the materid on the reverse sides has been added
to the second notebook in a more organized fashion. The chapters are
somewhat organized into topics, but often there is no apparent connection
between adjacent sections of material in the same chapter.

The second notebook is, as mentioned earlier, a revised, enlarged edition
of the first notebook. Twenty-one chapters comprising 252 pages are found in
the second notebook. This material is followed by about 100 pages of
disorganized results. In contrast to the first notebook, Ramanujan writes on
both sides of each page in the second notebook.

The third notebook contains 33 pages of mostly unorganized material.

We shall now offer some general remarks about the contents of the
notebooks. Because the second notebook supersedes the first, unless other-
wie dated, all comments shall pertain to the second notebook. The papers of
Watson [2] and Berndt [3] also give surveys of the contents.

If one picks up a copy of the notebooks and casually thumbs through the
pages, it becomes immediately clear that infinite series abound throughout
the notebooks. If Ramanujan had any peers in the formal manipulation of
infinite series, they were only Euler and Jacobi. Many of the series do not
converge, but usually such series are asymptotic series. On only very rare
occasions does Ramanujan date conditions for convergence or even indicate
that a series converges or diverges. In some instances, Ramanujan indicates
that a series (usually asymptotic) diverges by appending the words “ nearly”
or “very nearly.” It is doubtful that Ramanujan possessed a sound grasp of
what an asymptotic series is. Perhaps he had never heard of the term
“asymptotic.” In fact, it was not too many years earlier that the foundations
of asymptotic series were laid by Poincaré and Stieltjes. But despite this
possible shortcoming, some of Ramanujan’s deepest and most interesting
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results are asymptotic expansions. Although Ramanujan rarely indicated
that a series converged or diverged, it is undoubtedly true that Ramanujan
generally knew when a series converged and when it did not. In Chapter 6

Ramanujan developed a theory of divergent series based upon the
Euler-Maclaurin summation formula. It should be pointed out that Raman-
ujan appeared to have little interest in other methods of summability, with a
couple of examples in Chapter 6 being the only evidence of such interest.

Besides basing his theory of divergent series on the Euler-Maclaurin
formula, Ramanujan employed the Euler-Maclaurin formula in a variety of
ways. See Chapters 7 and 8, in paticula. The Euler-Maclaurin formula was
truly one of Ramanujan’s favorite tools. Not surprisingly then, Bernoulli
numbers appear in severa of Ramanujan's formulas. His love and affinity for
Bernoulli numbers is corroborated by the fact that he chose this subject for
his first published paper [4].

Although series appear with much greater frequency, integrals and
continued fractions are plentiful in the notebooks. There are only a few
continued fractions in the first nine chapters, but later chapters contain
numerous continued fractions. Although Ramanujan is known primaily as a
number theorist, the notebooks contain very little number theory.
Ramanujan’s contributions to number theory in the notebooks are found
chiefly in Chapter 5, in the heterogeneous materia at the end of the second
notebook, and in the third notebook.

The notebooks were originally intended primarily for Ramanujan’s own
personal use and not for publication. Inevitably then, they contain flaws and
omissions. Thus, notation is sometimes not explained and must be deduced
from the context, if possible. Theorems and formulas rarely have hypotheses
attached to them, and only by constructing a proof are these hypotheses
discernable in many cases. Some of Ramanujan’s incorrect “theorems’ in
number theory found in his letters to Hardy have been well publicized. Thus,
perhaps some think that Ramanujan was prone to making errors. However,
such thinking is erroneous. The notebooks contain scattered minor errors
and misprints, but there are very few serious errors. Especialy if one takes
into account the roughly hewn nature of the material and his frequently
formal arguments, Ramanujan's accuracy is amazing.

On the surface, several theorems in the notebooks appear to be incorrect.
However, if proper interpretations are given to them, the proposed theorems
generaly are correct. Especially in Chapters 6 and 8, formulas need to be
properly reinterpreted. We cite one example. Ramanujan offers several
theorems about Y 1/x, where x is any postive red number. Firs, we must be
aware that, in Ramanujan’s notation, ¥ 1/x = Y, 1/n. But further reinter-
pretation is still needed, because Ramanujan frequently intends Z 1/x to
mean Y(x + 1) +y, where y(x) = I'"(x)/T'(x) and y denotes Euler’s constant.
Recall that if x is a positive integer, then y(x + 1) +y = Yx_ | 1/n. But in other
instances, Y 1/x may denote Log x + y. Recall that as x tends to o, both
Y(x + 1) +v and Y, ., 1/n are asymptoticto Log x + y.

The notebooks contain very few proofs, and those proofs that are given are
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only very briefly sketched. In contrast to a previous opinion expressed by the
author [3], there appear to be more proofs in the first notebook than in the
second. They also are more frequently found in the earlier portions of the
notebooks; the later chapters contain virtualy no indications of proofs. That
the notebooks contain few proofs should not be too surprising. First, as
mentioned above, the notebooks chiefly served Ramanujan as a compilation
of his results; he undoubtedly felt that he could reproduce any of his proofs if
necessary. Secondly, paper was scarce and expensve for a poor, uneducated
Hindu who had no means of support for many of his productive years. As was
the case for most Indian students at that time, Ramanujan worked out most
of his mathematics on a dlate. One advantage of being employed at the
Madras Port Trust Office was that he could use excess wrapping paper for his
mathematical research. Thirdly, since Carr’s Synopsis was Ramanujan’'s
primary source of inspiration, it was natural that this compendium should
srve as a model for compiling his own results.

The naure of Ramanujan's proofs has been widdly discussed and  debated.
Many of his biographers have written that Ramanujan’s formulas were
frequently inspired by Goddess Namagiri in dreams. Of course, such a view
can neither be proved nor disproved. But without discrediting any religious
thinking, we adhere to Hardy’s opinion that Ramanujan basically thought
like most mathematicians. In other words, Ramanujan proved theorems like
any other serious mathematician. However, his proofs were likely to have
svere gaps caused by his deficiencies. Because of the lack of sound, rigorous
training, Ramanujan's proofs were frequently formal. Often limits were taken,
series were manipulated, or limiting processes were inverted without justifi-
cation. But, in reality, this might have been one of Ramanujan’s strengths
rather than a weakness. With a more conventional education, Ramanujan
might not have depended upon the origina, formal methods of which he was
proud and rather protective. In particular, Ramanujan’s amazingly fertile
mind was functioning most creatively in the formal manipulation of series. If
he had thought like a well-trained mathematician, he would not have
recorded many of the formulas which he thought he had proved but which, in
fact, he had not proved. Mathematics would be poorer today if history had
followed such a course. We are not saying that Ramanujan could not have
given rigorous proofs had he had better training. But certainly Ramanujan’s
prodigious output of theorems would have dwindled had he, with sounder
mathematical training, felt the need to provide rigorous proofs by con-
temporary standards. As an example, we cite Entry 10 of Chapter 3 for which
Ramanujan laconically indicated a proof. His “proof,” however, is not even
valid for any of the examples which he gives to illustrate his theorem. Entry
10 is an extremely beautiful, useful, and deep asymptotic formula for a generd
class of power series. It would have been a sad loss for mathematics if
someone had told Ramanujan to not record Entry 10 because his proof was
invaid. Also in this connection, we briefly mention some results in Chapter 8
on analogues of the gamma function. It seems clear that Ramanujan found
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many of these theorems by working with divergent series. However,
Ramanujan’ s theorems can be proved rigorously by manipulating the series
where they converge and then using analytic continuation. Thus, just one
concept outside of Ramanujan’s repertoire is needed to provide rigorous
proofs for these beautiful theorems analogizing properties of the gamma
function.

To be sure, there are undoubtedly some instances when Ramanujan did
not have a proof of any type. For example, it is well known that Ramanujan
discovered the now famous Rogers-Ramanujan identities in India but could
not supply a proof until several years later after he found them in a paper of
L. J. Rogers, As Littlewood [11, {2, p. 1604] wrote, “If a significant piece of
reasoning occurred somewhere, and the total mixture of evidence and
intuition gave him certainty, he looked no further.”

In the sequel, we shall indicate Ramanujan’s proofs when we have been
able to ascertain them from skeiches provided by him or from the context in
which the theorems appear. We emphasize, however, that for most of his
work, we have no idea how Ramanujan made his discoveries. In an interview
conducted by P. Nandy [1] in 1982 with Ramanujan’'s widow S. Janaki, she
remarked that her husband was always fearful that English mathematicians
would stedl his mathematical secrets while he was in England. It seems that
not only did English mathematicians not steal his secrets, but generations of
mathematicians since then have not discovered his secrets either.

Hardy [20, p. 10] edtimated that two-thirds of Ramaenujan's work in India
consisted of rediscoveries. For the notebooks, this estimate appears to be too
high. However, it would be difficult to precisely appraise the percentage of
new results in the notebooks. It should also be remarked that some origina
results in the notebooks have since been rediscovered by others, usually
without knowledge that their theorems are found in the notebooks.

Chapter 1 has but 8 pages, while Chapters 2-9 contain either 12 or 14
pages per chapter. The number of theorems, corollaries, and examples in each
chapter is listed in the following table.

Chapter ~ Number of Results

© a0 Ao N —
BEEccggas

Totd

-2
oy
o




10 Introduction

In this book, we shal ether prove each of these 759 results or we shall
provide references to the literature where proofs may be found. In a few
instances, we were unable to interpret the intent of the entries.

In the sequel, we have adhered to Ramanujan’s usage of such terms as
“corollary” and “example” However, often these desgndions are incorrect.
For example, Ramanujan’s “corollary” may be a generalization of the
preceding result. An “examplé’ may be a theorem. So that the reader with a
copy of the photostat edition of the notebooks can more easly follow our
andyss, we have presarved Ramanujan's notation as much as possble
However, in some instances, we have felt that a change in notation is
advissble

Not surprisingly, severd of the theorems that Ramanujan communicated
in his two letters of Jonuary 16, 1913, and February 27, 1913, to Hardy are
found in his notebooks. Altogether about 120 results were mailed to Hardy.
Unfortunately, one page of the first letter was lost, but all of the remaining
theorems have been printed with Ramanujan's collected papers [15]. We
have recorded below those results from the letters that are dso found in
Chapters 1-9 of the second notebook or the Quarterly Reports. Condgderably
more theorems in Ramanujan's letters were extracted from later chapters in
the notebooks.

Location in Collected Papers Location in Notebooks or Reports

p. xxiv, (2), parts (b), (c) Chapter 5, Section 30, Corollary 2
p. xxv, 1V, (4) First report, Example (d)

p. xxvi, VI, (1) Chapter 7, Section 18, Corollary
p. 350, VII, (1) Chapter 9, Section 27

p. 351, lines 1, 3 Chapter 6, Section 1, Example 2

Many of Ramanujan's papers have their geneses in the notebooks. In all
cases, only a portion of the results from each paper are actudly found in the
notebooks. Also some of the problems that Ramanujan submitted to the
Journal of the Indian Mathematical Society are ensconced in the notebooks
We lig bedow those papers and problems with connections to Chapters 1-9
or the Quarterly Reports. Complete bibliographic detals are found in the list
of references.

A condensed summary of Chapters I-9 will now be provided. More
complete descriptions are given a the beginning of each chapter. Because
each chapter contains several diverse topics, the chapter titles are only
partidly indicative of the chapters’ contents.

Magic sguares can be traced back to the twelfth or thirteenth Century in
India and have long been popular amongst Indian school boys In contrast to
the remainder of the notebooks, the opening chapter on magic squares
evidently aises from Ramanujan's ealy school days Chepter 1 is quite
dementary and contains no new insights on magic Souares.
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Paper Location in Notebooks
Some properties of Bernoulli numbers Chapter 5
On question 330 of Prof. Sanjana Chapter 9, Entries 4(i), (ii)
Irregular numbers Chapter 5

*tan" 'y .
On the integra J — dt Chapter 2, Section 11

0 Chapter 9, Section 17

On the sum of the square roots of

the first n naturad numbers Chapter 7, Section 4, Corollary 4
0 3
On th duct 1+ Chapter 2, Section
n the produc "Uo[ <a+nd>] ap! 11
Some definite integrals Chapter 4, Entries 11, 12

Quarterly Reports
Some formulae in the analytic

theory of numbers Chapter 7, Entry 13

Question 260 Chapter 2, Section 4, Corollary
Question 261 Chapter 2, Section 11, Examples 3, 4
Question 327 Chapter 8, Entry 16

Question 386 First Quarterly Report, Example (d)
Question 606 Chapter 9, Section 6, Example (vi)
Question 642 Chapter 9, Section 8

Chapter 2 dready evinces Ramanujan’s cleverness. Ramanujan examines
Fvad finite ad infinite series involving arctan X. Egeddly noteworthy ae
the curious and fasdnaing Examples 9 and 10 in Sedion 5 which fdlow from
ingenious applications of the addition formula for arctan X. The sum

& !
P=1+ 2,; (ak)® = ak
is examined in detail in Chapter 2 and is revisited in Chapter 8.

Much of Chepter 3 fdls in the area of combingorid andyds dthough no
combinatorial problems are mentioned. The theories of Bell numbers and
single-variable Bell polynomials are developed. It might be mentioned that
Bdl and Touchard established these theories in print over 20 years after
Ramanujan had done this work. Secondly, Ramanujan derives many series
expansions that ordinarily would be developed via the Lagrange inversion
formua The mehod that Ramandan employed is dffeet ad is desaibed
in his Quarterly Reports.

Like Chapter 3, Chapter 4 contains essentially two primary topics. First,
Ramanujan examines iterates of the exponential function. This material
sams to be etirdy newv and deserves addtiond dudy. Ssoondy, Ramenuyen
desaibes en oigind, formal process of which he wes very fond. One of the
many applications made by Ramanujan is the main focus of the Quarterly

Reports



12 Introduction

Chapter 5 lies in the domain of number theory. Bernoulli numbers, Euler
numbers, Eulerian polynomids and numbers, and the Riemann zetafunction
{(s) are the chief topics covered. One of the more intriguing results is Entry 29,
which, in fact, is fase!

Ramanujan’'s theory of divergent series is set forth in Chapter 6. He
asociates 10 each series a “congtant.” For example, Euler's constant y is the
“constant” for the harmonic series. Ramanujan's theory is somewhat flawed
but has been put on a firm foundation by Hardy [ 15].

Chapter 7 continues the subject matter of both Chapters 5 and 6. The
functional equation of {(s) is found in disguised form in Entry 4. It is
presented in terms of Ramanujan’s extended Bernoulli numbers, and his
“proof” is based upon his idea of the “constant” of a series. Chapter 7 also
contains much numerical calculation.

Analogues of the logarithm of the gamma function form the topic of most
of Chapter 8 Ramanujan establishes several beautiful andogues of Stirling's
formula, Gauss’s multiplication theorem, and Kummer’s formula, in partic-
ular. Essentidly all of this material is origina with Ramanujan.

Another analogue of the gamma function is studied in Chapter 9.
However, most of the chapter is devoted to the transformation of power series
which are akin to the dilogarithm. Although all of Ramanujan’s discoveries
about the dilogarithm are classica, his many elegant theorems on related
functions are generally new. This chapter contains many beautiful series
evauations, some new and some classicd.

In 1913, Ramanujan received a scholarship of 75 rupees per month from
the University of Madras. A stipulation in the scholarship required Raman-
Uian to write quarterly reports detailing his research. Three such reports were
written before he departed for England, and they have never been published.
This volume concludes with an analysis of the content of the quarterly
reports. The first two reports and a portion of the third are concerned with a
type of interpolation formulain the theory of integral transforms, which is
original and is discussed in Chapter 4. However, in the reports, Ramanujan
discusses his theorem in much greater detail, provides a “proof,” and gives
numerous examples in illustration. His most noteworthy new finding is a
broad generdization of Frullani’s integra theorem that has not been
heretofore observed. Using a sort of converse theorem to his interpolation
formula, Ramanujan derives many unusua series €xpansions.

We collect now some notation and theorems that will be used severd times
in the sequel. We shall not employ the conventions used by Ramanujan for
the Bernoulli numbers B,, 0 < n < oo, but instead we employ the contempor-
ary definition found, for example, in the compendium of Abramowitz and
Stegun [1, p. 804], i.c.,

X x B, ,
— = ;)Hx , x| <2n (I1)

eX

We adhere to the current convention for the Euler numbers E,, 0 £ n < co;
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thus, E;,, =0, n > 0, while E,,, n > 0, is defined by

® (—1"E,, 2 i
sec x = ”ZO on) . Ixl< 5
which again differs from the convention used by Ramanujan.

Many applications of the Euler-Maclaurin summation formula will be
made. Vesions of the Eule-Maclaurin formula may be found in the treatises
of Bromwich [1, p. 328], Knopp [1, p. 524}, and Hardy [15, Chapter 133, for
example. If f has 2n + 1 continuous derivatives on [a, f7], where a and § are
integers, then

0= foasisaim)

a

(12)

i B“ AR —f* @)+ K 13)

where, for n > 0,

B
Rty f B+t~ (1)) D00, (14)

where B,(x), 0 <1 < o, denotes the nth Bernoulli polynomial. For brevity,
we sometimes put P,(x) = B,(x — [x])/n!. Inthe sequel, we shdl frequently let
B = X, where x is to be considered large. Letting » tend to o in (13) then
normally produces an asymptotic series as X tends to oo. In these instances,
we shdl write (13) in the form

S < Bax 2k—1
kZa flk)~ f f(t) dt + c + 3/(x) + Z k) 2k p(2k=1)(x), (I5)

as x tends to oo, where c is a certain constant.
As usual, I" denotes the gamma function. Recall Stirling’'s formula,

12x  288x?

as X tends to co. (See, for example, Whittaker and Watson's text [1, p. 253].)
At times, we shall employ the shifted factorial

1 1
et 1)~ 2nx"+”2e"‘<1+—+ . ) 1)

T(a+ k)

(@p=al@a+Da+2).-(a+k—1)= T@

1)

where k is a nonnegative integer.

In the sequel, equation numbers refer to equations in that chapter in which
reference is made, except for two types of exceptions. The equalities in the
Introduction are numbered (11), (I2), etc. Secondly, when an equation from
another chapter is used, that chapter will be specified.

In referring to the notebooks, the pagination of the Tata Institute will be
employed. Unless otherwise dtated, page numbers refer to volume 2
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Because of the unique circumstances shaping Ramanujan’s career,
inevitable queries arise about his greatness. Here are three brief assessments
of Ramanujan and his work.

Paul Erdés has passed on to us Hardy’s personal ratings of mathema-
ticians. Suppose that we rate mathematicians on the basis of pure taent on a
scale from 0 to 100. Hardy gave himsdf a score of 25, Littlewood 30, Hilbert
80, and Ramanujan 100.

Neville [1] began a broadcast in Hindustani in 1941 with the declaration,
“Srinivasa Ramanujan was a mathematician S0 great that his name tran-
scends jealousies, the one superlatively great mathematician whom India has
produced in the last thousand years.”

In notes left by B. M. Wilson, he tells us how George Polya was captivated
by Ramanujan's formulas One day in 1925 while Polya was vidting Oxford,
he borrowed from Hardy his copy of Ramanujan’s notebooks. A couple of
days later, Polya returned them in almost a state of panic explaining that
however long he kept them, he would have to keep attempting to verify the
formulae therein and never again would have time to establish another
origina result of his own.

To be sure, India has produced other great mathematicians, and Hardy’s
views may be moderately biased. But even though the pronouncements of
Neville and Hardy are overstated, the excess is insignificant, for Ramanujan
reached a pinnacle scaled by few. It is hoped that readers of our anayses of
Ramanujan's formulas will be captivated by them as Polya once was and will
join the chorus of admiration along with Hardy, Neville, Polya, and countless
others.

The task of editing Ramanujan’s second notebook has been greatly
fecilitated by notes left by B. M. Wilson. Accordingly, he has been listed as a
coauthor on earlier published versions of Chapters 2-5 to which he made
extensive contributions. Wilson's notes were given to G. N. Watson upon
Wilson’s death in 1935. After Watson passed away in 1965, his papers,
including Wilson’s notes, were donated to Trinity College, Cambridge, a the
suggestion of R. A. Rankin. We are grateful to the Master and Fellows of
Trinity College for a copy of Watson and Wilson’s notes on the notebooks
and for permission to use these notes in our accounts.

We sincerely appreciate the collaboration of Ronald J. Evans on Chapters
3 and 7 and Padmini T. Joshi on Chapters 2 and 9. The accounts of the
aforementioned chapters are superior to what the author would have
produced without their contributions. Versions of Chapters 2-9 and the
Quarterly Reports have appeared el sewhere. We list below the publications
where these papers appeared.

We appreciate very much the help that was fredy given by several people
as we struggled to interpret and prove Ramanujan’s findings. D. Zeilberger
provided some very helpful suggestions for Chapters 3 and 4. The identities of
others are related in the following chapters. However, we particularly draw
atention to Richard A. Askey and Ronad J. Evans. Askey carefully read our
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Chapter Coauthors

Publication

2 P. T. Joshi, B. M. Wilson
R. J. BEvans, B. M. Wilson
4 B. M. Wilson

(%)

5 B. M. Wilson

6

7 R. J Evans

8

9 P.T. Joshi
Quarterly Reports
(Abridged Verdon)
Quarterly Reports

Glasgow Math. J., 22 (1981), 199-216.
Adv. Math., 49 (1983), 123-169.
Proc. Royal Soc. Edinburgh, 89A (1981),

87-109.

Analytic Number Theory (M. T. Knopp,
ed.). Lecture Notes in Math., No. 899,
Springer-Verlag, Berlin, 198 1,
pp. 49978

Resultate der Math., 6 (1983), 1-26.

Math. Proc. Nat. Acad. Sci. India, 92
(1983), 67-96.

J. Reine Angew. Math., 338 (1983), I-55.

Contemporary ~Mathematics, vol. 23,
Amer. Mah. Soc., Providence, 1983.

Amer. Math. Monthly, 90 (1983), 505-516.
Bull. London Math. Soc, 16 (1984), 4499480.

manuscripts and offered many suggestions, references, and insights. Evans
proved some of Ramanujan's deegpest and most difficult theorems.

The manuscript was typed by the three best technical typists in
Champaign-Urbana, Melody Armstrong, Hilda Britt, and Dee Wrather. We
thank them for the superb quality of their typing.

Lastly, we thank the Vaughn Foundation for its generous financia
support during a sabbatical leave and summers. This aid enabled the author
to achieve considerably more progress in this long endeavor than he would

hae dhawis



CHAPTER 1

Magic Squares

The origin of Chapter 1 probably is found in Ramanujan's early school days
and is therefore much ealier than the remainder of the notebooks. Rules for
condructing certain rectangular arays of naturd numbers are given. Mogt of
Ramanujan’'s atention is devoted to condructing magic squares. A magic
Suare is a gquare array of (usudly didinct) naturd numbers so that the sum
of the numbers in each row, column, or diagonal is the same. In some
ingances, the requirement on the two diagond sums is dropped. In the
notebooks, Ramanujan uses the word “corne” for “diagond.” We emphasize
that the theory of magic squares is bardy begun by Ramanujen in Chepter 1.
Condgderably more extensve developments are contained in the books of
W. S Andrews [1] and Stark [ 1], for example.

Ramanujan commences Chapter 1 with the following smple principle
for constructing magic squares Consider two sets of natural numbers
S,={A, B,C,..} ad S, = {P,Q, R ..}. each with n dements. Take the n?
numbers in the direct sum S; + §, and arange them in an n X n suare so
that each letter appears exactly once in each row, column, and diagond.
Clearly, we have then condructed a magic square. Of course, some numbers
may gopear more than once.

In Corollary 1, Ramanujan dates the trivid fact that if A + P, A + Q,
A+ R, ... aein aithmetic progression, then B+ P, B+ Q, B+ R, ... aedw
in aithmetic progression.

In Corollary 2, Ramanujan remarks that if A+ PLA+Q A+ R A+ S ...
ae known and ds0 B + P is given, then we can deermine B + Q, B + R,
B+S, ... This is clear, for B-A is thus known, and we may write
B+Q=B=A)+(A+Q),¢c

Ramanujan informs us that in condructing a magic square, we should not
gve vdussto A, B,C,..ad P, Q R, ... . but ingead vaues should be
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assignedtoA+P,A+Q,A+R |, ... The reason for this advice is not clear,
for in ether case 2n parameters need to be prescribed.

Example 1. Giventhat 4+ P=8, B+ P=10,C+P=11, D+ P=14, and
C+R=25, find A+ R, B+ R, and D +R.

Solution. Since R~ P =14, then A+ R= (A + P) + (R— P) = 22. Similarly,
B+R=24 and D+ R=28.

Example 2. Given A+P=5 440=7, A+S=17, B+Q =23, and
B+R=26, ind A+ R, B+ P, and B+S.

Solution. Notethat B .. A= 16. Hence, A+ R==16+26=10,B+ P =21,
andB+ S= 33.

Entry 2(i). Let m; and m, denote the sums of the middlerow and middle column,
respectively, of a 3x 3 square array of numbers. Let ¢; and ¢, denote the sums
of the main diagonal and secondary diagonal, respectively. Lastly, let§ denote
the sum of all nine elements of the square. Thenif x denotes the center element of
the square,

x= 3m, + my+ ¢+ c; ).
Proof. Observe that
my+my+cy+c,=8+3x,
since X is counted four times on the left side. The result now follows.

Entry 2(ii). Suppose that the sum of each row and column is equal tor, Then, in
the notation of Entry 2(i),

Proof. By Entry 2(i).
x=3(r+r+c +c;-3r)=c +c; 7).

Note thet if the square is magic, then Entry 2(ii) implies theat x = /3, and so
r is a multiple of 3.

Cordllary 1. In a 3 x 3 magic square, the elements in the middle row, middie
column, and each diagonal are in arithmetic progression.

Proof. In each case, the second element is equa to r/3 by the remark above. If
aad b are the firg and third dements, respectively, in any of the four cases,
then

a+r/3+b=r.
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Hence,
b=r3=r3=24

ie., the three numbers are in aithmetic progression.

Example 1. Construct magic squares with (i) r = 15, and (ii) v = 27 and all
numbers odd.

Solutions.
6 |1 |8 15 1|11
71513 5 913
219 4 7117 3

Example 2. Construct magic squares with (i) » = 36 and gll elements even, and
(i) » = 63 and all elements divisible by 3.

Solutions.
14| 418 24| 9|30
16 |12 8 27 121 |15
612010 12133 |18

Ramanujan begins Section 4 with a generd congtruction for a 3 x 3 magic
quare

C+Q | A+P | B+R

A+R | B+Q | C+P

B+P | C+R | A+Q

For this square to actudly be magic, it is easily seen that A, B,Cand P, Q, R
must each be arthmetic progressons. Adjacent to the square above, there is
an unexplaned 4 x 4 square patidly filled with the maks A, V, ad x .
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Example(i). Construct a 3 x 3 square with g/l row and column sums equal to
19 but with only one diagonal sum equal to 19.

Solution.
10 2|7
41 6|9
S5111] 3

Example I(ii). Construct a 3 x 3 square with all row and column sums equal to
31 but with dnly one diagonal sum equal to 31. Ramanujan also requires that all

the elements be odd, but the example that he gives does not satisfy this criterion.

Solution.

14| 5]12

71113

10)15] 6

Example 2(i). Construct a 3 x 3 square with all row and column sums equal to
20 and diagonal sums equal to 16 and 19.

Solution.
10| 2 8
41 5|11
6113 1

Example 2(ii). Construct a square with diagonal sums 15 and 19, column sums
16, 17, and 12, and row sums 6, 21, and 18.

Solution.
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In Section 5 Ramanujan turns his attention to the congtruction of certain
rectangles which he calls “oblongs” Firs, he gives the following generd
congruction of a 3 x 4 rectangle with equa row sums and with equa column
ums;

A C+D [A+2D|C+3D

B+6D | B+4D | B+2D B

C A+D |C+2D|A+43D

In order for this rectangle to satisfy the designated specifications, we need to
require that A + C = 2B + 3D. The common row sum will then be equd to
A + C+ 2B + 9D. Adjacent to the rectangle displayed above, there appears an
unexplained 3 x 4 rectangle filled with the symbols A, v , and x .

Example. Construct 3 x 4 rectangles where the average of the elements in each
row and column is equal to (i) 8, and (ii) 15 with all numbers odd.

Solutions.
1113 3]15 1125 5129
11} 9 1| 5 21117113 ] 9
12| 2,14 4 23| 3127 7

Obsarve that the requirement of average row and coumn sums in a
rectangle is the correct andogue of equal row and column sums in a square

Section 6 is devoted to the condruction of 4 x 4 magic squares. Raman-
Ujan begins with the easly ascertained equdity,

sum of midde 4 dements = 4(sum of diagonds
+ sum of middle rows
+ aum of middle columns — tota sum),

except that Remanujan has the wrong sign on the left side.

Entry 6(ii). Construct a magic square by letting S; = {A, B, C, D} and
S, ={P, Q, R, §} and considering S; + S,.
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Solutions.

A+P |D+S | C+Q | B+R A+P|D+Q|D+R |A+S
C+R |B+@A+S | D+P B+S |C+RC + Q| B+P
B+S |[C+P P+R A+Q c+s |B+R | B+Q | C+P
D+Q|A+R |B+P ¢ + s D+P|A+Q|A+R |D+S

There are no restrictions on the elements in the first square, but in the
second we need to requirethat A+ D=B+CandP+S=Q+R.

In a note, Ramanujan remarks “If A+ D=B+ CandP+R=Q+Sthe
extreme midde four in the fird square ds0 «didy the given condtion” “The
edrame midde fou” is not ddined by Ramandan, but preumebly they ae
the four midde suaes which, in fact, have been blodked out by Ramendan
But then the hypotheses A + D=B+ Cand P+ R = Q + S are not needed!

Example 1. Construct 4 x 4 magic squares with common sums of 34, 34, and 35.

Solution.
111411 8 1114115 4 111511 8
12 71 2|13 8|11|10] 5 121 71 214
6| 9|16 3 121 7| 6| 9 6/ 917) 3
151 41 5|10 13 2| 3|16 16 4| 510

All three exarples ae indances of the fird gengd congrudion destribed
dove A tabe of paardes for thee three examples & wdl as the nedt two

eardes is povided bdow.

Example | A | B | C |D [P [Q R| S
la 115 9 13| 0| 2|3 |1
Ib 1137 |5 [0 (8 119
Ic 1 5 9| 14 0| 2|3 |1
2a 1 5] 25| 29 0| 2| 3|1
2b 9 13| 17 2133 O] 2| 3 |1
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Example 2. Construct two 4 X 4 magic squares with common sums of 66.

Solution.
1130(27] 8 9122119116
28| 7| 2129 20115110 21
6125132 3 14117124 11
311 4] 5]26 23112113 {18

Example 3. Construct two 3 x 3 magic squares with common sum 60.

Solution.
28 | 1|3t 25| 3|32
23120 (17 2712013
913912 8137115

Ramanujan commences Section 7 by correctly asserting that a magic
square of mrows can be formed from magic squares of n rows when n|m,
except in one case. This case iswhen m =6 and n = 3. In this instance, each of
the four magic squares of three rows must have the same common sum r, The
center element in each sgquare is then r/3, contradicting the requirement that
the elements be distinct. However, 6 X 6 magic squares can be constructed
from 3 x 3 squares if the requirement that the diagonal sums be the samc as
the row and column sums is relaxed in the construction of the four 3 x 3
squares.

Ramanujan now gives two examples of 8 x 8 magic squares. The first is
constructed from four 4 x 4 magic squares, while the second is not.

1162159 | 8| 9545116 1158159 4| 5(62/63| 8
60| 71 2161 |52|15]10]53 16 {5554 |13)12|51:50| 9

6157|641 3141495611 24 147 14621120 (4314217
63| 4| S{58|55[12]13]50 25134 (351281293839 ]32
17146 |43 24| 25|38 3532 33126127 |36|37|30]|31}40
44 123 | 18 | 45|36 |31 |26 | 37 48 1231224544119 |18 |41
22141 (48 (1930133 |40 27 56 | 15|14 (5352|1110 49
47120(21 (4239282934 571 21 316061 | 6| 7|64
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Ramanujan begins Section 8 by once again enunciating the method for
congtructing magic squares described in Sections 1, 3, and 6. He offers two
general constructions of 5 x 5 magic squares, namely

A+P|E+R|D+T|C+Q|B+S

C+T|B+Q|{A+S|E+P|D+R

E+S|D+P|C+R|B+T|A+Q

B+R|A+T|E+Q|D+S|C+P

D+Q|C+S|B+P|A+R|E+T

D+Q|E+S|{A+P{B+R|C+T

E+R A+T|B+Q|C+S|D+P

A+S|B+P|C+R|D+T|E+Q

B+T|C+Q|D+S |E+P|A+R

C+P|D+R|E+T|A+Q|B+S

There are no restrictions on the parameters in the first square, but in the
second, the condition A + B + D + E = 4C must be satisfied.

Example 1. Construct 5 X 5 magic squares with common sums of 65 and 66.

Solution.
17124 1] 8[15 1(24120(12] 9
230 5| 7|14 116 150 7] 412218
| 4 613120122 2501613110 2
| 10(12119(21] 3 8] 5123|1911
1118125 2| 9 17114 6| 3|26

The first magic square arises from the second general construction and,
according to W. S. Andrews [ 1, p. 2], isa very old magic square. The second is
a consequence Of the first general method. The parameters may be chosen by
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taking P=0, Q =1, R=2,8§=3, T=4,4=1 B=6,C=11, D=16, and
E = 21, 22, respectively.

Example 2. Construct 7 x 7 magie squares with common sums of 170 and 175.

Solution.
1126 |45 15411230 1149 (41133 |25|17) 9
381 934 5(2342|19 1810 2[43 (423426
27146 |16 [ 35113 |31 | 2 35127 (19 (11| 314436
1028 624 |43120]39 45137129 (2812012} 4
471173614132 3|21 13| 514638302221
29| 7(25]4414140 |11 23115 | 14| 6473931
18 (37 8|33 | 412248 40(32 |24 (16 | 8|7 |48




CHAPTER 2

Sums Related to the Harmonic Series or the Inverse
Tangent Function

Chapter 2 is fairly elementary, but severa of the formulas are very intriguing
and evince Ramanujan’s ingenuity and cleverness. Ramanujan gives more
proofs in this chapter than in most of the later chapters.

Many of the formulas found herein are identities between finjte SUMS.
Many of these identities involve arctan X, and because this function aises 9
frequently in the sequel, we shal put A(X) = arctan X. It will be assumed tha
- 1/2 < A(X) < =/2. Several of Ramanujan’s theorems concerning this func-
tion arise from the elementary equalities

A(x)+A(y)=A<|"_+ny) , ©.1)
except when xy > 1, and
A0 - A=Al ; Y), 02

except when —xy > 1.
Entries 1, 2, 4, 5, and 6 involve the functions

.
= 1 ———
olanm=1+42) ok

and ¢(a) = lim,, ,, @(a, n), where ais an integer exceeding one. Ramanujan
continues his study of ¢(a) in Chapter 8.

Entry 1. For each positive integer n,

i 1

1.1
Stk 2n+1+z(2k)3—2k (.1
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Proof . We give Ramanujan’s proof. In the easily verified identity
! ! ! 1
3 = + -7
x>—x 2Ax—1) 2{x+1) «x

let x = 2k andsumon k, 1 < k < n. The right side of (1.1) is then found to be
equal to

(1.2)

%,,21 2k1—1 * %,“iﬁ ‘%k‘i % * ZnZ- i
St iae O
Corollary. Log 2 =1¢(2).

Proof. Usng the following well-known fact found in Ayoub's text [ 1, p. 433,

) 1
lim {kz T Log x} =7, (L4)

where y denotes Euler's constant, we find from the last equdity in (1.3) that
. n 1 . 2n 1 n 1
kA {(Z k" L°g‘2")> (g toemirtog 2
= Log 2.
The result now follows from Entry 1 and the definition of ¢(a).

There is adifferent proof of this corollary in Ramanujan’s first notebook
(vol. 1, p. 7). This proof is adso discussed in the author's paper [3, p. 154].

Example. For each positive integer n,

! n

"n, -k n '
1 (2k—1)2kk+1) 2n+1

kzln+k': K

M=

Proof . The proof below is given by Ramanujan. Multiply both sides of (1.1)
by 2n to get
2n n ! 2n?
k;n+k =2"k; Ck—D2k@k+1)  2n4 1"
Subtract 1 from each term on the left side of (1.5) and n from the right side of
(15) to achieve the desired equality.

(15)
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Entry 2. For each npositive integer n,

2 = o(3,n). @.1)

Proof . Using (1.2), we find that
1

" [
e(3,n)=1+2 Z: {2(3]( - 1)+ 2Bk + 1) 3k}

3nt+1 no

k=1 E—k=1 E,

from which the desred resit fdlows

Corollary. Log 3 = (p(3).

Proof. The proof is like that of the corollary to Entry 1. Let ntend to oo in
(2.1) and use the fact that, by (1.4),

3n+1
lim ) - Log 3. (22)
no k= 41
Rarendais proof of the cordlay above is dmila to the aorementioned
proof that he gave in the first notebook for the corollary of Entry 1.
Ramenuan replaced n by 1/dx in the left side of (21) and regarded this m &8
a Remam am Ths

Wil fx 3 dx
lim =| — =L
dx—0 kz=1 1 +kdx ﬁ X g 3

fron which the ocodlay fdlowns

Entry 3. For each positive integer n,

3 LR 10k
; <"+k)_1 L ((3k2+2)(9k2_1)> (3.1)

Proof. By (01) ad (0.2), respectively,

1 1 6k
A<3k—1>+A(3k+1>=A(9k2—2> (32
1 1 2%
A(E) ‘A<§> -4(w51) 3

and
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for each positive integer k. By (3.2), (3.3), and (0.2), we find that

i 1 A(l)_A( 10k )
A<3k—1)+A<3k)+A(3k+1>' Y R\ (= A

(3.4)

If we now sum both sides of (3.4) for 1 < k < n, we readily complete the proof
of Entry 3.

Note that, by (3.1) and Taylor's theorem,

10k ki (1 1\l =
((3k2+2)(9k2—1)> k;ﬂ{fro(lé)} 4

llM:

Letting n tend to co and using (2.2), we deduce that

p 10k
L ((3k2+2(9k2 )) Log3 - 4

which is given by Ramanujan in his first notebook (vol. 1, p. 9).

Entry 4. For each positive integer n,

. 1 n 1)k+1

1
PR e e

n+1 ] 2n
~otn=3 8

Proof . The complete proof is given by Ramanujan. By (1.2},
n S B 1 }
<p(4,n)=1+k§1 A1 a1 2%
1 n
"2

3n+1 | n 1

=D

k=1

Nl'—*
|-
-

- ,;1 n+k—k=12n+2k

n 1 n 1

=2

k=1n+k +kZ:()2n+2k+_1’

which proves the first equaity in (4.1).
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Next, using the second equadlity in (4.2), we find that
4n+ 11 1 1 2n n 1
othm= 2 ¢ 2k 2k T 2,2 1k - L

)k+1 1 2n (_ )k+1

n+1
Z 2 k;1 k ’

which eseblishes the ssoond equelity in- (4.2).

In the proof above, and elsewhere, Ramanujan frequently uses a rather
unorthodox notation. Thus, for example,

1 2n 1 d 1 4n+1 1
Y, 5, means k; L an Y 2,7 means k; 2
The corollary below represents the first problem that Ramanujan sub-
mitted to the Journal of the Indian Mathematical Society [1], [15, p. 322].
Ironically, this result was previously posed as a problem by Lionnet [1] in
1879. The problem and its solution are aso given in Chrystal’s textbook
(1, p. 249].

Corollary. 3 Log 2 = (p@.

Proof. Let n tend to cc on the right side of (4.1) and use the equality
Y (—1)*/k=Log2.

Entry 5. For euch positive integer n,
2.2 1 2n 1

(P(6’ n)zgkzln+k+kz:02n+2k+1 (.0)

Proof . By (1.2),

(1 1
"’(6’”)=1+,(;{6k-1 Tkt _ﬁ}

_etil ] Z 1 Z 1 N 1 1 +i
TEk 3&k & l6k—4  6k—3 T 6k—2 6k
6n+11 1 n 1 1 3n1 1 n 1
= L i3 E 2R AT
ént1] (a1 131 1({221 121
=L i35k 53 Hrz,&%}
_6n+11 1 3n1 1 2n1 lil
_k=1 kK 241k 3&k 6451k
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6n+1 | 1 3n 1

=k=n+1_lg_§k:;+ k

b-)[»—-

2n 3n 1
= — + _ - - —
k=;+lk k;n2k+1 3k=n+1k
from which (5.1) easly follows.

Dy
5

Corollary. $Log 3 +4 Log4=o(b)

Proof . Letting n tend to oo in (5.1) and employing (1.4), we achieve the desired
equality.

o |
Example 1 tlog2= .
Xempie slog2= ) mok- P20k

Proof. The right side above is equal to 4{p(2) = ¢(4)}. Hence, the result
follows from the corollaries to Entries 1 and 4.

-1y
Example 2. Log2=1+ Z W

Proof. The right side above is 2¢(4) -~ ¢(2), and  the example again follows
from the corollaries to Entries 1 and 4.

Example 3. For each positive integer n,

N (5.2)

20(4,n) = 0(2,2n) + Lp(2,n) + (4n  1@n " 2)

Proof . From Entries 1 and 4, respectively,

o n)= k ;4-1 k 2nl+ 1 (5.3
and
2n 1 2n 1
= 2kt ke (54
Thus, the right side of (5.2) may be written as
4n 1 2n 1 2 2n 2n
2 L ittt mei A, % 22 g1 = 2o

which completes the proof.
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Example 4. For each positive integer n,

4n+1

. n) 1 i": 1+ 'i 1
, ) == - -
? 2 ke k

k=

Proof. This expresson for (4, n) aises from a rearangement of the tems in
(54).

|
Example 5. $Log3-%Log2 =Y, {32k~ 1)} = 3(2k= 1)’

Proof. The right side above is 3{¢(3) — ¢(6)}, and 0 the result follows
immediately from the corollaries of Entries 2 and 5.

Example 6 4Lo 2=1+iﬂ
' 3-8 & BkP = 3K

Proof. The right side aboveis 2¢(6) — ((3), and 0 the resuit isa consequence
of the corollaries to Entries 2 and 5.

Example 7. For each positive integer n,

2
1 —
2(/)(6’ n) + 3(P(2’ n) - (p(3! n) + (P(z’ 3") + (6n + 1)(6" + 2)(6" + 3) * (5'5)
Proof . By Entries 2 and 5, respectively,
3 3n+1
@3, n) = k:gﬂE (5.6)
and
2 2n 1 3n 1
6,n) == - —_
o6 m) 3k=;+lk+kgn2k+1 (6.7)
Thus by (53 and (5.7), the Ieft side of (55) is el to
2n 1 3n 1 l 6n+1 1 3n 1 1
2 - = - B,
k=§+1k+2kzn2k+1 +3(2n+1) k=m1 K k=,.+1k+6n+3
3n 1 6n+1 1
= —42 -
k=g‘+1k+ k=;+1k+6n+3
3n+1 6n |
k=;+1 k k=;x:+1 k

36n%+30n +8

+wn+n&n+mmn+a'

(5.8)
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By (63) ad (5.6), the far right side of (5.8) is eedlly seen to be equd to the right
side of (55).

Example 8.
81\ x 1 2 3 4
Al-) =" 124/~
Z, (k) 2t <4>+A<49>+A<232>+A<715>

Proof. Apply (3D with n =1 ad with n =4. Adding the two resuts yidds the
Oesred  equdity.

Example 9. For each positive integer n,
nil 1 n+1 u 2k
2y A —— A
k; <n+k> < > 2 <8k“+2k2+1>
1
+2 Z A(k—(47<-2—+_3)> (5.9)

Proof . Rewriting the left side of (5.9) and then employing (0.1) and (0.2)
wvad times we find thet

2%}4( )

n+1 u 4k
() 2 s
" 1
+k;{A<4k2—2k+1>"A<4k2+ k+1)}
n+1 " 1 " 2k
=A< n >+2k;A<k(4k2+3)> *2 <8k4+2k2+1>

Example 10. For each positive integer n,

& ( >+ ) A<2n+2k+1>

=it L (32k"‘+22k2 )+

IM:
||[\/]=

4k
A(lzskz TR T 1)' (510

-hlkl
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Proof . We fird rewrite the left side of (5.10) and then use (0.1) and (02) sverd
times Acoodngy, we get

; <n+k> ,i <2n+;k+l>

e fu(l)- )]
g
) A

by
(i)~

+
i1 J 4k
Z+Z‘A(32k‘*+22k2 >+2A<128k4+8k2+1>

1 1
7)— 37

Entry 6. Let k and n be nonnegative integers and define A, = 3*(n +

Then if r is a positive integer,
f“k 1

Ar r—1
Z=p42 r-k»
:%2 k Tt kZO( j= Af“1+1(3])

where we define A_ = 0.
Proof . This proof was given by Ramanujan. Firgt, it is easily shown that
Ai+ (=34, + 1, k> 0. Hence, by Entry 2, withn=4,,
Ak |
Z L= (0(31 Ak)-
=4+ 1]
Now sum both sides of this equality on k, 0 < k <r =1, to obtain
¥ oery o
—_=r + —
G’ -3

=n+ k=0 j=1

Rearranging the right side above, we deduce the desired equality

Corollary. For each positive integer r,
@r-n2 1 5 ) Z
—=r r- -
k; k + z( J)Ak 1 (3)° -3 -3j

where 4, = (3*=1)/2, k > (.

Proof. This corollary isthe case n= 0 of Entry 6.
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At this point, Ramanujan claims that if a, . . . , a are in arithmetic
progression and if a, and a, are large then Y 5. | 1/a; is approximately equal
to 2n/(a, + a,). Unfortunately, this remark is false. For example, consider
S,=Y3ntt, 1/k If Ramanujan were correct, then for large n, S, would
approximately be equal to 2(2n + 1)/(4n + 2) = 1. However, by (2.2), S, tends
to Log 3, asn tends to oo,

Nonethdess Remenujan's assation is coredt if n/a, is “grdl,” & we now
demonstrate. Letting a, d, and n denote positive integers, define

1
S@.d.m = kzoa+kd

Now, 2n/(a; + a,) in Ramanujan’s notation becomes 2(n + 1)/(2a + nd) in our
nolgion Thus we wish to examine

An+1) &  (n=2Kyd

S(a, d, n) ~ =
@0 = o (@ + kd)(2a + nd)
__4 f( 1
" 2a+nd a a-+nd
1 1
-2 —
o )<a+d a+(n—1)d)
+(n~4) ! ! + .+ T,
“V\a+2d a+(m-2d)" "
where
1 : if n is ocd
a+(n=1d2 a+ (n+1)d?2’
" z z L
if n iseven.

a+(m=2d2  a+(n+2d2’
Hence, with d fixed,
2+ _ fn2 (1 1 N _i(nY
S(a,d,n)-2a+nd_0{a <Z—a+nd>}—0{<“> }

as nj/atends to 0. Thus, under this assumption, Ramanujan’s approximation
is indesd, vdid

Example 1 131—2» 1+1+L —l—
Lk~ 6 105 7360 T 858
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Proof .. In the previous corollary, let r= 3. Since A, =0, A, =1, 4, = 4, and
A, =13, we find that

23 L _a, 4 (1 1 1 )
Sk +33—3+ 6 —=6+9°— 9+(12 )3 12
and the result follows.

1000 1
Example 2. H= Y
k=1 k

Proof . In the previous corollary, let r = 7. In addition to A, A, A,, and

=75 “very nearly.”

A, caculated above, we need the values A, = 40, A, = 121, A, = 364, and
A, = 1093. Thus,
1093 1 1 1
=T +5 45—+ —+—
LT (105 360" 858)
8 6 40 1
o8 3, 3 S
s 11 1 364 1
— 42 —
42 aorow 2, (k) — 3k
=7+05+ 0.067335442... + 0.006435448...
+0.000541282... + 0.000040137... + 0.000002230...
= 7.574354539.. (6.1)
Next, by the remarks prior to Example 1,
1093
L & = 0.088825214.. 6.2)

k=Too1 k 2094

Thus, from (6.1) and (6.2) we conclude that H x 7.48552932.... This is
probably the method that Ramanujan employed to estimate H. On the other
hand, by using the Euler-Maclaurin summation formula or a programable
caculator, it can readily be shown tha H = 7.48547086.. . . In any event, the
estimate of 73 for His not as good as Ramanujan would lead us to believe.

Entry 7. Let n >0 and suppose that r is a natural number. Then
’il A( 2 ) 2r
o \m+2k+ 12 "\n?+2mr+1)

Proof. The proof is very briefly sketched by Ramanujan. Since n > 0, it
follows from (0.2) that

1 1 2
A<n+2k>—A<n+2k+z>=A<MT17>' (7.0)
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Now sum both sides of (7.1) on k, 0<k<r=1, to get

1 1 red 2
A(z)—f‘<n+zr> iéﬂ(m)- (12

An application of (0.2) on the left side of (7.2) completes the proof.

Corollary. Forn >0,

& 2 1
EA(araem) () -

Proof. Let r tend to o0 in (7.2).

Example 1. For n > 0,

2 2n+1
A((n+k)z) A(ﬁ) * ot (14

where p(n) =mifn< (\/g —1)/2 and p(n) = 0 otherwise.

Proof . The proof is sketched by Ramanujan. From the previous corollary
and (0.1),

2 2 2
21 ((n+k)2> =) (n+2k+ﬁ>+
(3) ()

n n+1

2n+1

since p(n)=rnif andonly if R +p< 1, ie,n< (\/3 ~ 1)/2. This completes the
proof.

n[\/js

2
A((n+2k+2)2>

Ms
”M8

Example 2. For n > 0,

< k+1 2 _ 1
k;(ﬁl) A((n+k)2>_A<n2+n+1>' (7.9)

Proof. The proof is very similar to that of Example 1.

Example 3. For p > 0,

= ! !
& ( n+k)2> A<2n+1>' (79)

Proof . Replacen by 2n + 1 in the corollary to Entry 7.
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2 2 3n
: Y Al 5 | =—.
Example 4 2 <k2> 2

Proof. Since the series on the left side of (7.4) converges uniformly on
0 <n <1, we may let ntend to 0 on both sides of (7.4). The desired result then
immediately  follows.

Example 4 and the first equality in Example 5 which follows were
apparently first established by Glaisher [2] in 1878. This paper contains
many other examples of this sort. Example 4 is a problem in Chrystd’s book
[1, p. 357] as well as in Loney's textbook [1, Part Il, p. 206]. The latter fact is
interesting because the borrowing of Loney’s book from a friend while in
fourth form was evidently a pivotal event in Ramanujan’s mathematical
development [135, p. xii]. Still another proof of Example 4 can be found in
Wheselon's book [1, p. 46].

& 1 T 2 2
E le 5. 2 — === 2 L el
xample 5 k=1A<2k2> 3 (-1 <k2>

Proof . The series on the left sides of (7.5) and (7.6) each converge uniformly on
0 <n< 1 Lettingn tend to 0 in (7.5) and (7.6), we immediately deduce the
evaluations above.

Example 6 i A< ! )—E
' o\ + 2k 8
Proof. In Example 3 let n = 1/,/2. A short calculation shows that
tan(n/8) = 1/(/2 +1), and 0 the result readily follows.

Example 7 i A< 8 ) I

. k=1 (2k—-1+\/5)2 2
Proof . Since the left side of (7.4) converges uniformly on 0 < n < 1, we may |et
n tend to (,/5 - 1)/2 + 0. The sought equality then follows.

Example 8 ] i
Xample o. —_— =
P L\ 2y ) "2
Proof . The series on the left side of (7.3) converges uniformly on0<n< 1.
Letting n tend to 0 in (7.3) yields the desired resuilt.

Example 8 is aso found in Glaisher’s paper [2].

In Entry 8 Ramanujan considers an entire function f(z) with zeros z,,
z,, ... He evidently assumes that %, 1/|z,| converges and states a
corresponding  special case of the Hadamard factorization theorem. (See, for
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example, Titchmarsh's book [1, p. 250].) He then takes the logarithmic
derivative of this product representation for f(z) and evaluatesit at z = 0.

In Entries 9(i) and (ii) the familiar product representations for sin x and
cos x are dated. Corollaries 1 and 2 of Entry 9 give the well-known product
representations of sinh x and cosh X.

Corollary 3. For each complex number X,
X . x 2 (= 1)x
- Z)= 1+ ")
cos(4>+s1n(4> k]:[()( +(2k+1)7r>

Corollary 4. Let x and a be complex, where a is not an integral multiple of .

Then
gnx +a x+a.® b X
. = 1— 1 .
sn a a klz_! {( kn-—a)( +kn+a>}

Corollary 3 is easily derived from Corollary 4 by setting a = n/4 and
replacing x by x/4. Corollaries 3 and 4 are rather straightforward exercises
which can be found in Bromwich's book [1, p. 224], for example, and 0 it is
pointless to give a proof of Corallary 4 here.

Example 1. Let x and a be complex, where a is not an odd multiple of /2, Then

cos(x+a) =2 x - x
cosa =1 |\ (k—d)r—a k—$Hn+a))

Example 1 is easily derived from Corollary 4 by replacing a by a + x/2.
Example 2 below follows from Corollary 4 and Example 1 upon the use of the
identity

sin x _sin{3(x + a)>cos{}(x = a)}

dna sin(3a) cos(3a)

Example 2. Let x and a be complex, where a is not an integral multiple of 7.

Then
sinx a+x.,® x x
T 1-— 1
T Sna a kUL {( 2k7z—a>< +2k7z+a>

x(l————x ><1+—~——~x >}
QRk—-1)n+a k—Vrn—a

Next, Ramanujan asserts that if the value of F(x) =[x (1 + @,x) is
known, then it is possible to find the value of [ [ (1 +aix"), wherenisa
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positive integer. Ramanujan’s declaration evidently arises from the identity

0 n N

[Ta+dx"= [1 F(—o0* ™ 'x),

k=1 j=
which is a consequence of the factorization

n .
1+ax" =[] (L -aw* 'x),
j=1
where @ = exp(mi/n).
In Entry 10, the familiar partial fraction decompositions of cot X, tan X,

e X, and sec x are given. (See, for example, Bromwich's text [1, pp. 217,
225].)

Entry 11. Let x and a be real. Then
A(%) +Y {A(&) -A(&)} =A(anhxcota). (1L1)
k=1

Proof. The main idea for the proof is indicated by Ramanujan. By Corollary
4 of Entry 9,

sin(a + ix) ix) @ ix o
Im Log(W) =Im Log{(l +;> k];[1 <1 — kn—a)(l + +a>}
x @ x X
=A<E> v & {A<kn+a>_A<kn—a)}’ (11.2)

up to an additive multiple of %, On the other hand,

sin(a + ix)
sin a

Im Log ( ):ImLongEthsjrhxcot@

= A(tanh x cot g), (11.3)

up to an additive multiple of #. Combining (11.2) and (11.3), we have shown
that (11.1) is valid up to an additive multiple of n. We now show that this
additive multiple of =z is, indeed, 0.

Frd, if ais a mutiple of =, it is readly checked thet (11.2) is veid. Suppose
now thet a is fixed but not a muitiple of 7. For x = 0, (111) is catanly true
Snce bath sides of (11.1) ae continuous functions of x, that addiive multiple
of # must be O for all x. Since ais arbitrary, the proof is complete.

Corollary 1. Let x and a be real. Then

T (-1f4 (ﬁ) = A(sinh x csc a). (11.4)

k=—o
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Proof . First, by Example 2 of Entry 9,

sin a

ix 0 ix ix
=ImLog{<1+;>kD1(l—m)<l+m)
s o=
@i\ @ ie—a

X, X
- 2 el )

up to an additive multiple of n. Thus, (11.4) is vaid up to an additive multiple
of m. To show that this multiple of = is 0, we proceed in the same manner as in
the proof of Entry 11.

. inh
A(sinh x csc a) = Im Log(l + ism x)

Corollary 2. For real x,

& i x _ X

Proof. Replacing x by 7nx/4 and setting a = z/4 in Entry 11, we readily achieve
the desred formula

Corollary 3. For real x,
S (= 1A ) = a{ /2 sinh{ ZX) ).
2 )A<4k+1> (fsmh<4

Proof. In Corollary 1 of Entry 11 replace x by =x/4 and let a = n/4 to deduce
the sought formula

The next two examples are obtained by replacing a by n/2 — a in Entry 11
and Corollary 1, respectively. In the second notebook there is a minor
misprint in Example 1.

Example 1. For x and areal,

0 X y )

Example 2. For x and a real,

S (—1fa ——F ) = A@nh .
kzz_w( 1)A<%(2k+1)n—a> snh x s=c 3

Entry 11 is an exercise in both the books of Chrystal [1, p. 373] and Loney
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[1, Part |1, p. 2083. Corollary 2 is adso a problem in Loney’s book [1].

Entry 11, Corollaries 1 and 2, and Example 1 are given in Hansen’s tables

[1, p. 276]. Severa other arctangent series in the spirit of those given

above are summed in this compendium. Ramanujan himself summed other

arctangent series in[10], [15, p. 42]. Glasser and Klamkin [ 1] have summed
several arctangent series in an elementary fashion. Further examples of
arctangent series are found in Bromwich’s book [1, pp. 314-315].

Example 3. ﬁ (1 + k3> cosh(n\[> WX }”\ ™~

k=1

Example 4. ij (1 — *> o cosh (n\z/g>

Examples 3 and 4 constitute the second problem that Ramanujan

aubmitted to the Journal of the Zndian Mathematical Society [2], [ 15, p. 322].
In a later paper [12], [15, pp. 50-52], Ramanujan studied the more genera

product
© x \3

In Entry 12, Ramanujan presats a method for goproximeting the roat z, of
smallest modulus of the equation

¥ A= L. (12.1)
k=1

It is esumed thet all other roots of (12.1) have moduli dridly greder then  z, |.
For z affidently amal, write

1 <]

_ = Z pkzk‘l

1~ z Az *!
k=1

It follows easily that Py= 1 and

n—1

P, = Z Aan_j, n>2 (122)
ji=t

Now as=ure thet lim, , P,/P, + , eids ad is equd to L. Then, of coursg, the
redius of convargace of Y | P,z* isequd to  L|. Moreover, by a theorem of
Fabry in the book of Hadamard and Mandelbrojt {1, pp. 39-40], L is a
dgngulaity of the function reoresanted by this series. It falows tha if the radius
of convergence of the series )2 | A,z* is gredter then L |, then z = Lis aroot of
(120). Ramajan's dsoue is daadeidicdly brief, he gves (122) ad
claims, with no hypotheses, that P,/P, + approaches a roat of (12.1).
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In the case that (12.1) is an algebraic equation, this method is originaly
due to Daniel Bernoulli. Accounts of Bernoulli's method may be found in the
books of Whittaker and Robinson [1, pp. 98-99] and Henrici [1, p. 663].
Usudly, a change of variable is made 0 that the method yields the
approximate value of the root with largest modulus. Bernoulli’s method has
been generalized by Aitken[1] who found a way to approximate any root of
a polynomial.

Ramanujan concludes this chapter by giving six examples to illustrate his
method. He takes P, = 0, and so the first convergent is always 0/1.

Example 1. The roots of x+x>= 1 are (— 1 +./5)/2, and 50 (\/5— 1)2
=0.618034... is the root of least modulus. Ramanujan gives the jirst eight
convergents to this root with the last being P,/P, = 13/21= 0.619048... .

Example 2. By Newton’s method the real root of x+x? +x* = 1 is
0.543689013.. . . Ramanujan gives the jirst eight convergents to this root with
the last equal to 24/44 = 0.5454. . ..

Example 3. Ramanujan lists the jirst ten convergents to the real root of
x + x*= 1, with the last convergent being 13/19 = 0.684210... . By Newton’s
method, this root is 0.682327804.. .

Example 4. The last polynomial equation examined by Ramanujan is
2x + x*+ x> = 1. He calculates seven convergents to the real root andfinds the
seventh to be 84/214 = 0.392523.... This root is 0.392646782..., by Newton’s
method.

At this point, Ramanujan claims that “If p/q and r/s are two consecutive
convergents to X, then we may take (mp + nr)/(mq + ns) in asuitable manner
equivalent to x.” If m and n are to be taken as real, then Ramanujan’s remark
is pointless, for then this ratio may be made to take any real value. On the
other hand, if mand n are to be understood as positive, then Ramanujan’s
assertion is fdse. Ramanujan's claim would be vdid if the limit L were aways
between two consecutive convergents. However, this may not be true. For
example, the last three convergents 13/33, 33/84, and 84/214 given by
Ramanujan in Example 4 satisfy the inequalities 13/33 > 33/84 > 84/214.

Example 1. In this example Ramanujan examines e* = 2 and finds the jirst six
convergents to Log 2 = 0.69315.. . . The sixth convergent is 375/541 = 0.69316.. . .

Example 2. In this last example Ramanujan approximates the root of ¢™* = x.
He calculates five convergents with the last one equal to 148/261 = 0.567049. . . .
By Newton’s method, the root is 0.567143290.. . .
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E M. Wright hes written ssvard pepars [1]-[5], in which he hes duded
solutions of equations generalizing the one in the last example. Such
equations are very important in the theory of differential-difference
equations.



CHAPTER 3

Combinatorial Analysis and Series Inversions

Although no combinatorial problems are mentioned in Chapter 3, much of
the content of this chapter belongs under the umbrella of combinatorial
analysis. Another primary theme in Chapter 3 revolves around series expan-
sions of various types. However, the deepest and most interesting result in
Chapter 3 is Entry 10, which separates the two main themes but which has
some connections with the former. Entry 10 offers a highly genera and
potentially very useful asymptotic expansion for a large class of power series.
As with Chapter 2, Ramanujan very briefly sketches the proofs of some of his
findings, including Entry 10.

Some of the results of Chapter 3 can be traced back to Lambert, Lagrange,
Euler, Rothe, Abel, and others. On the other hand, much of Ramanujan’s
work in Chapter 3 has been rediscovered by others unaware of his work. For
example, the single variable Bel polynomiads were first thoroughly examined
in print by J. Touchard [1] in 1933 and by E. T. Bell [1] in 1934, but
Ramanujan had already discovered many properties of these polynomiasin
Chapter 3. Also, several other results were rediscovered and considerably
generalized by H. W. Gould [1]-[6] in the late 1950’s and early 1960's.

The first nine sections of Chapter 3 comprise a tota of 45 formulas. The
majority of these results involve properties of the Bell numbers and single
variable Bell polynomials and are not very difficult to establish.

Entry 10 is enormoudly interesting and is certainly the most difficult reult
to prove in this chapter. Ramanujan proposes an asymptotic expansion for a
wide class of power series and provides a sketch of his proof. His argument,
however, is formal and not mathematically rigorous. He then gives three very
intriguing applications of this theorem. Unfortunately, for none of these
applications are the hypotheses, implied in his formal argument, satisfied. We
shall establish Ramanujan’s asymptotic formula under much wesker assump-
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tions than those implied by his argument. Ramanujan’s three examples are
then seen to be special ceses of our theorem. As is to be expedted, our method
of atack is much different from tha of Ramanujan, but since his agumet is
interesing, we sl provide a sketch of it

The content of Sections 1 I-I 7 is not unrelated to that of Sections I-9.
Howeve,, the proofs ae somenhat more fomidsble The key pradlem is to
express powers of x by certain series, Where x is a root of a particular
equation. This theme appears to have commenced in the work of Lambert
[1], Lagrange [1], and Euler [4] and has had a fairly long history. These
expansons can be daived via the Lagrange invarson theorem. This theorem
is found in Carr's book [1], and Ramanujan’s quarterly reports bear
tetimony thet he wes wdl aoquanted with Legranges theorem. Honeve, as
the quarterly reports further indicate, Ramanujan possessed another tech-
nique, indeed, a very ingenious, novel one, for deriving these expansions.
Entry 13 is centra in Ramanujan’s theory and is the ground for severa
variations in the sequel. Example 1 of Entry 15 is an extremely interesting
result. Entries 16 and 17 do not seem to have been expanded upon in the
literature and would appear to be a basis for further fruitful research.

Entry 1. Let f(z) be analytic on |z| < Ry, where R, > 1, and let g(z) = Y ° o Qi 2*
be analytic on |z| <R,, where R, > 0. Define P, 0< k < o0,
by Yo Piz* = e*g(z), where |z < R,.Suppose that Y % Q5% o fY T (0)/k!

converges and that this repeated summation may be replaced by a summation
along diagonals, i.e.,j+ k=n,0<n <. Then

Y PfP0)= ¥ Q,/"(1).

n=0 n=0
Proof. Since R;> 1, we find from Taylor’s theorem that

o fitk)
S = be k'(o), 0<j< .
K= :

Hence,

@ o {itk) 0 0
S o= 5030 = 5 po
j=0 k=O n=0
which can readily be seen from the definition of P,

Corollary 1. Suppose that the hypotheses of Entry 1 are satisfied for
f(z) = (1 +xz)", where | x| < 1 and n is arbitrary. Then

x* xk(L + x)y Tk

Z, b —k+1) =20 “Th—k+1)

Proof. Elementary calculations yield f*(0) = I'(n + 1)x*/T'(n - k + 1) and
f®(1) = Tin + 1)x¥1 + x)" %/T(n = k + 1), 0 < k < o0. The desired equality
now fdloas
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Corollary 2 is simply an dternative formulation of Entry 1, and S we shall
not bother to state this corollary.

Note that the next entry gives concrete examples for P, and @, in Entry 1.
Ramanujan indicates two proofs of Entry 2. The first is purdy formal, while
the second is more easly made rigorous.

Entry 2. For all complex x and z, define

o= 2 ¢ Ctk—DEk=1

k

Then
. © (_l)k—lxk
plz)=e kZI Z(Z+1)(z+2)...(2+k_1)‘

First proof. By employing the Maclaurin series for ¢* and integrating
termwise, Ramanujan gets

12 x** ! z 1%
W= et X G T e JX e &
@ (_ l)k—lxk

12z + Dz +2) . z+k—1)
upon infinitely many integrations by parts.

@.1)

=ex

Second proof. An easy caculation gives zgp(z) + xg(z + 1) = xe*. By employing
this recursion formula n times, we obtain
" (— 1)1 (= 1)x"p(z + n)

¢(Z)—exk;1 2+ Dz+2) e +k—D T zz+ Dz +2)...(z+n—1)

(22)

From the definition of ¢(z) and Stirling's formula (I6), it is not hard to see that
the right side of (2.2) tendsto 0 as n tends to oo,

Corollary 1. Let f satiSfy the hypotheses of Entry 1. Then for gJ] z,
= O _a (= D%
= o(z+k)k' ‘k oz(z+l)...(z+k)'

Proof. Use the functions of Entry 2 in Entry 1, and the desired result
immediately  follows.

Corollary 2. For each complex number x, we have

® 1 1\ x* w l)klk
;<1+2+ > Z BT

k=1
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Proof. In (2.1) replace x by —x and z by z + 1 to get

%‘i x* . 0 (_l)k-»lxk
Gz 2) .. 2+ k) &G+ Rk— D

(2.3)

Now differentiate both sides of (2.3) with respect to z and then set z = 0 to
ahiere the desrad fomua

The fundtion
( l)k—lxk

VO = X e Y TR

x #0, (3.1)

is ameromorphic function of z with simple poles at z = - k, 1 < k < o0, and
thus has an essential singularity at oo, For each fixed X, y(z) is an inverse
factorial series and has its abscissa of convergence equal to — c0. Thus, the
series d0 represants the fundtion asymptaticaly as z tends to o0 in the region

R.={z. —m+e< argz<m—g}, ¢ >0 (3.2)

In Entry 3, Ramanujan obtains a second asymptotic expansion for y(z) vaid
in R,. To describe this expansion, first define, after Ramanujan,

Jx) =1 eflx) = (3.3)

k=1 )l’

where x isany complex number and n is a nonnegative integer. In Entry 3,
Ramanujan shows that as z tends to «o in R,

w f__ k 1
ooy~ 3 Sl (34

The series in (3.4) is divergent for all values of x # 0 and z, as can be seen
diredly from (3.3). Entry 3 is reedily seen to be a special cese of Exarple 1 in
Section 8, and so we shall defer the proof of Entry 3 until then.

Entry 3. Let  and f, be defined by (3.1) and (3.3), respectively. Then as z tends
to o inR,, (3.4) holds.

Entry 4. Let a and x be arbitrary complex numbers. Then
a & a
X1 = Z _' (4.1)

where f,(x) is defined by (3.3).
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Proof. We have

from which the dedred redt fdlows

Entry 5. For each nonnegative integer n,

9=x 3, (1 )it 5.1)

Proof . Differentiate both sides of (4.1) with respect to a to obtain
5 L= xetee = xe 3 L, (52)
n=0 N! k=0 k

If we now equete codffidents of a” on the extremd sides of (5.2), we redly
deduce  (B2).

It is clear from the recursion formula (5.1) that f,(x) is a polynomia of
dayee n + 1 with integrd coeffidents Futhemorg, for n > 0,£,(0) = 0. Thus,
following Ramanujan, we define integers ¢,(n), . . . . ¢, ,(n), 0 < n <o, by

n+1

x) = k; Pulnx". (6.1)

The polynomials f,(x) appear to have been first systematically studied in
the literature by Touchard [1] in 1933 and Bdl [1] in 1934, dthough there is
an early reference to these polynomids in Bromwid's book {1, p. 195]. They
are now called single-variable Bell polynomials and are most often desig-
nated by ¢@,(x) =f,- 1(x), n > 0. Touchard [1], [2] and Carlitz [5] have
studied these polynomials in detail and have established many arithmetic
properties for them. Actually, Bell [1] introduced a much more general class
of paynomids now cdled Bdl pdynomids In addtion to Bdl's pepas [ 1],
[2], extensive discussions of Bell polynomials may be found in the books of
Riordan [1] and G. E. Andrews [1] which also describe combinatorial
applications of Bel polynomias. The coefficients ¢(n) are Stirling
numbers of the second kind. In the most frequent contemporary notation,
a(n =3Sr + 1, K. The recurdon formula (5.1) is now wel knoan as ae the
propaties of the Stirling numbas of the ssoond kind found in the next three
entries.
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Entry 6. Let n be a nonnegative integer and let r be a positive integer with
r<n+ 1 Then

red ‘rr K\ ;n‘ r”
k=0 K’F (r - 1)'.
Proof . From (6.1) and (3.3),

n+1 k © knxk
e 3 o= 3 62

Equating coefficients of x" on both sides above, we achieve the sought

equdity.
Entry 7. Let r and n be nonnegative integers with r < n. Then
- r
ne,m=3 (=1 (r+1-k"
k=0 ok

Proof . Multiply both sides of (6.2) by e * and equate coefficients of x"** on
both sides to reach the desired conclusion.

Entry 8. Let n and r be integers such that 1 <r<n+ 1. Then

(pr(n + 1) = r(pr(n) + ©, 1(")5
where @qo(n) = 0.

Proof . By Entry 7,
on+1)—o, (n)= Z (=1 <r )(r K+ 1

(7—,2(— ) ( )(r—k)"
_( 11)'{n+1+ Z (—1)"{(r—k)< )
ol (oo
e L NGl U
_(r—l)! ¥ +rk:1 K r

=rq,(n).

Ramanujan next indicates that the recursion formulain Entry 8 can be
employed to calculate f,(x). In the following corollary, Ramanujan gives f,(x),
0 < n< 6. Inacorollary after Entry 5, Ramanujan inexplicitly indicates that
the calculus of finite differences in conjunction with Entry 5 can also be used
to caculate f,(x). Since this is now very well known, we shall forego any
further calculations and be content with merely exhibiting the first seven
polynomids
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Corollary.
fox) = x
filx) = x + X3,
f(x) =X +3x% + X3,
f3(x) = X + 7x* + 6x° + x*,
fax) = x + 15x% + 25x% + 10x* + x°,
fo(x) = x + 31x> + 90x® + 65x* + 15x° + x°,
Jo(x) = x + 63x% + 301x3 + 350x* + 140x° + 21x° 4 x7.

Example 1. Let ¢ (n), . . . . @,+,(n), 0 < n < o0, be defined by (6.1). Let {a,},
1 <k<c, be any sequence of complex numbers such that

3 ( l)k—l
Ve = kzl(z+1)(z+2) (z2+k)

has abscissa of convergence 4 < cc. Define, for each nonnegative integer j,
FG) = Y411 auoi(j). Let R, be defined by (3.2) if 2= = o0, but if 1 isjinite, let

R,={z —3in+e<argz— 1) <in—¢}, e > 0.

Then as z tends tow in R,,

— 1}F(k
o) ~ 5

Proof . Using a well-known generating function for Stirling numbers of the
second kind found in the handbook of Abramowitz and Stegun [1, formula
24.1.4B, p. 824], we have

! g 1)f+*<po—1)
+DEz+2) - (z+k) ; 2

i (—1)’+"<Pk(l— 1)

2 Z] O(Z-n—l)
as z tends to w in R,. Hence,
n (- 1) la, . L= ey U=1 o
; E+1)(z+2) - (z+k) ‘,,Z J:zk zJ 0™
n (—1)7 Y . —n-1
=, T 2 aej—1+0E"
j=1 z k=1
no (=17 F(—1
Z—) G=1) oz "1, (8.1)

This completes the proof.
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Example 2. Let r and n be integers with 0 <r < n. Then r! ¢,, ,(n)is the
coefficient of x"/n! in the Maclaurin series of e*(e* -~ 1)".

Proof . By Entry 7, rl ¢, 4(n)is the coefficient of x"/n!in the expansion of

RZO (_ l)k (;)e.\:(r+1 =k) — ex(ex_ l)r’
ad the proof is complete

Exanple 3. Let n be a positive integer. Then

n—1/n
fra)='% <k>fk_l(x>.

n+1

Proof . From Entry 4,
X a
>

3 = e = 3 fk 1(x).
Equating the coefficients of a” on both sides, we complete the proof.

Both Examples 2 and 3 are well known.

The next example is the firg of many entries in the sscond notebook thet
involves the Bernoulli numbers B,, 0 < n < o. Ramanujan defines the
Bernoulli numbers by

x X B'l n
ex_lzl_%x+;1(_ ) o xl<in ®2)

However, today the Bernoulli numbers are more commonly defined by (11),
and 0 the latter convention shall be employed here. Moreover, generaly,
Ramanujan’s formulas are more easily stated in the notation (I1) rather than
(8.2).

Example 4. Let ndenote an integer greater than orequal to -1. Then

j fi(t) dt = "il (n : 1) Buis o) +k‘ ;"lf"(x).

Proof . Redacex by ¢ in (4.1) and integrate bath sides over O < t < X to obtan,
for (a( < 271,

1 a
1 {ex(e 1)_1}

Y, %J faea(t) di =

o)

QI*—-‘

JOJ'k

o B,y wfi-1(¥) a_"
-5 {z (k_ 1>_—k_} =83

—
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where we have utilized (I1). Now equate the coefficients of ¢"*! on the
extremal sides of (8.3) to obtain the desired result.

Example 4 was incorrectly stated by Ramanujan. On the right side of his
equdity, redace n by n + 1 evaywhee except in the auffixes

Example 5(i). For each nonneive integer n, dgine A by
ed, = ef (1) = i —k—— (84)
¥=1 k—1)!
Then A, = 1, A =2, A =5 A =15 A = 52, A =203, A = 877,
A, = 4140, and A, = 21147.

Proof . 1t is not difficult to show that, with x = 1, (5.1) can be equivaently
eqresad by means of difference notaion in the form

A4, = A-, =l (85)

Since A, = 1, (8.5) can be used to construct a difference table in order to
calculate A,

The numbers A, are now called Bell numbers with the nth Bell number
B(n) bang dodined by B(n) = 4,- {, n = 1 Combingaridly, B(n) is the number
of ways of partitioning a set of n elements. According to Gould [91, the
earliest known application of these numbersisin an edition of the Japanese
Tde of Genji publishad in the svateath Ceatury. The numbas B(n) arose &
the number of ways of arranging n incense sticks. As another application,
Broamre [17 obsaved thet B(n) is the number of weys of rhyming a danza of n
lines. The fird explicit gopegrance of these numbas goparatly is in a paper
of C. Krarp [1] in 1796. They are also found in a tredise of J Tate [1, p. 45]
published in 1845. The formula (8.4) appears as a problem [1] in the
Matematicheskii Soomik in 1868, In 1877, Dobifiski [ 1] usad (84) to cdaulae
B(), . .) B(8). In 1885, Cesaro [1] found the numbers to be solutions of the
difference equation (85). Again, in connection with (8.4), the numbas gopear
in problems in the texts of Hardy [16, p. 424] and Bromwich [1, p. 197].
Touchard [1], [2], Bel [1], Browne [1], Williams [1], Ginsburg [1], and
Balasubrahmanian [1] have established several elementary properties and
gve ligs of vaying lengths of the Bdl numbas Calitz [8] hes written a nice
paper on Bell numbers, Stirling numbers of the second kind, and some
generalizations. For references to other papers of Carlitz on this subject see
his paper [8]. Levine and Dalton [1] have calculated the first 74 Bell
numbers. Obviously, B(n) grows very rapidly, and Epstein [1] has found an
aymptatic fomula for B(n). He hes dso discoveed other andytic propaties
of the Bell numbers, for example, integral representations. For the numbers
listed in Example 5(i), A, isevenif n =1 (mod 3), and A,, is odd otherwise.
This property persists, and a simple proof of it can be found in the paper of
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Baasubrahmanian [1]. Actually, more general congruences are known; see
papers of Touchard [2] and Williams [1], for example. The Bell numbers
have been rediscovered by many authors, and we have listed but a small

portion of those papers in which properties of the Bell numbers are proved
and combinatorial applications are given. For further references, readers
should consult Gould's extremely comprehensive bibliography [9].

Example 5(ii). For each nonnegative integer n, define C, by
Co_ & (=1

e & (k=1

Then C0=—1, C1=0, C2:C3=1, C4=—2, C5=C6:_9’ C7=50, and
Cq = 267.

Proof. Observe that C, =f,( — 1), n>0. This, from (5.1) it is readily shown
that A"C,= — C,_ |, n = 1 Usng this difference eqution and the initid vaue
Co == 1, we may compose a dfference teble to cdadae C,,

The equalities in the next example are easily verified from Examples 5(i)
and 5(ii).

Example 6.

(M) f3(1) =3(1) =15,
(i1 Ss(1) +£5(1) = 4f,(1) = 208,
(i A=) =f~1) =1,
(iv) J(=D=fs(-1)= -9,

v) SO D +fel DHf(= D+~ 1) = 56 9 = 250

Let x, & and b be complex humbers, and let n be a nonnegative integer.
Generalizing f,(x), we define

e F,(a, b; x) = e"F (x Z (a* bk)" ‘ (9.1)

“ ke 1

Thus, f,(x), ddined by (3.3), is the paticda case of F(x) which is daaned by
puting a = 0 end b = 1 Moreove, F,(x) can readly be exqoressd in tems of
Sox), . ., fi(x), since

& Y (;’) a Ibif (). (9.2)

i=0
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Expressed in a dightly different way, Entry 9(i) below is a generdization of
Entry 3.

Entry 9(i). As z tends to oo in R,, where R, is dejined by (3.2),

z,,: _ lkF (x\ nt+1 ( b)k—l k
= -n-2
W= k+1 @ +a+ b)(Z Ta+ 2b) z+a+ kb) + O(Z ).

Proof. By Taylor? theorem,

LK\ (=1Dg* al Sl
Zg)zm =HHG+9 HOETT) @y

k=j

as z tends to co. Thus, by (9.2), (9.3), and (8.1),

" (— 1)F (=1 & o
y CURD mz<)“b’f,<x>

k=0 Z k= 0 =0

5 (e £ ()

n b
3 k) - 06

- j=0 (Z + a
_1n+1 (__l)k~1xk s
_bkzﬁ z+a+1 z+a+2 z+a L +06 »
b b s
from which the desred asymptotic formula follows.
The next entry generalizes Entry 4.
Entry 9(i). If a, b, x, and y are complex numbers, we have
z ) at by x(eby —
iy T) = e TR (0.9

Proof. By (9.2),

”2 XT n( )_ nio ,ﬁ..', i <n> a" —kb"ﬁ‘(x)

() w()“”)

0 kay

-5

k=0
Applying (5.2), with by in place of a, we complete the proof.
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Entry 9(iii), For each nonnegative integer n, we have

Froi®) =@+ BF, ) =bx ¥ (k> BFo_(2).

k=0

Proof . Differentiating both sides of (9.4) with respect to y, we find that

© n—1

_ y
ngl (n - 1)' F"(X) - (a ot bxe ) nZO Fn(X)

On equating coefficients of y” on both sides, we finish the proof.

Entry 9(ii) is obvioudy an analogue of Entry 5. After Entry 9(iv),
Ramanujan indicates very briefly how to express Entry 9(iii) in terms of
differences. For each nonnegative integer n, define

Yox) = Fory(x)  (@+ b)F,(x)= bx(b+ F),
where in the expansion of (b + F)*, F¥is to be interpreted as meaning F,(x).
Next, define an operator ¢ by dg(n) = g(n) —bg(n - 1). So,
W, =Y,=by, ,=bx(b+ F)' 'F.

By inducting on k, it can easily be shown that

oM, =bx(b+ FY *F¥  0<k<n
In particular,

oM, = bxF" = bxF ,(x).

Since F,(x) = X, it follows from Entry 9(ii), or from (9.2), or from the
preceding paragraph, that F,(x) is a polynomia in x of degree n + 1.
Moreover, F,(O) = 0. Hence, we define ¢y(n), . .., ¢, +((n),n >0, by

nt1

Fx) . Y odn)x*. (9.5)

k=1

The next four results generalize Entries 6, 7, and 8, and Example 2 of
Sation 8, repedivdy. The proofs ae completldy andogous and 0 we amit
them.

Entry 9(iv). Suppose that r and n are integers suchthat 0<r <n + 1. Then

& o) _(a+br)
o kI (=17

Entry 9(v). Letrand n be as in Entry 9(iv). Then

r-em="g -7, )@r -y
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Entry 9(vi). Let n and r be integers such that 1 <r <n+ 1. Then
q)r(n + 1) = (a + br)(pr(n) + bqor— 1("),
where ¢g4(n) = 0.

Using Entry 9(vi), Ramanujan next calculates F,(x), 1 < n < 4. Thus,
Fylx) = x,
F.(x) = (a + b)x + bx?,
Fy(x) = (a+ b)’x + b(2a + 3b)x? + b?x?,
Fi(x) = (@+ b)*>x +b{3(a + b)(a + 2b) + b*}x*
+ 3b%(a + 2b)x> + b3x*,
Fy(x) = (@+ b)*x + b(2a + 3b){2(a + b)(a + 26) + b?}x?
+ b*{6(a+ 2b)* + b2 }x? + 2b°(2a + Sb)x* + b*x5, (9.6)

Entry 9(vii). Let r and n be integers with 0 <r<n. Thenr! ¢, (n) is the
coefficient of x"/n! in the Maclaurin series of e * P — 1)*.

z, W Qk+1)° + 2k +1)2

Example (i). k;) (=1 k!

Proof. From (9.1), we have
& L2k +1 2 1
Sy B @ L —a B 1)
k! e
(9.7)

But from (9.6), F5(= 1, 2; x) = x + 8x2 + dx3and Fy( 1, 2; 0= x + 26x>
+36x3 + 8x*. Hence, F5(—=1, 2 =1)=3==F4( 1, 2 =1). Using thexe
values in (9.7), we complete the proof.

0 k4

Example (i) Saom=ty,

(2k + 1)

Proof. The left side above is 52e by Example 5(i) of Entry 8. The right
side above is 4eF,( — 1, 2; 1) by (9.1). But from the previous proof,
Fy( 1,2 1) =13 ad o the proof is complete

2 K+k _ & 2k — 1)*
le (iii). e (R

Example (iii) k;( 1) T 1) &= 1)

Proof. By Example 5(ii) of Entry 8 the Ie‘t side oveis — 41/e. Now, by (9.6),

Fo( =1,2;x) = x + 80x% + 232x° + 128x* + 16x°. Thus, the right side above

iISF(=1,2; ~1)Je==4l/e.

M
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Example (iii) must be corrected in the second notebook by multiplying
either side of the equality by — 1. Example (iv) must be corrected in the

second notebook by replacing = 4 on the right side of the equality by = 8.

. & (2k+1* = (—1)F
k _
Example (iv). k;(—l) AP Yy - 8.
Proof . We have
x Qk+1¢ & (—1F, & 8 . 24k . 32k>  16k°
— 1) — + k©+ + +
k; (=1) k!'k ,;1 k' k kZ‘I( b k!
2 (=) 1 . :
=Y T o BFo(= L L =D+ 24Fy(—1, 1 -1)
$32F,(—~ 1,1 = 1) + 16F( =1, 1; = 1)} - 8. (9.8)

Now, from (9.6), F,(x) = X, F,(X) = x2, F,(x) = x2 + x3, and F4(x) = x2 + 3x*
+ x* when -a = 1 = b. Thus, the expression in curly brackets on the right
side of (9.8) is equal to 0. This completes the proof.

Some properties of Fa — 1, 1, X) have been derived by Manikarnikamma
[1].

In preparation for Entry 10, we first define a sequence of nonnegative
integers b,,, k > 2, by the equdlities:

%’b,‘,‘:hbknzo, forn<korn>2k—2; and (101)
bk+1,,,+1=nbk,,,_1+(n—k+l)bk,,, fork<n<2k—1. I
A short table of values for by, is provided below.

KN\ao| 2 | 31 4 | s 6 7 8 9 10 11 12

15
1 25 | 105 | 105
1 56 | 490 | 1260 945
1| 119 1918 | 9450 | 17325 | 10395

~N o Wb A WwWN
—
=
o

In fact, b, = S)(n,n + 1 —k), where §,(n, k) is the 2-associated Stirling
number of the second kind. (See the books of Comtet [1, pp. 221-222] and
Riordan [1, pp. 74-78].)

Entry 10. Let ¢(x) denote a function of at most polynomial growth as x (real)
tends to o0. Suppose that there exists a constant A > 1 and a function G(x) of at
most polynomial growth as x tends to o such that for each nonnegative integer



58 3. Combinatorial Analysis and Series Inversions

m and all sufficiently large x, the derivatives ¢™(x) exist and satisfy

Al G(x)<A>m. (102)

m! X

Put

. & Xo(k)

where the prime on the summation sign indicates that the ( finitely many) terms
for which (k) may be undejned are not included in the sum. Then for any fixed
positive integer M,

0.00= g+ Y bt C oG M, (109
k=2n - n!

as x tends to co, where the numbers b, are defined by (10.1).

Before embarking upon a proof of Entry 10, we offer severa comments.

Exanples of fundions ¢ sidying the conditions of Entry 10 ae fundions
of poynomid gromh thet ae andytic in some right hdf plane This fdlows
from Cauchy’s integral formula for derivatives. Specific examples will be
gven upon the conduson of the proof of Entry 10.

The fdlowing redult is rdated to Entry 10. If ¢ is bounded ad continuous

on [0, 0], then from Feller’stext [ 1, pp. 219, 227]
a© k
er £
k=0 !
& X tends to on, Obsave thet the Ieft side aove is the expeded vdue E(p(U)),
where U is a random variable with Poisson distribution of mean X.

The asymptotic formula above has a superficial resemblance to Borel
ammablity. Howeve, it is douofu thet Ramandan was influenced by this
In particular, no other materia in the second notebook pertains to Borel
summability.

Formula (10.3) is a more precise version of the formula that Ramanujan
gves in his Entry 10. He provides a very brief sketch of his formal “proof” of
Enry 10, and becaue it is ingrudive we gl gve it bdow.

Ramanujan tecitly assumes that ¢ is an entire function. Hence,

P"(0)k"
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by (3.3}, whae it is asumed that the inverson in order of summation above is
justified. (There is a misprint in the notebooks in that f, - ,(x) isreplaced by
f(x)) Usng (61 aove we find thet

<p‘"’(

0= o(0) + 3 £ z oy~ D

")

= 0(0) + ; Zk“’ Guopra(n— DXL (10.)

We now separate ¢(0) together with the series for k = 1 in (10.4). These

teams ae
l(y))
ol X" =o¢(x). (105

™0 m
+Z q’ () (=15 =00+ §

n=1

Here we have used the fact that
pn=1)=1 nx1 (10.6)

which is easily proved by induction with the aid of Entry 8.
Next, we examire the series for k = 2 in (104). This series IS

i <o<">(0) ) x

znzz(n 2" X" m ool (107)

In this calculation we have used the evaluation ¢, (n) = n(n +1)/2 forn> 1,
which again is readily established by induction with the help of Entry 8.

Ramanujan continues to calculate in the fashion indicated above. Infact,
usng special cases of Lemma 3 bdow, he finds thet

— Qu- l(n_ 1

o ('l) L, X x2 "
P ) g, _atn=1¢ - 2= £ ©0)+ 5 o), (108)
2 co""(O) s Xy X ey X
- = + Z_ )
n; O an=1)x 24<p )+ 35 0+ 299, (109)
@ (n)o
nZS (Pnl() " 4(n )x" )
X (5 5x? 0©(x) o x* “”(x)
=130 9 (x)+14 (x + (X)+ > (10.10)
and
o ™
—26 (P ()(pn S(n-l)x
=== ') (7) o' o®) el
=50 (x)+90<p () + 576 #P00+ 2000 + 5201000 (10.11)

At this point Ramanujan ceases his calculatlons and substitutes (10.5) and
(107H1011) into (104). With the hdp of the teble for b,,, we reedly veify
thd Ramanuan's resdt agyess with (103).
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In a corollary, Ramanujan claims that ¢ _(x) = @(x) + (x/2)p"(x) “very
nealy” However, no dsusson of the aror tam is gven
Bedae commexing the proof of Entry 10, we provide four lemmes

Lemma 1. Let t be fixed, where 0 <t<1. Then

k
xk

e’ Y ;(C—' and e * Yy —

O<k<tx k>xjt k!

each tend to 0 exponentially as x tends to co.

An easy proof of Lemma 1 has been given by Breusch in a solution to a
problem posed by Moy [1].

Lemma 2. Let 2 <k <n. Then p,, < (n =1)!,

Proof . With the use of (10.1), induct on n, and the result follows easily.

Lemma 3. Let 2 <k < n. Then
2k—-2

Ppir-xn—1)= Z bk, .
where ¢, (n) is defined by (6.1).

Proof. The readt fdlows from Entry 8 by indudion on k. See d0 Comie’'s
text [1, p. 226].

Lemma 4. Let p(x) be a polynomial of degree n. Then
& x"p(k) noy . p(j)(x)
(X)) =e™* — = i—k+1 P
p ( ) 4 k;() k! p(x) +; kgz bij j-' N

Proof . By linearity, it suffices to prove this lemma in the case that p(x) =
whae n is a nonnegdive integer. The result is esdly proved for n = 0, 1, and
S0 we suppose that n> 2. By (6.1),

o's) xkkn

pao(x)=eAkaO k! n 1 Z n—l

= @q(n — 1)x" + Z Pt 1(n— Dx 7KL
k=2

Usng (106) ad Lemma 3 we deducee thet

" Zk—z n .
P.(X) = X"+ 3 ¥ byxi7k+t " xnmi
k=2 J=k o}

n 2k—2

o 35 e 20

J!
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e p¥(x) =0farj > n adsince b,; =0farj > 2% — 2, the upper index
— 2 on the inner sum may be replaced by n. The result now follows upon
inverting the order of summation.

Proof of Entry 10. Throughout the proof we aways assume that x is
sufficiently large. Fix te (0O, 1), but we require that ¢ is close enough to 1 0
that 3(1 — t)4/t < 1. Define the intervals I, I,, and I, by I, = [0, tx), I, =
[tx, (2 ~ Hx), and I3 = [(2 = t)x, o©).

Consider the Taylor polynomial

ply) = N_iél “’:fx) (y=x, (10.12)

r=

where N = [/x/64]. By Taylor’s theorem, for each y e I,,

™)
N!

where & is some point between x and y. Thus, by (10.2),

™)
N1

o(y) = p(y) + (y—x",

(x(1 = )"

o(y) - ply)< )

an .
< G(é)oz; {x(1 —p}

<GERN<27Y,
for evay y € I,. Thadore as x tendsto oo,

k k k k
exy XM _ i 5 XPR) L oom) (10.13)
kel k! kel k!

Snce ¢(x) hes & mogt paynomid gromh as X tends to oo, it fdlows from
Lemma 1 that

o 5o X0

T -0 exponentialy as x - co. (10.14)
kel .

Also, for some fixed natural number B,

x* (k) x* x*
e <e’* = xBe > S
k;; k! 1;3 (k—B)! k22 nx-p k!

D again by Levma 1,

k
e-x 7 % p(k)
kel k'

— 0 exponentialy as x — . (10.15)
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By (102) and (1012) for 0 <y < 2,

N—-1 A r
lp(y)l < ZO G(x) (;) X & (AT, (10.16)
and so by Lemma 1,
k
k
ey x]ff )0 exponentially as x — co. (10.17)
kely .
Write
k
L. L (1018)
vets k!
where
xkp(k) Yén(le)
S;=e7* ¥ alla and $; =Y ——
! (2-nxsk<2x k 1 ? ,‘222,; k!
By (1016) ad Lemma 1,
S;—» 0 exponentidly as x - op. (10.19)

For k > 2x, it follows from (102) thet
1< S, (4 ey

< G(x)NAN<k - x>N < (f-)xn.
X X

Also, for k > 2x, x¥/k! < (xe/k)*. Hence,

S,<e* ¥ (’%)k(ﬁyn. (1020)

k>2x X

The summands in (10.20) are strictly decreasing in k. Thus,

0 k x/7
S,ge™ Y Y xe\*(k
F2rpsk<G+rx\ k ) \x
_ © xe Jx jx x/7
< x — —
e 5(2) ()
—x i {eimtjmit 1N

0 x/3
< x<z {ej—lj—j+1/7 }3) .
j=2
Since the series in parentheses above converges to a number less than 1,

S, 0 exponentially as X — 0. (1020)
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By (10.18), (10.19), and (10.21),

x'plk)
TR — 0 exponentially 8 X - o0, (10.22)
By (10.13), (10.14), (10.15), (10.17), and (10.22),
PolX) = PoolX) = 02 ™) (10.23)

as x tends to oo, where
x p(k)

Pulx)=e" f
By Lemma 4, (10.12), and (10.1),

NSt
Poo(x)=p(x) +.__;12b x4 k+1p (X

o)+ T ¥ bk.xrkﬂ.?‘_)(-‘fl
=

Z 4+ 8., (1024)

where

In view of (1023) and (10.24), in order to prove (10.3) it suffices to show that
= O(G{x)x ™M) as x tends to oo,
By (10.1),(10.2), and Lemma 2,

S SE ICD’)lx),
< xiTh+1
(851 < Z zz b

k=M+1 j=k ],
N
< ¥ Z (- (x)Aixt &
k=M+1 j=k

<G (x) i(zk).v Ayt ~k
k
<Gxpx™™ i(Zk 2 2)!(’*)”
< Glx)x +2m +
= \/‘

Gx ™ 3 (k+2M 42 (_"—)2".
K=0 \/—

X

=
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Since N < /x/64, the (k + Dth tem in the la¢ am above is less then hdlf of
the kth term, for each k < 2N. Thus,
N

1851 < Gx)x~M(2M + 2)! k; 275 = O(G(x)x ™).

This completes the proof.

The fdlowing four examples gve gplications of (10.3).
Example 1. As x tends to oo,

o x* /k ] 1 1
L Y = 11 - —
°g<k=1 k! ) xtalogx =g e 70050

Proof . Letting o(x) = G(x) = ./x in (10.3) with M = 3, we find that

k\f 1 7 1
—— — =
K= \/_< 8x  128x% T 0<x3>)’

as X tends to oo. Hence,

s x*/k i 1 7 1
L°g<k; k! )“ Log{e vx <1 T8 1282 0(?))}

ad the readt exly fdlons

Ms

Exarple 1 is aduelly a gpeoid cese of a rest of Hady [4, pp. 410-411],
[18, pp. 71-72], who daived in the case @(x) =(x + a)™° an asymptatic series
which is in a more complicated form then tha given by (103). In paticua,
we find that

k k s
x( +a) —(x+a) s(s+1)

zo xa+2

_Ss+1)(s+2
b

x(x +a)7s"?

X(x +a)™*73

DD s

+0(x7573),

Quite likely Ramanujan discovered Entry 10 about the same time that Hardy
established the aforementioned special case. It is unfortunate that these two
great mathematicians had not been able to collaborate ten years earlier than
they did, for Ramanujan possessed the more general theorem, while Hardy
might have supplied a rigorous proof.
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Example 2. As X tends to oo,
= xk Logk + 1) 1 1 1
—————L —_ i |
Z‘l ng+2x+12x2+0 x3
Proof. Letting ¢(x) = Log(x + 1) in (10.3) with M = 4, we deduce tha

2 x* Log(k-H) X
Z — = =log(x+1)- Ty + —3()( e

as x tends to oo. The desired asymptotic expansion now readily follows.

Ramanujan returns to Example 2 in Section 12 of Chapter 13 where he
calculates additional terms of the asymptotic series. Pollak and Shepp [1]
have proposed an asymptotic expansion equivalent to that of Example 2.

Example 3.

( i l()Ok(p(k)> 100 + Log<————__(p(110); (p(90_)> “nearly”.

Proof. We have quoted Ramanujan above, who evidently uses the approx-
imation ¢_(x) ~ ¢o(x), sets x = 100, and then replaces ¢(100) by
{9(110) + ©(90)}/2.

Example 4. Let y(x) = Y <, 1/k. Then as x tends to oo,
o  yk 1)
Y W(k (Log x+y+0< )) (10.25)
k=1

/

where y denotes Euler’s constant.

Proof. As X tends to oo (see Ayoub’s text [ 1, p. 433),

I1/(x)= Log x +y + ((%) (10.26)

Now substitute (10.26) into the left side of (10.25). Then apply (10.3) to
¢o(x) = Log x with M = 1. The result now easly follows.

An independent proof of Example 4 can be gotten by employing Corollary
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2 of Enry 2 We omit the detalls Antidipeting his work on divergat series in
Chapter 6, Ramanujan calls y (c in his notation) the “constant” of the series

Y, Uk

Entry 11. Suppose that f(x) = Z,‘:"=1A, x"/n is analytic for |x| < R. Define p,,
0<n<oo,by

ZO px"=exp{f(x)}, |x|<R. (11.1)
Then
=3 Ao n=1 (11.2)
k=1
Proof . Taking the derivative of both sides of (1 1.1), we find that

w0 1 o0 . 0
Yonpx"t=Y px Y Ax L |x] < R.
=1 =0 =1

Equaing the codffidets of x"~! on both sides above, we obtain the desired
recursion fomula

Corollary. Let {g,}, 1 < k <, be asequence of complex numbers such that
Y& lad<oo. Let§, =Y X af, where n is a positive integer. For n> 1, define
p, to be the sum of all products of n distinct terms taken from {a, }. Let p, = 1.
Then

n

np'l= Z (_l)k_lskpn—k’ nz= 1

k=1

Proof . For x| < p = inf, 1/la,), a, #0,

Y pux"=](1+ ax)
n=0 n=1
is analytic and nonzero. Thus, in the notation of Entry 11, for |x| < g,

© 4 © © (-1 n—1
Yy —=x"= Y Log(l + g,x) = Y (——)—-&x”
n=1 N k=1 n=1 n

Hence, A, =( —1)""!S,, n> 1. Substituting this in (11.2), we complete the
proof.

In the cordlay above Ramenuen assumes thet the ssouence {ai} is finite,
bu this is umecesay.
For integral r and complex n, define

Fn)= ki (ilikﬁk),— (12.1)

By Strling's formula (I6), the (k + 1)th term of F,(n) is asymptotic to
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(1//2m)k" = 1%(e /)" as k tends to co. Hence, F,(n) converges for |a| > ¢ and
dofor (@ =eif vy < ~1/2.

Entry 12. For v, n, and a as specified above, we have
1
Frasln) = nE() +  Fpofn+ 1)

Proof. We have

r+k
Foo )= nb i+ 3 SO

L & (n+ky**
kg5 $ S

ax=1

from which the dedred recursion fdlows
Entries 13 and 14 are concerned with functions of the form

ot = 3 S,

where the coefficients are polynomials in X such that

Julx ZJL Wi 0<n< oo, (13.1)

where x and y are arbltrary real numbers. Thus, ¢ satisfies the relation

P(x +Y) = o(x)o(y) (13.2)

for all values of x and y.
We fird prove a gened theorem and cordlay from which we dhdl deduce
the identities of Entries 13 and 14.

Theorem. Let pand g be constants with g # 0. Let f,(x), 0 < n < o0, be a
sequence of polynomials satisfying the difference equation

x+ @Q—fX)=afh-(x+p), nx1 (13.3)
together with the initial conditions
focd =1 (13.4)
and
Oy =0, n>xl (135)

Then f{x) satisfies (13.1).

Before commendng the proof, it might be noted thet the theorem remans
true if the factor q on the right side of (13.3) is replaced by athird arbitrary
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constant r, r # 0. For if the solutions of (13.3)-(13.5) are denoted by f,(x),
those solutions under the modified conditions are (r/g)",(x), 0 < n < co. Thus,
for the apparent generalization, both sides of (13.1) are merely multiplied by

(r/q)".

Proof of Theorem. We shdl induct on n. By (13.4), the relation (13.1) holds for
n = 0. Suppose that (13.1) is vaid for all values of x and y when
0<n<m-1.

We shall first show that (13.1) is true for all values of x when n =m and
y=q. From (13.3) and (13.5),

M =df,-1p,  n2xl (13.6)
By (13.3), (13.6), and the induction hypothesis,

m-1
JolX + @ =1flx) 1 4 kzo J) o - 1 xp)
m—1
= fulX) + kZO JdX) fm @)

= 2 - la), (13.7)
by (13.4).
Next, we shdl show that if (13.1) is vaid for all values of x when n = m and
y has a particular valuey,, then (13.1) also holds for all values of x when
n=mandy =y, +q.By(13.7),

fux + Y0+ )2 ﬁfk(m Yol 9

; X) fi- ,)’o

Ms

k O

by our assumptions. Now invert the order of summation and put r =k -j to
obtain

flx 00 = 350 S0~ -9

= 3 100k o0-4)

by the induction hypothesis and by (13.7) when j = 0. We have thus shown
that (13.1) is valid for all vaues of x when n =m and y is any positive integra
multiple of g. In other words, the polynomial identity (13.1), when n =m, is
vaid for all x and an infinite number of vaues of y, and 0 must be vaid for
all x and all y.
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Corollary. Let p and q be constants. Then the polynomials fo(x) = 1, fi(x) = X,
and

X n—1 )
L=~ T] (c+np~kg, n=2,
nlr=1
satisfy  (13.1).

Proof . For q # 0, the result is obvious for n = 0 and follows from the Theorem
when n> 1. For g = 0, the result follows by continuity in g.

The theorem above and its corollary are not explicitly stated by Raman-
ujian in his notebooks. The theorem's proof that we have given was supplied
to Wilson by U. S. Hadam-Jones. The theorem and corollary are now part of
ageneral theory developed by Rota and Mullin[1, p. 1823. The polynomials
in the corollary were first introduced in the literature by Jensen [2] in 1902
and later by Gould [1], and are essentialy what are now called the Gould
polynomials. (Consult the papers of Rota, Kahaner, and Odlyzko [1,
pp. 733-736] and Roman and Rota [ 1, p. 115].) See Gould's papers[ 1]-[6],
and a paper of Carlitz [4] for several formulas and the context in which these
polynomials arise.

Entry 13. Letf(n) = nF _(n), where F _ , is defined by (12.1). Assume that ais
real, with |g| > e. Then there exists a positive real number x satisfying the
relation x = a Log x such that for any real number n, x" = f (n).

Proof . By the corollary with p = tand ¢ = 0 and by (13.2), f(m)f(n) =
f (m + n), where m and n are arbitrary real numbers. Hence, if nisany pos-
tive integer, f(n) = x", where x = f (1). This relation may be extended to nega-
tive integers n by using the equality f (n)f (— n) = f(0) = 1. It can further be
extended to all rational numbers r/s upon noting that {f (r/s)}* = f (r) = x".
For a|=e f (n) converges uniformly on any compact interval in the variable
n. Hence, f (n) is continuous for all n. It follows that f (n) = x” for ali red vaues
of n. Hence, for |a| > €,

® k1 o« _ ko2
Py =x"Logx = 3. (+k) & nk—1)n +k)
k=1 =1

a"k! k akk ! ’

since both of these series converge uniformly on any compact interval in n.
Thus,

o = ke () _x
FO=toox= 2 d—i~a =

This completes the proof.

Let a now be complex and consider the relation x = a Log x, where x is to
be regarded as a function of a. By considering, for example, the graph of
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x/Log x for real values of x, we see that for a > e there are two branches x,
and x, of the function x that have real values. Thus, a = e is a branch point.
One branch, say x,, decreases from e to 1 as a increases from eto + . The
other branch x, increases from e to + o0 as a increases from e to + o0, Since
f(l)tends to 1 as a tends to oo, it follows that, for a > e, f(1) defines a branch
of the function x(a) that is real and lies between 1 and e. Entry 13 thus shows
that f(n) = xj.

Corollary. Let z be an arbitrary complex number, and suppose that w is any
complex number suchthat ¢ ! > w/{. Then

wz(z+kwk 1 —kw
=3 )

Proof. First suppose that w is real. Apply Entry 13 with x = ¢* and so a
= ¢"/w. Then for any real number »,

(13.8)

Letting z = nw, we deduce (13.8) for rea z and real w with |w| < |e” ~!]. By
analytic continuation in each of the variables w and z, we complete the proof.

For brevity, we shall now define cy(n) = 1, ¢;(n) = n, and
alm) - H (n. kp—ijq, k>2 (14.1)

Define, for complex g,
k

o= § A

k=0

(14.2)

If p=q=0, p(n) =e™. If p#£0 but g=0, then @(n)=f(n/p), where f is the
function defined in Entry 13 but with a replaced by 1/ap.If p =0 and g # 0,
then @(n) = (1 + ag)"®. If p=q # 0, then ¢(n) = (1 — ap) "”. Thus, in the
sequel we may suppose that none of the parameters, p, g, and p — g is equal to
0. Furthermore, without loss of generality, we may assume that p and ¢ are
positive, for, in a more explicit notation,
e(ny=om p, g, ) =¢(—n, —p, - 4, —a)
=omp—q, —q, a)=¢(—nq9—p, g, —a)

Now, by Stirling's formula (16), as k tends to oo,

o3

k! r<”’;k” k + 1) ‘

c(n) _

i ~ Ck~3/2ppk/q‘p_ q“k(p—q)/q’
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where the constant ¢ depends upon p, ¢, and n but not k. Thus, <p(n) converges
for

la| < p~?|p — q|® 7" (14.3)
Entry 14. Let ¢ be dejined by (14.2) and let p and ¢ be as specified above. If x is a
certain root of the equation
agx? -x1+1=0, (14.4)
then ¢(n) = x" for every real number n.
Proof . By the same type of argument as that in the proof of Entry 13,
o(n) = x", (14.5)
where ¢(1) = x and nisany real number. Next, by a direct calculation,

1

Eck@) k— 1),Ck p) =

Hence, since ¢y(n) = 1,

o(g) = agp(p) = 1.
In other words, by (14.5), x satisfies (14.4), and the proof is complete.

Note that, by (14.2), x=x(a) tends to 1 as a tends to 0.

Coroallary 1. Let n be real and suppose that |a| <1/4. Then

” x T(n+2k
<—2—> l+na+n Z Tt )
1+

1—4a F(n+k+1)k‘
Proof. In Entry 14, let p = 2q. The root of (14.4) which tends to unity as a
tends to O is given by
11— /1—4aq 2

2aq 1+ /1—4aq
Thus, by Entry 14 and (14.1),

o (2k-1 a

2 n
<T+—\/1—_—TTq> =@ng)=1+ nga+nq k; {jgﬁl(nq +jq)} At

where [a| < 1/(4q), by (14.3). Setting ¢ = 1 in the equalities above we complete
the proof.

Corollary 2. Let n be real and assume that a(< 1. Then
bk(")a

@+ /1+a*=1+na+ &k
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where, for k > 2,
b {nZ(n2 —2)(n? = 4% (2 = (k= 2))), ik is even,
T ln(n? = 1)(n? = 33) o (2 -k = 2)3), i kiis odd.
Proof. Let ¢ = 2p in Entry 14. The root of (14.4) which tendsto 1 as a
approaches O is given by x? = ap + ./a*p* + 1. Hence, by Entry 14,

© ¢ (np)a*
(ap ++/a*p* + 1) =olnp)=1+npa+ ¥ k(r;j) ;

k=2

where ¢,(np) is given by (14. 1), and where |a| < 1/p by (14.3). Now let p = 1 and
g = 2 in the above equalities. Then it is not very hard to see that ¢,(n) = b,(n),
and the proof is complete.

Entries 13 and 14 have along history. Entry 14 was first established by
Lambert [ 1, pp. 38-40] in a paper published in 1758. In 1770, Lagrange [1]
published a proof of the celebrated “Lagrange inversion formula” As an
application, he derived Entry 14 [1, pp. 53-56]. Entries 13 and 14 appear as
problems illustrating the Lagrange inversion formula in the text of Polya and
Szego [1, pp. 145-146]. In 1779, in a paper stimulated by the work of
Lambert, Euler [4], [6] proved both Entries 13 and 14. Entry 13 actually
appears in a paper published by Euler [3] one year earlier, but no proof is
given. Rothe [1] rediscovered the special case ¢ = 1 of Entry 14 in his
dissertation published in 1793. Entries 13 and 14 dso follow from Abel’s [1],
12, pp. 102-103] generadization of the binomia theorem and are sometimes
atributed to him. Entry 13 was rediscovered in 1844 by Eisenstein [1], [2, pp.
122-1257 who was apparently unaware of earlier work. Other proofs of
Entry 13 or equivalent formulations have been given by Wittstein [1] in 1845,
Woepcke [1] in 1851, Seide [1] in 1873, and Jensen [2] in 1902. The result is
ds found in Gould's paper [2, p. 412]. A smilar theorem of a more genera
type has also been established by Gould [4, Theorem 7]. Entry 14 is similar
to further results of Gould [1, p. 85], [4, Theorem 1]. Entry 14 has also been
generalized in a different direction; solutions of certain algebraic equations
can be represented by hypergeometric series. Further references can be found
in Birkeland's paper [1]. Hardy [20, p. 194] refers to Ramanujan’s work on
(14.4). Moreover, Ramanujan discusses (14.4) in his quarterly reports. The
corollary of Entry 13 is essentially a reformulation of an exercise in
Bromwich's book [1, p. 160]. (See aso p. 195 of Bromwich's text.) The
aforementioned corollary is aso derived by means of the Lagrange inversion
formula in Chaundy’s text [1, p. 4097 and Carmichael’s paper [1]. An
application of this corollary has been given by Rogers{1]. Jackson [1] has
found a g-andogue of this corollary as well as of Abel’s theorem and related
results. Gould [7] has compiled an extensive bibliography of papers related
to Entries 13 and 14, the aforementioned convolution theorem of Abel, and
similar results. Finally, an article by Knoebel [1] contains many references to
Entry 13 and alied results.
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Entry 15. Defineu, O <u <1, by
x2
u—Logu=1+'—2~, (15.1)

where x is real. Then

i k+1 e HL+x%2) _ 1+ 522 (15.2)

k=0

Furthermore, for sufficiently small positive x,

QO
= 3 bxt
k5o

where by =1, by = =1, b, =1/3, by = ~ 1/36, b, = ~ 1/270, and, in general,
the coefficients b, are found successively by substituting into the identity

i l—u)’

Proof. INEntry 13, let x = e*ad a= ¢"/u, s0 a = exp(l + x%/2) by (151). We
then find that

Nl»—-

@ (k+ 1)" v 2
1) k1 +x /2)
s k;)
from which (152 fdlowns
Define F(u) = 2(u ~ 1 ~ Log u) = x* Note that F is analytic in a neigh-
botood N of 4y =1 and thet F( 1) =0and F”( 1) #£0. For 4 € N, we may then
write F(u) = G(u)* = x%, where G(u) is anaytic and one-to-one on N, and
wheg say, X = GU) ad G(1) < 0. Thus, there exigds an amytic inverse of
GU) = x in a ndghbohood of x = 0 of the fom
N
u= G-*(x) k; b,x"
When 0 < u < 1, the enudities above had with x > 0, since G (1) < 0. We have
b, =1and b, is negative. By (15.1) and Taylor’s theorem,
® — g\
x*=u—1-Logu=Y (1 'u)_’
=2
and 0 the coefficients b, may be calculated as indicated.
Example 1. Let m be real and let 0<n<2. Then

@ mI(m + kn)
ol(m + kn—k+ 1)2""’('

"=

This example is highly interesting. Ramanujan, in fact, claims the result is
true for 0 < n < oo, The series does converge for 0 <n < op, However, it
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converges to a different value for n > 2. In the proof beow, we shall prove this
last fact as well.

Proof . In Entry 14, replace n by m, let g = 1, replace p by n,and let a=2""
where 0 < n < o, We find that if x is a certain root of

fx)=2""x"~x+1=0, (15.3)
then

m_ o mI(m + kn)
o T(m + kn —k + 1)2%k!’

provided the series converges. By (14.3), the series above converges if
27"<n "n=1""1, (15.5)

for n # 1. By the remarks made prior to Entry 14, the series in (15.4) converges
for n = 1, in which case (15.5) would be interpreted as 2! < 1. We now show

that (15.5) holds for 0 < n < oo, Letting g(x) = (x/2)*|1 —x ! ~* we want to
show that g(x) < 1 for x > 0. By elementary calculus, we find that g(x)

decreases for 0 < x < 2/3 from the value g(0) = 1. On 2/3 <x < 2, g increases
to the value g(2) = 1. For x > 2, ¢ decreases. Thus, g(x) < 1 for x = 0, and
(15.5) is vdid for 0 < n < oo,

Now, obviously, x = 2 is a root of (15.3). Since f'(x)=n27"x"~ ' 1, we se
that there is a unique positive value x = ¢ such that f'(¢) = 0. Hence, (15.3) has
at most one positive root in addition to theroot x = 2. If 0 <n< 1, f(0) is
positive while f( + oo) is negative. Hence, X = 2 is the only positive root of
(15.3). Thus, Example 1 is edablished for 0 < n < 1. If n > 1, both f(0) and
f( + o0) are positive. Thus, in addition to the root x = 2, (15.3) has another
(not necessarily distinct) positive root x = a, and clearly 2 > 1. Now ¢ = 2 if
and only iff(2) = 0, which happens only when n = 2. Thus, Example 1 is vaid
for n = 2. Observe that f'(2) has the same sign as n - 2. Thus, « > 2 if
1<n<2,bute<2ifn>2. Also, as ntends to 1+, a tends to co; as n tends to
2, o tends to 2.

To complete the argument, we only need to show that the series in (15.4)
converges uniformly in 1 < n < 2 for one paticular value of m # 0; the sum is
then a continuous function of n, and 0 x = 2 for 1 < < 2. Choose
m = —1/2. By (15.5) and Stirling’s formula (16), there exists a constant K,
independent of k and n, such that

| [(=1+kn) | 32
[ T(kn k+§)2""k,l|SKk ‘

X

(15.4)

Hence, the series in (15.4) converges uniformly in n on any interval in [1, o0)
when m = — 1/2. This completes the proof that (15.4) holds for x = 2 and any
real value of m when0 < n < 2

Lastly, we shall show that for n> 2, (15.4) isvalid for x = ¢ < 2. By the
argument above, the series in (15.4) converges uniformly for 2 < n < oo,
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and 0 it is sufficient to prove the assertion for one particular value of n
greater than 2. We shall choose m = 1 and n = 3. Then from (15.3) we see that

a=./5 = 1. We therefore must prove that

©  TG3k+1)
= — 1, 1 .
L, Tk o3~V ! (154
Now since this sum is known to be equa to 2 or \/5 — 1, it suffices to show
that this sum islessthan 2. Let

. TGk+1)
*= T2k + 2)8%!
Then for k > 2,
Gey  3Gk+D)Bk+2) 27 81k + 69 27

G, =16k +D(k+3) 3 2k+ DEk+3) 32

Hence,

& 64,5~ \32 810

This establishes (15.6). Thus, we have shown that the equality in Example 1 is
valid for 0 <n< 2 and invalid for n> 2.

c: 13 2/27\} 1 3
Y o<ttt V(—) =l+-+—<2
k=0

In connection with all of the examples below, it should be kept in mind
that in the proofs the relevant root X of the equation X = A Log X, A>¢e &
was emphasized in the remarks made after Entry 13, is that root which lies
between 1 and e. If X isaroot of X == ALog X, Az e, then thereis no
ambiguity, as the root, which is between 0 and 1, is unique.

Example 2. Let a be positive and suppose that m, n, and p are real and nonzero.
Define the positive real number x by the relation (Log x)™ = ax”. Then, for
a <|mfen|™,
© (mp + nk)*~ gk
x"=py (e k—)l
Vo) m*~ k!

Proof . Define y > 0 by x* = y”. A short calculation gives

Log Yy n

1jm

% m

We now apply Entry 13 with x replaced by y and a replaced by (m/n)a™ /™.
For |m/n|la™ '™ > ¢ we then have

mpin _ & (mp/m)(mp/n + k)~
xP=y vl =kZ:O (ma—l/m/n)kk! ’

from which the desred result follows.



76 3. Combinatorial Analysis and Series Inversions

Examples 3(i)-3(viii) and 4(i)-4(iv) arise from Entry 13 by suitable changes
of variables. Example 3(i) is essentidly the same as Entry 13 except that x is
now defined in either of two ways by x =4 aLog x. For Example 3(ii), ais
replaced by +a/Log ain Entry 13. The case x = 1 in the first equality of
Example 3(iii) below is a problem posed by Newman [1]. This problem can
also be deduced from the corollary to Entry 13.

Example 3(iii). Let a be real with a < e und dejne the reul number x by either
of the two equulities X = ae**. Then
ek ¥ (—a

@ (k+ l)k 1 k )k
— 2 = und e * _
=2 B
respectively.

Proof. Let x = Log y. Then we have, respectively, y/Logy = 1/a and
y '/Log( y-') = 1/a. Now apply Entry 13 with a replaced by 1/a and — 1/a,
respectively.

Example 3(iv) follows from Entry 13 upon replacing aby + [/Log a

Example 3(v). Let a be positive with Log a| < e. Define a positive real number x
by either of the two relations x** = a Then

Proof. Let x = 1/y. Then it follows that ¥(Log y)/y = Log a. Now apply
Entry 13 with x replaced by y and a replaced by ¥ 1/Log a

Example 3(vi) is identicd to Example 3(iii) except that the relation
X = ae** has been replaced by x = ge¥*in the second notebook.

Example 3(vii). Let a be real und define the real number x by either of the
relations e* 4+ x = a. Then, respectively, ifa < — 1,

e*e‘ _ © (k + l)kfl(_ I)ke“k
k! ’

fieg

K
und if g > 1,
W (k+ l)k 1, _-—ak

=2

k=

Proof. Let x = Log Log y. Then ¢ = y(Log y)*'. In the former case
Log(1/y)/(1/y) = ¢€°, and in the latter case y/Log Y = ¢* Now apply
Entry 13. In the former case x is replaced by 1/y and ais replaced by —e™% in

the latter case x is replaced by y and a by &“
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Example 3(viii) is the same as Example 3(vii), except that x has been
replaced by Log X

Example 4(i). Let x> 0 and definev by v=x". Then for Log X <1/e,

i (k + 1y~ 1(Log x)* .

k=0
Proof . In Entry 13, replace a by 1/Log x. Then x is replaced by v.

&c

X
For » Ramanujan writes X Itiscurious that Eisenstein [1] used this
same notation. In Examples 4(ii)-4(iv), similar notations are employed by
Ramanujan.

x X
If we interpret X as the limit of the sequence, X, xx, x(x ), .., then

X
X converges for e¢7° < x < e'®. This fact appears as an exercise in several
texts, including those of Apostol [1, Exer. 12-7, p. 383], Bromwich [1, Exer.
11, p. 23], Knopp [1, Exer. 23, p. 108], Bender and Orszag [ 1, Exer. 4.2,
p. 196], and Francis and Littlewood [ 1, pp. 10, 38, 39]. This exercise has dso
been posed as a journal problem by several people including Lense [1] and
Ogilvy { 1]. A paper by Andrews and Lacher [1] examines the convergence in
great detail.

The more general problem concerning the convergence of

has been studied by many, including Barrow [1], Creutz and Sternheimer
[11, and Shell [1]. The latter paper gives a synopsis of earlier results. For
many references on the aforementioned and related problems, consult the
comprehensive survey paper by Knoebd [1].

Example 4(ii) is the same as Example 3(vii) but with x and a replaced by v
and + Xx, respectively. Example 4iii) is simply a reformulation of Entry 13 with
x replaced by €' and a replaced by x. Example 4(iv) is another version of
Example 4(ii), but with x replaced by —x in the former equality and v
replaced by —v in the latter equality; in other words, x and v saisfy either of
the relations» = + Log(x + u).
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Ramanujan next attempts to generalize Entry 13 by considering the
functions ¢@,(n) defined by the equation
X"@,(n) = Fy(n), (16.1)

where x = a Log x, F,(n) is defined in (12.1), and where a is specified prior to
Entry 12. Thus, ¢ _,(n)= 1/n.

Entry 16(a). If r is an integer and n is any complex number, then
nen) = ¢, ,(n) — (Log x)@, . y(n+1). (16.2)
Proof. Using (16.1) and the relation x/a = Log x in Entry 12, we readily
deduce (16.2).
Putting r = — 2 in (16.2), we find that

(n)—i— Logx 1—Logx 1
¢-2=13 nn+1) nn+1)  ndn+1)

Letting r = — 3 in (16.2), we get

—Logx 1 _Logx{ 1—Log x N 1 }
nn+1)  nPn+1) n m+Dn+2) +1)3*n+2)

3()_

_ (1—Logx)>  (3n+2)(1—Logx) 3n+2
T+ D)(m+2) 0 P+ 12n+2) P+ D)n+2)

Both of these formulas for ¢_,(n) and ¢ _ 5(n) were given by Ramanujan. It is
clear from the recursion formula (16.2) that ¢ _,(n), k > 1, is a polynomial in
Log x of degree k — 1 with the coefficients being rational functions of n.

We now turn to the calculation of ¢,(n) when r is nonnegative. Let x = ¥,
and so a = ¢"/u. Putting ¢,(n) = g,(n, u) = g,(u), we find from (16.1) that

n+k)r+k ‘u(n+k)u

9=3, "%

© o (n+k)r+k+j(_1)juk+j
¥=0 /=0 k! j! '

We first calculate go(u). Using the latter representation above, we find that

g5 (w) = Z Z
k=0 j=

(n+ k(= DI+ ) ki

2 >O’
Kt (k+j —m)! "

and so g{™(0) = S(m, m), where

S@unﬂ=k§%(—ly+m<z>0r+kw.
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Ttis well known (see, e.g., Hansen’s tables [ 1, p. 134]) that S(m, m) = m!. Thus,
I o T 163

golt)= Y. = (16:3)

Next, we shall show, by induction on r, that
r+1 ‘J/ (r n)
&= - : Qo= 2% (16.4)

where Y {r, n), 1 <k <r+ 1, is independent of u. By (16.3), (16.4) is valid for
r=20. A direct calculation shows that, for r > 1

(I — u)g,(u) = ng, _,(u) + ug, ()

=ng, - 1(u) — (1 — ujg, - () + g, 1 (u).
Using the induction hypothesis, we thus find from (16.4) that

(—ugw=ny SH-LD

r (r+k—1)(//k(r~l n)
k=1(1—u)'+k 1 Z

)r+k 1
"or+k— D lr—1,
et

or

g,(u)_rii(n——r k+l)tllk(r—l(lr:)-li—)r(:jk—2)!//kﬂl(r~1,n)’

where we define Y q(r —

Ln)=0=4,,,(r— 1, n). Hence, (16.4) is established,
and moreover we have proven the recursion formula

g, ny=n—r~k+ O r—L )+ (r+k—20._(r—1,n), ({16.5)
where 1 <sk<r+ 1.

Entry 16(b). Let r and t be integers such that 1 <t <r+ 2. Then
Ylr+Ln)=(—r,n—0)+y, r+1n

_lpt—l(r+ 1’ n-— 1)7
where Y (r, )=0if t¢{k: 1 <k<r+1}.

Proof . Employing (16.4) in (16.2), we obtain the identity

7 B AR
= (1 _ Log x)r+k“ = (1 ——Log x)r+k+1

22 g+ 1,n+1)

+{(1-Log x)— d .
{( Og X) 1} Z (1 . LOg x)r+k+1
Equating coefficients of (1 —Log x)™" 7%, 1 <t<r+2, on both sides and

replacing n by n— 1, we deduce the desired recursion formula
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Using either of the recursion formulas given in (16.5) and Entry 16(b)
together with the value ¥/,(0, n) = 1 from (16.3), we can successively calculate
the coeflicients of ¢,(n), @,(n), @s(n), .... We thus find that

n—1 + 1
(1—Log x)? (1 —Log x)*

1 2
_(i=1)(n—2) ("_1)("_2){}{——2%—1} 3

= (1= Log x (1—Log % - Log ™

@1(n) =

@4(n)

1 2 3
(n—1)(n—2)(n—3) ("”1)(""2)("*3){;1—3 M- +;1—1}

(1 —Log x)* (1—Log x)°

@3(n) =

4 15n - 35 4 15
(1-Logx)® (1-Logx)”

all of which are given by Ramanujan.

Corollary 1. Let x be complex. If —p < n < 1, where p is the unique real root of
ye** 1 =1, then

e & (x+kn)
1—n —k;o k! e"" (166)
If n>1, then
emn @ (x + kn)
l—m _kZ‘o k! e (167
where 0 <m < 1 and e™/m = é€"/n.
Proof. By (12.1), (16.1), and (16.3), for any y and for |a| > e,
& (y+kf v
Foy) = = .
o) kgo a‘k! 1—Logt’ (16.8)

where t = a Log t. Recall that if a > ¢, then ¢ is that root of this equation which
lies between 1 and ¢; if a < — e, then t denotes the unique real root of this
equation.

When n=0, (16.6) reduces to the Maclaurin series for ¢*. Let a=¢e"/n,
where —p <n<1, n#0. In this case, |a| > e, and the appropriate root ¢ is
equal to ¢". Putting y = x/n, we find that (16.8) reduces to (16.6).

If n = 1, the series in (16.6) diverges, but if n > 1 it converges. In the latter



3. Combinatorial Analysis and Series Inversions 81

case, let a = e™/m, where m is defined in the hypotheses. Then by (16.6),

m

e E (k& vtk
1— Z o (€™/m)k! ,;0 (e"/n)k!

n+kn)

& (yn+ kn)*
Z .
k=0

Thus, (16.7) readily follows.

As indicated in the proof, this very interesting corollary is a generalization
of the very familiar Maclaurin series for e*. Characteristically, Ramanujan
states no conditions on n for (16.6) to hold. By Newton’s method, it may
readily be shown that p =0.27846454.... The second part of Corollary 1,
namely (16.7), is not given by Ramanujan. Equality (16.6) was apparently first
established by Jensen [2]. Other proofs have been given by Duparc,
Lekkerkerker, and Peremans [1] and by Gould [3]. Carlitz [2] has employed
this corollary in establishing the orthogonality of a certain set of polynomials.

Corollary 2. For each nonnegative integer r,

r+1

n=lim ¢, Z W(r, n).

Proof.. The first equality above follows immediately from the definitions of
F,(n) and ¢,(n) given in (12.1) and (16.1), respectively. The second equality
follows from the definition of y,(r, n) in (16.4).
Next, fix a > 1/e. For real h, define x > 0 by the relation
x* = a‘". (17.1)
Then x Log x=a Log a+ h and (1 + Log x) dx/dh =1, i.e,,

(x+aLogath™ = x, (17.2)
dh
At h=0,x=a and
dx 1
A —— 17.
dh " 1tLloga (17.3)

Since h = h(x) extends to a one-to-one analytic function in a neighborhood of
a, there is an analytic inverse x = x(h) in a neighborhood of the origin. Thus
we have an expansion of the form

X i ik <ﬁ>k, (17.4)

where |h| is sufficiently small.
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Entry 17. For r > 2, we have

r—1 —1
A,=nr—2A4,_,+n Y (’ . )AkA,_k. (17.5)

k=1

Proof . Substituting (17.4) in the differential equation (17.2), we obtain the
identity

B @ A (R
<L°g“+5>k;(_l)k w0 (2)

© A (h)* 1 A (R
={1+k§,(‘1)k_lﬁ<5>}{ DECS 1>'<> }

or, by (17.3),

L A (R
(”" ) 2,1 —1)!<5>
i A (h A
=n+nk;(_1)k-1k—;‘<a> {1_2(—1)" 1 _1)‘<> }

Equating coefficients of (h/a)" !, r = 2, we obtain

A, Ay Ay T A A,
(r—1! n(r—2)! —n{ (r—1n! +k;1 kl(r—1-k)!§"

The recurrence relation (17.5) now easily follows.

In Ramanujan’s version of (17.5) the terms with k=j and k=r—j
| <j<r/2, are combined. However, he has incorrectly written the last term.
On page 36, line 4, multiply 4, _,), by 4., and square 4, .

We have seen that dx/dh=1/(1 + Log x) =N and

dx
! dh h=0 x=a " ( 76)
In general, it follows from (17.4) that for r> 1,
d'x
=(—a) ! 17.7
(' | (17.7)

Inducting on r, we find that there are numbers, a(r, k) for which

& 2r-k—-1 o1 d'X
RZO a(r, k)N =(—x) o T2 2. (17.8)

Differentiating both sides of (17.8) with respect to h and comparing coeffi-
cients of N> ~**1  we obtain the following recursion formula given by
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Ramanujan:
alr + 1, k)= (r — Da(r, k — 1) + 2r — k — Da(r, k), (17.9)

where r >2,0<k<r—1, and a(r, k) is defined to be 0 when k <0 or k> r
— 2. Setting h =0 in (17.8) and using (17.7), we have

r—2

4,= Y ar, kn 1 p>2. (17.10)

From (17.6), (17.9), and (17.10), Ramanujan has calculated 4, (1<r<7) as
follows:

A, =n,
Ay=n3,
A3 =3n° +n*,

Ay = 151" + 10n° + 2n°,

A5 =105n° + 1051 + 40n" + 6n°,

Ag=945n"" + 1260n'° 4 700n° + 196n® + 24n’,

A, =10395n12 41732502 4 12600n'* + 5068110 + 1148n° + 12008,

Example 1. For n=1and r > 2,

r—2

Z ar, ky=A,=(r— 1)1,

k=0
Proof . The first equality follows from setting n =1 in (17.6). In (17.1), let a = 1
and x = 1/y. We then easily find that t/Log y = — 1/h. Now apply Entry 13
with n= — 1, x replaced by y, and a = — 1/h. Accordingly, we find that, for
|hel < 1,

w 1Y =R
NI e
y K=o k!
On the other hand, putting a =1 in (17.4) yields
o (114K
K= k!

A comparison of these two series yields the desired result.

Example 2. Fix a, 0 < a < e. For real h, define x > 0 by the relation x'* = q'/%¢",
Then for sufficiently small |k,
a ® Afah)

—=1-
X k=1 k!

Proof . Putting x = 1/y, we find that y¥ = (1/a)"/?¢". Now use (17.4) with a
replaced by 1/a, h replaced by —h, and x replaced by y. The desired equality
now easily follows.
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F. Howard [1] has shown that the numbers a(r, k) can be expressed in
terms of Stirling numbers of the first kind and associated Stirling numbers of
the second kind.

We thank R. A. Askey, H. W. Gould, and D. Zeilberger for several
references to the literature.



CHAPTER 4

Iterates of the Exponential Function and an Ingenious
Formal Technique

The first seven paragraphs of Chapter 4 are concerned with iterated
exponential functions and constitute a sequel to a large portion of Chapter 3
wherein the Bell numbers, single-variable Bell polynomials, and related
topics are studied. Recall that the Bell numbers B(n), 0 <n < oo, may be
defined by

They were first thoroughly studied in print by Bell [1], [2] approximately
25-30 years after Ramanujan had derived several of their properties in the
notebooks. Further iterations of the exponential function appear to have
been scarcely studied in the literature. The most extensive study was
undertaken by Bell [2] in 1938. Becker and Riordan [1] and Carlitz [1] have
established arithmetical properties for these generalizations of Bell numbers.
Also, Ginsburg [1] has briefly considered such iterates. For a combinatorial
interpretation of numbers generated by iterated exponential functions, see
Stanley’s article [1, Theorem 6.1].

Sections 9-13 are devoted to a different topic and illustrate one of
Ramanujan’s favorite techniques. Ramanujan’s procedure, however, is strict-
ly formal, and the results that are obtained from it are valid only under severe
restrictions. Section 9 contains summation formulas which resemble more
complicated formulas found in Chapter 14. In Section 11, we find the formula

* n— - . ﬂ(p(—n)
JO ! k;o (’D(k)(—X)k dx = sin(nn) ’ n>0, ©.1)

“of which he was especially fond and made continual use.” We have quoted
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Hardy’s book on Ramanujan [20, p. 15], where this formula and others of the
same sort in Section 11 are discussed and rigorously proved in Chapter 11.

About one year before Ramanujan’s departure from India to England, he
obtained a scholarship from the University of Madras [15, pp. xv, xvi]. As
stipulated by the scholarship, Ramanujan submitted quarterly reports on his
research to the Board of Studies in Mathematics on August 5, 1913,
November 7, 1913, and March 9, 1914. The first two reports are concerned
entirely with formulas like (0.1) and their applications. Ramanujan gives a
detailed proof of a formula (Entry 11) related to (0.1) and even lists
hypotheses for which his formula is supposed to be valid. Evidently, early in
his stay at Cambridge, Ramanujan discovered, perhaps from Hardy, that his
hypotheses were not strong enough. For in [13], [15, pp. 53-58], Ramanujan
evidently employs (0.1) to evaluate some integrals and remarks [15, p. 571,
“My own proofs of the above results make use of a general formula, the truth
of which depends on conditions which I have not yet investigated com-
pletely.” All of the formulas in Sections 11-13 are established in the
quarterly reports, as well as many more.

It is somewhat enigmatic that the integral formulas of Section 11 appear at
this location in the second notebook. Since generally the material becomes
more difficult and sophisticated in the latter portions of the second notebook,
it is reasonable to conjecture that early chapters in the notebooks date from
his student days, while later chapters were written in the period just before
Ramanujan’s departure from India in 1914. The content of the quarterly
reports indicates that these integral formulas were discovered at a time later
than the other material in Chapter 4. Moreover, Chapter 5 of the first
notebook coincides closely with the first eight sections of Chapter 4 of the
second notebook, which is a revised, enlarged edition of the first notebook;
none of the formulas from Sections 9-15 of Chapter 4 in the second notebook
can be found in Chapter 5 of the first notebook. However, Entry 11 can be
found on page 182 of the first notebook, which is a “back side” of one of the
pages in Chapter 12. Pages 180, 182, and 184 of volume 1 contain 13
applications of Entry 11, only one of which (Entry 13(i1)) is in Chapter 4 of the
second notebook.

The primary purpose of Entry 1 is to define the functions that will be
studied in the sequel. Let Fy(x) = x and define

Fy11(x) = exp{F,(x)} — 1, (L.1)

where r is any integer. Thus, for example, F (x)=¢e*— 1, F(x)=¢" "1 —1,
F_,(x)=Log(l +x),and F_,(x) = Log{1 + Log(l + x)}. If r is nonnegative,
F,(x) is entire; if r is negative, F,(x) is analytic in some neighborhood of the
origin. Observe that F,(0) =0, — o0 < r < co. Ramanujan tacitly assumes that
F,(x) can be defined for all real values of r. He gives no indication how to do
this, but Comtet [1, pp. 144-148] describes how to define arbitrary real
iterates of formal power series. In particular, the present situation is
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specifically discussed on page 147. Thus, Ramanujan writes

F(x)= Z 0 (r)x* = Z filar* (1.2)

where both series above are to be regarded as formal power series. Comtet
{1, p. 147] further shows that @,(r) is a polynomial in r of degree'k — 1. By
making such a substitution in the former series above and collecting
coefficients of like powers of r, we easily find that f,(x) has a zero of order
k+ 1 at the origin.

Entry 2. For each integer r,
Fi(x)= {14 Fx)}F,_,(x). 2.1

Proof . Differentiate both sides of the relation F,_,(x) = Log{l + F,(x)} to
achieve the desired equality.

Corollary 1. If r is a positive integer, then
Fi) = [T {1+ Fy)

Proof . Apply (2.1) successively a total of r times.

Corollary 2. Let v be any integer, and suppose that n is a positive integer. Then

n{od) = 0r = D} = %, (1= gulg,-ufr ~ 1. 2

Proof . Using the first equality of (1.2) in (2.1) and equating the coefficients of

x"~! on both sides, we readily achieve the desired result.

It might be remarked that Corollary 2 implies that ¢,(r) is a polynomial in
r of degree n — 1, a fact previously noted after (1.2). To see this, replace r by j
in (2.2) and sum both sides of (2.2) from j=1 to j=r. Now induct on n to
complete the proof.

In preparation for Entry 3, we observe that if f denotes a polynomial, the
Euler-Maclaurin formula (I3) yields

1
ZO fm= J fl)dx + Z f"‘ D) =" D(0)}, 3.1
where B,, I <n < oo, denotes the nth Bernoulli number.

Entry 3. For each real number x,

119 =x+ ¥ Bufio)
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Proof . Let r be a positive integer. By differentiating (1.1) with respect to x we
find that

F;(x) — eFrq(x)F;il(x) — eFrAl(x)‘*'Fer(x)F/ (x) » efr-1)+ .. +F0(x)’

or
Log F(x z Fi(x (3.2)

Now apply (3.1) to the polynomials ¢,(n), 1 <k < oo, to obtain

r—1 r @ B
;0 Piln) = L P(u) du + ; o o~ V() — o D(0)}. (3.3)

Next multiply both sides of (3.3) by x* and sum on k, 1 < k < c0. Using (1.2)
and (3.2), we find that

Log F,(x) =¢(x) + Jr F,(x)du+ i w , (3.4
0

- u=r

where /(x) depends only upon x and not upon r. Both sides of (3.4) are formal
power series in x whose coefficients are polynomials. These polynomial
coefficients agree for every positive integer r. Hence, (3.4) is valid for all real
numbers r. Now substitute the latter series of (1.2) into (3.4). Equating
coeflicients of r on both sides and noting that f,(x) = x, we complete the proof
of Entry 3.

Corollary. If x is real, then

£
“”‘L h

Proof.. Setting r =0 in (3.4), we find that
Y(x)=— Z fn 1(%). (3.5)

Differentiating (3.5), we deduce that

VWG = - ¥ 2 WA

~ - 3 B

=x —f1(x), (3.6)

by Entry 3. In the penultimate equality, Entry 4 was utilized. Since £,(0) =0,
0 <k < 0, we find from (3.5) that ¥(0) = 0. Hence, from (3.6), we complete the
proof.
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Entry 4. For each positive integer n,

nfo(x) = f1()f -1 (%). (4.1)

Proof . By a general theorem in Comtet’s book [1, p. 148],
Fk+r(x) = Fr{Fk(x)}a (42)

where k and r are arbitrary real numbers. Expanding both sides of (4.2) in
power series of r and equating coefficients of  on both sides, we find that
dF(x)/dk = f,{F(x)}. Now let y = F\(x) and z = Fi(y). Then dy/dk =fi(y)
and dz/dk =f,(y) dz/dy, or

dF k(Y) dF k(y)

=H()—==

Using (1.2) above and equating coefficients of k"' on both sides we deduce
4.1).

We observed after (1.2) that f,(x) has a (n + 1)-fold zero at x = 0. Hence, we
may write

A= 3 (<1 e 020 @3)

Corollary 1. If n and r are positive integers, then

0 ()= 3 1+ k= Dbl = D1
and
(i) ou2r) = Z DF= 1Ry n — K).

Proof . Substituting (4.3) into (4.1), we arrive at

n 3 (=

0

= 3 (100 B (1 k= D — 1)

Equating coefficients of x"~! on both sides, we complete the proof of (i).
From (1.2) and (4.3),

T oone= 3 je@y= T (=0 e

Equating coefficients of x" on the extremal sides above, we obtain (ii).
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Corollary 2. We have (1) =1, and for n> 2,

N
(+ Dy (1) =3¢, 1(1) +kzl By2' M- i(2K),
where N denotes (n— 1)/2 or (n — 2)/2 according as n is odd or even.

Proof . Substitute (4.3) into Entry 3 to obtain

3 5 1 g

=x—%x Zl (= 1" ()X + kzl Byu(3x)* _Zl (=17 1y 2k)x.
n= = i=
Equating coefficients of x on both sides, we find that ,(1) = 1, and equating

coefficients of x", n> 2, on both sides, we deduce the desired formula for
n>2.

Entry 5. For each number x > — 1, we have fi(x) = (1 + x)f;{Log(1l + x)}.

Proof . By (4.2),
F,_i(x)=F.{F_(x)} = F.{Log(1 + x)},

and so by (1.2) and the fact that f,(x) = x,

exp{F,_;(x)} =(1+x) exp{kzl fi{Log(1 + x)}rk}_ (5.1)
On the other hand, by (1.1) and (1.2),

exp{F,_ (x)} =1+ F,x)=1+ Y fitxr (5.2)
k=0

Equating the coefficients of r in (5.1) and (5.2), we complete the proof.
Entry 6(i). For n> 1,

(= D2 N — k) (6.1)

1

n! k

1=

and
% - k; 2-my (n — k). 62)

Proof. From (1.1) and (1.2),

cox'l

n=1 n! |

21 (p”(l)x" = Fl(x) =e¢*—1=
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Hence, ¢,(1) = 1/n!. Using Corollary 1(ii) of Entry 4, we deduce (6.1).
Similarly, for |x| < 1,

i (—Dx"=F_,(x)=Log(l + x) = ig-l)nl

Thus, ¢,(—1)=(—1)""!/n. Putting r = — 4 in Corollary 1(ii) of Entry 4, we
derive (6.2).

Entry 6(ii). For n> 1,

Yi(n)=1, (6.3)
n+1"+11
Yaln) = v (6.4)
k=2
and
_(n+DYn+2) el 2 nt2 1 1 1
Y3(n) = = k;k L arrtal (6.5)
Furthermore,
(pl(zr) = 1) (p2(2r) = r, (p3(2r) = r2 _— %r’
5 1 13 1 1
) = — = —pd T3 2
P42r)=r 12r +24 Qs(2r)=r TH +6r %"
77 89 91 11
W) =S m b D3 T 2
0o =1 — o e T Taze” T "
and
29 175 149 91 1
W)= — S Tt 3 T 2 ]
P2 =r" =+ 316" 70" Tmw 3360
Moreover,
f1(x)=lx2—ix3+—1— 4 Lx5+——11 6 —l X7+ .

2 12 48 180 8640 6720

Proof . By Corollary 2 of Entry 4, (1) = 1. Thus, letting r = 1 in Corollary 1
of Entry 4, we find that ¢ (n) =y (n — 1). It then follows that ,(n) =1 for
each positive integer n.
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By Corollary 2 of Entry 4, y,(1)=1/6. Letting r =2 in Corollary 1 of
Entry 4 and using (6.3), we then deduce that

-1

Wa(n) = y,(1) + -

=1{1+":1} "+1¢2(n— 2)

6
_1 1_+_n+1+n+1+ +n+1
"6 n n—1 2
n+1n+11
6 kzk

In examining y5(n) it will be convenient to use the function y(n) defined by
¥3(n) = (n 4 1)(n 4 2)x(n). By Corollary 2 of Entry 4, {;(1) = 1/24. Once again
by Corollary 1 of Entry 4,

LS| 1
)=y =D+ 059 +2 St 24+ Nn+2)

Since y(1) = 1/144, we deduce that
1 1 =1 1 @ 1
M) =122 36,2 mr 2 ok T %2 M DmTD)

1 1(a 1 meip o]
T 36{mzom+2kzﬁ_‘6_m
12 1
+..._. —_—
24, = (m+1D(m+2)

1 1 (/nt21\? =2 | 1/1 1
“mt 72{(,,,22 m> X mZ} * 72(3 n+2>'
Formula (6.5) now readily follows from the equality above.

The functions ¢,(2r) may be calculated from formula (ii) of Corollary 1 of
Entry 4. Recall that ,(0) =0 if k > 2. In the calculations of /,(n) and ¥/,(n),
employ (6.3) and (6.4), respectively. It is not very convenient to use (6.5) to
determine ,(n). Instead, it is easier to employ formula (i) of Corollary 1 of
Entry 4 directly. For y,(n), k = 4, also use the aforementioned formula.

Lastly, the formula for f(x) follows from (4.3) and the previously made
calculations of y,(1), 1 <k <6. (In the second notebook, Ramanujan in-
advertently implies that f,(x) is a polynomial of degree 7.)

M=

i

1
2 (m+ 1)(m+2)}

Entry 7. Let x=y(1 —rx) and z=1 —rx. Then
Fy(x)=y+¢y* Logz++5y*{Log?>z+(1 —Logz)> —z} + .... (7.1)
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Proof . By (1.2) and (4.3),
Fy(0) Z (— 1y {ki lp,,(k)(rx)"} X", (1.2)
We shall show that the first three terms of (7.2) agree, respectively, with the

first three terms given by Ramanujan in (7.1).
By (6.3), the first term in (7.2) is

X ki (k+1 Y, ]l.(rx)j. (713)

On the other hand,

2 o

1y2logz= —% Y n@rx)? Z rx)’

n=1 j=

()"

j=1

xéz kwl {(k )Y ]1 _ k} ()

which is readily seen to equal (7.3).
Lastly, a straightforward calculation yields

3
4y {Log*z+ (1 —Logz)*—z} = T2l = AT {3rx + Z (rx)"}

where

Note that r;(1) = 1/24. Thus, to show that the third terms of (7.1) and (7.2)
agree, we must show, for n > 2, that ¢(n) is equal to the coefficient of (rx)" in

NA=rP 3 vs)rx)
k=0

By (6.5) and a very lengthy calculation, this can be accomplished.

Example 1. For each real number x,

MR =AEO 09+ 3, @k+ DBaufars(3)
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Proof. Upon differentiating the equality of Entry 3 we find that
Fi=1=41109+ 3. Baufoas).

Now multiply both sides by f;(x) and apply Entry 4 to complete the proof.

We will not record Example 2 which is simply a restatement of Entry 7
when 2r=n and x =1/n.

This concludes Ramanujan’s theory of iterates of the exponential function.
I. N. Baker [1], [2] has made a thorough study of iterates of entire functions
with particular attention paid to the exponential function in his second paper.
These papers also contain references to work on iterates of arbitrary complex
order. But we emphasize that no one but Ramanujan seems to have made a
study of the coefficients ¢,(r) and f,(x). A continued development of this
theory appears desirable.

Entry 8. Let H,=)7_, 1/k. If x is a positive integer, then

M) Y He=(x+DH,—x,

k=1
(@ Y Hi=(x+1DH2—(2x+ )H, +2x,

k=1
and

x 1 & 1

(i) Y Hi=(x+1)H}-3Qx+ 1)HZ+32x+ 1)H,—6x+ = 2 Y 2

k=1 k=1
Proof . Inverting the order of summation, we find that

n k X 1 X X —-n—#l
k=1n=1 n nZ‘ n Z B Z‘
from which (i) follows.
By partial summation,
X x—1
kzl ayb, =s:b, — kzl Sibi+ 1 — bis (8.1

where 5, =Y _, a,. Put g, =b, = H; in (8.1) and use (i) to get

1
=K

)

i Hi = {(x+ DH, —x}Hx~xil {(k+1H
k=1 k=1

x—1 x—1
=(x+1)H2—xH,— Y H,+ Y (1
k=1 k=1

.—.

-

=(x+1)H*~xH, —xH,_; +2x—2— Z
k=

=(x+1)H2—(2x+ 1)H, + 2x.
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Next, in (8.1), put a, = H? and b, = H,. Using (i) and (ii), we find that
Y H}—(x+ DH2+(2x+ 1)H2 - 2xH,
k=1

xl 2k +1 2k
— 2_———— —
k;1<Hk k+1H“+k+1)

—(x+1)H2+(2x+ 1)H, — 2x + H?
x 2k—1 = k—~1
+ H_, -2 —
k; koo k; k
=—xH2+Q2x+ DH,~2x+2xH,~x)~2x —H)~ S,
where S=3Y7%_, H,_,/k. Thus,

Y HI=(x+1)H?—(3x+ DH2+32x+ )H,—6x—S.  (8.2)
K=1

But,

x 1 1 1

Z: 2 1<n<k$x% kz Z +28. (8.3)
Substituting the value of S obtained from (8.3) into (8.2), we complete the
proof of (iii).

Ramanujan begins the ninth section of Chapter 4 with the following
statement and solution (abbreviated by sol. below).

“If two functions of x be equal, then a general theorem can be formed by
simply writing @(n) instead of x" in the original theorem.

sol. Put x = 1 and multiply it by f(0), then change x to x, x2, x>, x* &c and
multiply f'(0)/1!, f"(0)/2!, f"(0)/3! &c respectively and add up all the results.
Then instead of x" we have f(x") for positive as well as negative values of n.
Changing f(x") to ¢(n) we can get the result.” (Ramanujan actually denotes n!

by |n.)

The formulas obtained by Ramanujan in illustration of his method are
valid only under severe restrictions. We shall illustrate his method in detail
for just one of the examples that is given. Then we shall give rigorous proofs
for each of Ramanujan’s results, but with necessarily very restrictive
hypotheses.

Consider the relation tan™! x + tan™'(1/x) = /2. In accordance with
Ramanujan’s process, we write down the equalities

1

fO)tan ' 1 +tan ! )= —f(()),

f( ) (tan™? x+tan"(1/x))=§f§)2,
SO ) - n /"(0)
5 “—“(tan"! x? +tan"1(1/x¥)) = TR
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Replace tan~' z above by its Maclaurin series in z, where z is any integral
power of x. Now add all the equalities above. On the left side we obtain two
double series. Invert the order of summation in each double series to find that

© (_l)n{f(x2n+l)+f(x'2n—l)} _71.'

Replace f(x*) by ¢(k) to conclude that

& (="eln+h+o(=2n—1)} =
Z M+ =390

Of course, this formal procedure is fraught with numerous difficulties.

In Examples 1-3, the circular contours are supposed to be oriented in the
positive, counterclockwise direction. The choice of circular contours is not
strictly necessary; any appropriate sequence of contours may be chosen.

Example 1. Let ¢(z) denote an entire function. Suppose that there exists a
sequence r,, 1 <n < o0, of positive numbers tending to oo such that

1 o(z)dz

I" = % |zl = z COS(‘IIZ/2) - 0(1)
as r, tends to co. Then
No(—1)feRk+1
lim Y (=1'0Ck+1) _ E(p(())_

N=o k=—N 2k +1 2

Proof. We evaluate I, by the residue theorem. Letting R, denote the
residue of the integrand at a pole z=a, we readily find that
Ro=¢(0) and R, ., =2(—1)*"'o(2k + 1)/{n(2k + 1)} for each integer k.
Applying the residue theorem and letting n tend to oo, we find that

. 2 (=) 'e2k+1)
O—nILn:) I,,—(p(0)+;"11r2 |2k 4T <rn 2k+1 ’

from which the desired result immediately follows.

It is not difficult to see that the hypotheses of Example 1 hold for
o(z) = exp(izf), when —mn/2 <0 < n/2. Example 1 thus yields the familiar
expansion

=1)'cos2n+ 1) =

oo( T
X n+l =3 0<3

In Example 2, Ramanujan considers x/(1 + x) +(1/x)/(1 + 1/x)=1. He
expands z/(1 + z) in powers of z, where z is either x or 1/x, and proceeds in the
same fashion as with Example 1 to conclude that

%, (=17 o) + (1)} = 9(0).
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Example 2. Let ¢(z) denote an entire function. Suppose that there is a sequence
of positive numbers r,, 1 <n < o, tending to oo such that

1 o) dz
Inzz—mj‘l " —0(1)

2| =r, Sin(n2)

as n tends to 0. Then

N
lim Y (=1)*"'o(k)= (0).
N-w k=~N
k#0
Proof . The proof follows the same lines as the previous proof. Evaluate I, by
the residue theorem and then let n tend to oo.

In Example 3 Ramanujan considers the relation Log(l + x) — Log(l +
1/x)=Log x. Prior to Example 3, Ramanujan remarks that “If ¢(n) be
substituted for x", ¢'(0) must be substituted for log, x, ¢"(0) for (log, x)*> &c.”
Subject to the formality of his argument, these substitutions in the equality
above are correct. However, if a procedure analogous to that in Examples 1
and 2 is followed, then f(x") is replaced by ¢(n) and Log x is replaced by 1 to
get the desired formula

21(—1)""1&/)(")—(0(—")}

n

=¢'(0).

Example 3. Let ¢(z) denote an entire function. Suppose that there exists a
sequence of positive numbers r,, 1 <n < oo, tending to oo such that

Lj o(z) dz _o(l)
[z|=rn

2mi z sin(nz)
as n tends to oo. Then
N —1 k—1 k

N-ow k=—-N k
k0

= ¢'(0).

Proof . The proof is similar to that of Example 1.

If in Example 2 we let ¢(z) = sin(z80)/z, where —n < 8 < =, or if in Example
3 we let ¢(z) =exp(iz), where —n <80 <m, we obtain the well-known
expansion
(=1 tsin(ng) 6

=, 0 .
1 ” > 10l <=n

18

n

Example 4. Let ¢(2) = l//(z)/ I'(z + 1) satisfy the hypotheses of Example 3. Then

0 _ 1kt k
5 w0 o, ©.1)

where y denotes Euler’s constant.
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Proof . Observe that ¢(— k) =0 for each positive integer k. Since I''(1) = —
(e.g., see (10.7) below), we find that ¢'(0)=y¥(0)+y’'(0). Using this infor-
mation in Example 3, we finish the proof.

Ramanujan, anticipating his theory of divergent series in Chapter 6, calls y
(c in his notation) the constant of > 2, 1/k. In fact, Ramanujan does not
claim equality in (9.1), but writes that the left side of (9.1) is equal to the right
side “nearly.” Evidently, Ramanujan realizes that his procedure does not
always yield an equality, but perhaps an approximation of some sort.

Now suppose that ¢ is such that the integrals I, in Examples 1-3 do not
tend to O as n tends to co. The method, however, may still be used to obtain a
finite expansion with a remainder term, and possibly an asymptotic expan-
sion may be obtained in certain cases. With something like this in mind,
Ramanujan offers a second enigmatic remark prior to Example 3. “If an
infinite number of terms vanish it may assume the form 0 x oo and have a
definite value. This error in case of a function of x is a function of e ™* which
rapidly decreases as x increases.”

Corollary 1. As x tends to oo,

)klk

Zl i ~Log x +7,

where y denotes Euler’s constant.

Proof . By Corollary 2 in Section 2 of Chapter 3,

© ( l)k 1 k _ © k 1 xk
=e ¥ - ). 9.2

kzl k' k ¢ kgl ,,;1 n k' ( )
By either Example 4 in Section 10 of Chapter 3 or by the third version of
Example 2 in Section 10 of this chapter, the right side of (9.2) is asymptotic to
Log x +y as x tends to 0.

Ramanujan claims that the difference between the left and right sides in
Corollary 1 is between e ™ */x and e™*/(1 + x). This is, indeed, correct, and a
proof is deferred until Section 44 of Chapter 12 in the second notebook where
Ramanujan returns to the function on the left side of (9.2).

Corollary 2. Let n be positive. Then as x tends to

o) l)k 1 nk
Z " Log x + ny.

k=1

For n=1, Corollary 2 follows from Corollary 1. However, for at least
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those values of n which are greater than 2, Corollary 2 is false. To show this,
first define

© )k nk
G
=5 S ky
Then
© _l)k lxnk «© (*l)kAI J‘x 1
= T dt
; Wy "L T
_n | 1260, 9.3)
o
By (9.3) and (10.8) below,
o (= )k
L _
; i) —nLogx—ny

X1 — 11_ ,-t © ,—t x
=n{j —.—G"(t)dt—j t=e dt+j e—dt—J fl—t}

0 t 0 t 1t 1t
=n{j e_—_G"—(t)dt-l—j idt}

0 t x t

=njxf:t——tG"—(t—)dt+o(1), 9.4)
1]

as x tends to co. If Corollary 2 is correct, then the integral on the far right side
of (9.4) is o(1) as x tends to co. But from Olver’s text [1, p. 309], for n>2,

G.(x) = 2 f;g((;:)::)zs(iéz)) {sm <2n + xn sin —) +0 (i )}

as x tends to oo. Thus, for n>2 and a >0,

lim J G"t(‘) d

does not exist. In particular, the integral on the far right side of (9.4) does not
tend to 0 as x tends to co, which disproves Ramanujan’s claim.

We are grateful to Emil Grosswald for informing us that our original
published proofs of Corollaries 1 and 2 are incorrect.

Ramanujan expresses Corollary 2 in the words, “If x becomes greater and
greater

oo_lkl co__lklk
YR AL L

=1 k(K" & ke

In more precise terminology, Ramanujan is saying that the two series above
are asymptotic to the same function as x tends to oo. If Corollary 2 were
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correct, this would be the case, but we have just seen that, in general,
Corollary 2 is false.

If n is a nonnegative integer, the next entry is trivial with no hypotheses
needed for ¢. Ramanujan “proves” Entry 10 by the technique described
in the ninth section. The starting point of his argument is the identity
(1+x)"=x"(1 + 1/x)". We employ the same notation and conventions for
circular contours as in Section 9.

Entry 10. Let n be complex and let ¢ be an entire function. Suppose that there
exists a sequence r;, 1 <j < oo, of positive numbers tending to oo such that

_1 J n(z) cot(nz) cot{n(z — n)}
T i Jio, TE+DT(r—z+1)

dz = o(1)

as r; tends to co. Then

X n L n
kz,o <k> olk) = k;) <k> o(n—k),

provided each series converges.

Proof . Since the theorem is trivial when n is a nonnegative integer, we assume
the contrary in the remainder of the proof.

The integrand of I; has simple poles at z =k, where k is a nonnegative
integer, and at z =n 4+ r, where r is a nonpositive integer. Easy calculations
yield

(k) cot(nn)
CTk+DLn—k+1)

sz kZO,

and
_om+rcot{n(n+r)}  @n~—k)cot(nn) ke —r>0
T T4 r+ DI(—=r+1) T—k+DI(k+1)’ o=

Applying the residue theorem, letting j tend to oo, and invoking the
hypothesis on I;, we find that

& o(k) cot(nn) @(n — k) cot(nn) _0
_I"(k+ DI'n—k+1) +I“(k+1)1"(n—k+ nf{ "~

k=0

from which the theorem’s conclusion follows.

Corollary. Let the hypotheses of Entry 10 be satisfied with n replaced by r and
@(2) replaced by x"~*¢(z), where x > 0. Let

3 (r>x'_"(p(k) (10.1)

K=o \ k

represent a function f in a neighborhood of co. Then f(0) = ¢(r).
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Proof . Replacing ¢(z) by x" " *¢(z) and letting # = r in Entry 10, we find that

O v _ o0 r
fx)=7% (k) X Fpk)=Y (k)x"qo(r—k).
k=0 k=0
Setting x =0 on the far right side above, we complete the proof.

Example 1. Let the hypotheses of the Corollary above be satisfied withr = — 1
and @(z) replaced by ¢(z + 1). Then f(0) = ¢(0).

Proof.. The conclusion above is a direct consequence of the Corollary.

It is clear that the conditions in the Corollary and Example 1 are rarely
satisfied. In many instances (10.1) does not converge but may be an
asymptotic expansion for a function f. The Corollary and Example 1 then
become ambiguous because many functions have the same asymptotic series,
when that series diverges. Ramanujan calls f “the generating function of the
series” (10.1) (p. 43). In the examples which follow, Ramanujan gives appli-
cations of his theory above. However, as we have intimated, his formulations
are usually ambiguous and his proofs generally are not rigorous. In each case,
we shall offer a precise statement of Ramanujan’s example and give a
rigorous proof.

Example. The function represented by
)
kZO W, |X| > 1, (102)
has the value n/2 as x tends to 0, x > 0.

Proof . The series (10.2) is the Maclaurin series for tan ™ *(1/x), |x| > 1, and so
there is no ambiguity in this example. Since lim,_,, tan™'(1/x) = n/2, the
result is established.

Ramanujan made his deduction by setting ¢(z) = sin(nz/2)/z in Example 1.
Example 2 (First Version). As x > 0 tends to o,

Ly —t o [ __ 1)k
fx)= j ‘L gt~y ( 321’", (10.3)
k=0 X

o X+t
and im,_,, f(x)= o0.
Proof. The asymptotic series in (10.3) is readily obtained by successive

integrations by parts. This result was actually first obtained by Euler, and a
very thorough discussion of it can be found in Hardy’s book [15, pp. 26-27].
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Integrating by parts (in a manner different from that indicated above), we
get

f(x)= i + J:o e ' Log(x + t) dt,

from which the latter conclusion of Example 2 follows. Ramanujan deduces
this result by setting ¢(z) = I'(z) in Example 1.

Example 2 (Second Version). With f as above and x > 0,

1 12 22 32
J)= ;
X+l —x+3 —x+5—x+7 — -

and lim, 4, f(x)= 0.

Proof . This continued fraction expansion for f is fairly well known and can
be found in Wall’s book [1, p. 356].

To show that f(0+) = oo, Ramanujan evidently reasoned as follows. Set
x =0 in the nth convergent of the continued fraction expansion above.
Now there exists a standard algorithm, which can be found in Wall’s treatise
[1, pp. 17-18], for converting continued fractions into series. Accordingly, we
find that

Letting n tend to oo, we find that f(0+)= oo
Example 2 (Third Version). Let

f(x)=exfw€;dt

X

for x> 0. Then
X
k=1

as x tends to oo, where Y(k) =Y, ., 1/n and y denotes Euler’s constant. Also,

fO+)=00

Proof . The value for f(0+) is immediate from the proposed formula (10.4).
From Corollary 2 of Entry 2 in Chapter 3,

o k xk w© lk lxk
kzl 4 ) kZ; k)‘ Pt |x| < 0. (10.5)

(— k!

(k)x — Xy +Log x)=f(x) ~ zo Pt (10.4)
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Now,

© (_l)k—lxk © (_l)k—l x i1 xl__e—t
= = dt. 10.6
T M T ALl R (106)

Secondly, from the well-known evaluation (e.g., see Gradshteyn and Ryzhik’s
book [1], p. 946),

®

y=—T'(1)= —f e"'Logtdt, (10.7)

0

it is easily shown, by an integration by parts, that

1 _pt o -t
y=J ! te dt—J ft—dt. (10.8)

0 1

Using (10.5), (10.6), and (10.8), we find that

© k
k; ﬂllz')_x —e*(y+ Log x)

X1 _p,t 14 __ ,-t w© ,—t x
=ex{f1 ¢ dt—jl ¢ dt+f e—dz—f @}
o ¢ o I 1t 1t

Successively integrating the integral on the far right side above by parts,
we readily obtain the desired asymptotic series.

Example 3. For Re n> —1 and x>0,
© @ T(n+ 1)x"*
= ! ydt~ Y —————
f&) L e~ Y k1 D)

as x tends to . Furthermore, f(0)=T(n+ 1).
Proof . The proposed value for f(0) is immediate. Ramanujan deduced this
value by letting ¢(z) =I'(z + 1) and r =n in the Corollary.

Applying Taylor’s theorem, we find that for each nonnegative integer N
and for some value t,, 0 <ty =t,(t, N) < x,

e[S (T ()T s

r(n+ l)xn—k o o B tO Ren—N-1
SN 0 Ren—N-1 ) ttN+1 1 -0 dl
k=0 F(n—k+ 1) + (bc] JO ¢ ( + X

z

N T(n+ x"*
k=0 F(n—k+ 1)

+ O(IXIRen-N— 1)
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as x tends to co. In the penultimate equality we estimated the integral as
follows. If Re n — N — 1 <0, replace 1 + to/x by 1. If Re n — N — 1 > 0, divide
the interval of integration into [0, 1] and [1, oo). The integral over [0, 1] is
obviously bounded as a function of x. Use the inequality 1 + t,/x < 2t, for x,
t>1, to show that the second integral is also bounded. The desired
asymptotic series now follows,

Example 4. For x > 0, let

f(x)=rwdt

Then

n . & (= D2k + 1)x?*+!
Ecosx+(y+Log x) smx—k;0 k1)

o (—1)yQ2k)!
=f(x) Z, 2)k£1)’

as x tends to oo, where  is defined in the third version of Example 2.
Furthermore, f(0) = n/2.

Proof . The proposed value for f(0) follows either from the definition of f or
the proposed equality for f. Ramanujan evidently put ¢(z) = I'(z) sin(nz/2) in
Example 1 to achieve the value of £(0).

To establish the desired equality for f, first replace x by ix in (10.5) and
equate imaginary parts to obtain

e (_1)k¢(2k+ 1)x2k+1
K=o (2k+ 1)'

™

®© (_l)kx2k+1

0 (_ l)kx2k

- T or L S L 109
L@k MM oy 100
Now,
o (— 1)fx2k+1 © (—1)" x N
kgo(2k+1)! 2k + 1) kzo(2k+1 1k dt = __dt (10.10)
Similarly,

= (=1 [*cost—1
L. GRI 2R ‘L . (10.11)
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Thus, employing (10.9)-(10.11), we find that

T : o (— 1Yk + D)x**+!
Ecosx+(y+Logx)smx—k;0 k1 1)

2 0

®sint . *cost—1
=cost §%—dt+s1nx{y+Logx+J‘ ; dt}

x 0

®gin t ) @
=CO0S X ——dt—sin x —_
X t x

_r sin(t—x)

t

T . *sin t . *cost—1
=~cosx+(y+Logx)smx—cosxj ——t—dt+s1nxf ; dt
0

The penultimate equality was achieved by using a familiar formula for the
cosine integral. (See Gradshteyn and Ryzhik’s book [1], p. 928.)

Finally, the asymptotic series representation for f is easily established by
repeated integrations by parts.

After the examples, Ramanujan points out the “advantage” of his method
by remarking, “Thus we are able to find exact values when x = 0, though the
generating functions may be too difficult to find.”

Entry 11. If n> 0, then
k)(
J X"t Z iD()—)dx ' (n)o(—n).
0 =0
Corollary 1. If n> 0, then
f 71 3 pllg(—x dx = ZAD,
0 k=0

sin(nn)

Corollary 2. If n> 0, then

® = o2k
J ) ol ()2(k)'x) dx =T (n)o(—n) cos<7;~n>.

0 k=0

Corollary 3. If n is real, then
© k ©
j y a )( xf —————cos(nx)dx = Y o(—2k—1)(—n?)
k=0 k=0

Corollary 4. If n is real, then

|

Z @(2k)(—x*)* cos(nx) dx = — OZO: ___—_1)(_&

0 k=0 k
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Ramanujan’s deduction of the five equalities above is strictly formal. First,
he deduces a familiar integral representation for I'(n+ 1) by employing
successive integrations by parts and Example 3 of Entry 10, not the corollary
of Entry 10 as was claimed. To establish Entry 11, Ramanujan considers

2 fY0) J ® ernet © T(n)f%(0)
r<x..n d —
) €T ax Y

k=0 k' k=0 r""k! ’

where r, n > 0. Invert the order of summation and integration. Then expand
exp(—r*x) in its Maclaurin series and invert the order of summation to
obtain

0 © k
[ £ 1O g,
0 k=0

Replacing f(+) by ¢(j), j= —n, k, 0 <k < oo, Ramanujan completes his
derivation.

Corollary 1 is obtained from Entry 11 by replacing ¢(x) by I'(x + 1)¢(x).
To establish Corollary 2, replace ¢(x) by ¢(x) cos(rx/2) in Entry 11. To
deduce Corollary 3, expand cos(nx) in its Maclaurin series and invert the
order of integration and summation for this series. Appealing to Entry 11, we
complete the argument. Corollary 4, which also appears as Corollary (vii) in
Ramanujan’s second quarterly report, is more difficult to prove. We defer a
proof and full discussion of Corollary 4 until our examination of the
quarterly reports.

In the introductory chapter of his book [20, p.15] on the work of
Ramanujan, Hardy quotes Corollary 1 and remarks that this “particularly
interesting formula” was one of Ramanujan’s favorite formulas. Later, in
Chapter 11, Hardy discusses Entry 11, Corollary 1, and Corollary 3 very
thoroughly and establishes their validity for certain classes of the functions ¢.
In regard to Ramanujan’s possible proofs of these formulas, Hardy remarks,
“but he had not ‘really’ proved any of the formulas which I have quoted. It
was impossible that he should have done so because the ‘natural’ conditions
involve ideas of which he knew nothing in 1914, and which he had hardly
absorbed before his death.” Complete proofs of Ramanujan’s formulas may
also be found in Hardy’s paper [13], [21, pp. 280-289]. For some appli-
cations of Corollary 1 to the Riemann zeta-function, see H. M. Edwards’ book
[1, pp. 218-225]. Another formal application of Corollary 1 has been given
by Hill, Laird, and Cerone [1].

Corollary 5. If m, n> — 1, then

- . Fm+)C(n+1)
jo X (I—X) dx—m

Of course, Corollary 5 is an extremely well-known formula for the beta-
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function B(m+ 1, n+ 1). This example is also given in Ramanujan’s first
quarterly report, and we defer Ramanujan’s proof until then.

Entry 12. If

W0 = J () cos(nx) d,
then
0 f () cos(ne) dx = % (0
and
(i) Lm Y2(x) dx = g j Om 0*(x) dx.

The first part of Entry 12 gives the inversion formula for Fourier cosine
transforms. Sufficient conditions for the validity of (i) and (ii) can be found in
Chapters 3 and 2, respectively, of Titchmarsh’s book [2]. We defer

Ramanujan’s “proof” until our examination of his quarterly reports wherein
several applications of Entry 12 are given.

Entry 13(). If m, n> — 1, then

sin” x cos” x dx = s
o 2r< . "t +1>

The result above is well known and is an easy consequence of Corollary 5
of Entry 11. The formula below is also well known. One of the simplest proofs
is found in Whittaker and Watson’s treatise [ 1, exercise 39, p. 263].

Entry 13(ii). If m> — 1 and n is any complex number, then

j"ﬂ al(m+ 1)

cos™ X cos nx dx = - e .
0 m+1 -
2"l ——+1 | 1
Entry 14. If x is any complex number, then

ﬁ ( 1+ x6> __sinh(2nx) — 2 sinh(nx) cos(nx\/g)
n=1

n® 4733
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Proof. Letting w = exp(27i/3) and employing the familiar product represen-
tation for sinh x, we find that

o x®\  sinh(nx) sinh(rxw) sinh(zxw?)
1 — =
f(+5)

n3x3

_sinh(mx) | ., (7w 5 nxﬁ (XY ., nx\/§
—W{smh <7>cos — + cosh - st ——

_ sinh(nx)
C 4ndx?

+ (cosh(nx) + 1)(1 — COS(nxﬁ)}s

from which the desired evaluation follows.

{(cosh(nx) — 1)(cos(nx\/§) +1)

Entry 15. For each positive integer k, let G, =Y o< n+1 < 1/(2n+ 1). Then for
all complex x,

=2 Ixk = G

<o _
CL TR S (15.1)

=1

Proof. We have
19 _ ,—2xz 1 o k -2 k—1 o0 _2k—1 k
IEexJ‘ _1..__e—dZ=exJ' ZMdeexz(—)_x.

0 2Z 0 k=1 k' k=1 k' k
(15.2)
On the other hand,
1 ex_ex(l—Zz) © xk 1 1 __(1 _22)"
I=| ——dz= - —d
L 2 o JO 22 z
zlix—k 1 I_tk = 3 x—kj\l t2]dt ZGka
2= k) 1t =1 k! o 0<i<E-12 =1 k!
(15.3)

Combining (15.2) and (15.3), we deduce (15.1).

Note that by equating coefficients of x" in (15.1), we find that
"\ (=2)!
=G,, > 1.
2 (k) k mo




CHAPTER 5

Eulerian Polynomials and Numbers, Bernoulli
Numbers, and the Riemann Zeta-Function

Chapter 5 contains more number theory than any of the remaining 20
chapters. Of the 94 formulas or statements of theorems in Chapter 5, the great
majority pertain to Bernoulli numbers, Euler numbers, Eulerian polynomials
and numbers, and the Riemann zeta-function. As is to be expected, most of
these results are not new. The geneses of Ramanujan’s first published paper
[4] (on Bernoulli numbers) and fourth published paper [7] (on sums
connected with the Riemann zeta-function) are found in Chapter 5. Most of
Ramanujan’s discoveries about Bernoulli numbers that are recorded here
may be found in standard texts, such as those by Bromwich [1], Nielsen [5],
Norlund [2], and Uspensky and Heaslet [1], for example.

The notations for the Eulerian polynomials and numbers are not partic-
ularly standard, and so we shall employ Ramanujan’s notations. Define the
Eulerian polynomials y,(p), 0 <n< oo, p# —1, by

1 -3 (=)' (p)x"
e&+p Sonl(p+1tY

| x| <|Log(—p)I. ©.1)

It will be shown in the sequel that, indeed, ¥,(p) is a polynomial in p of degree
n— 1. In the notation of Carlitz’s paper [3], which is perhaps the most
extensive source of information about Eulerian polynomials and numbers,
R,[—p]=¥,(p). The Eulerian numbers A4,,, 1 <k <n, are generally defined

by
iD= 3 Au(—p) 1.
k=1

In Ramanujan’s notation A,, = Fy(n); see (6.1) below. The Eulerian poly-
nomials and numbers were first introduced by Euler [1] in 1755. Carlitz [3],
[6], [7], and jointly with his colleagues Kurtz, Scoville, and Stackelberg [1],
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Riordan [1], and Scoville [3], [4], has written extensively about Eulerian
polynomials and numbers and certain generalizations thereof. See also a
paper of Frobenius [1], [2, pp. 809-847], for much historical information,
and Riordan’s book [1], which contains combinatorial applications. In
particular, A, is equal to the number of permutations of {1, 2, ..., n} with
exactly k rises including a conventional one at the left. Some of Ramanujan’s
theorems on Eulerian polynomials and numbers appear to be new. Also,
since most results in this area are not well known and the proofs are very
short, we shall give most proofs.

In Entries 1(i), 1(ii), and 3 it is assumed that, for |h| sufficiently small, fcan
be expanded in the form

f0)=3 anre(), (L.1)

where a,, 0 <n < oo, is independent of ¢.

Entry 1(i). Let f (x + h) — f(x) = h¢'(x). Then, in the notation of (1.1), a, = B,/n,
0<n< o0, where B, denotes the nth Bernoulli number.

Proof . Since a,, 0 <n < oo, is independent of ¢, let ¢(x) = e*. Then, by (1.1),
he*=f(x+h) —f(x)=eX"—1) ) a,h",
n=0

ie.,

S ah= o (12)

Comparing (1.2) with (I1), we complete the proof.

Entry 1(ii). Let f(x + h) + f(x) = h¢'(x). Then a,=(1 —2"B,/n!, 0 <n < co.
Proof . Again, without loss of generality, we take ¢(x) = e*. Then, from (1.1),
he* =f(x +h)+f(x) ="+ 1) Y a,h"

n=0

Thus, from (I1),

h h 2h

§ ot 1=,
w0 " eh+1 -1

n=0 n!

, (1.3)
and the desired result follows.
Suppose that fis a solution of either the difference equation of Entry 1(i) or

of Entry 1(ii). Then, in general, the series on the right side of (1.1) diverges.
However, Norlund [2, pp. 58—60] has shown that under suitable conditions
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the series on the right side of (1.1) represents the function asymptotically as h
tends to 0.

Let ¢ be any function defined on (— oo, o). In anticipation of Entries 2(i)
and 2(ii), define

" 2 |
Farei =000+ 3 (-0 (ot + 0+ otx— b, @)

where n is a nonnegative integer.

Entry 2(i). Let f (x + 1) — f(x — 1) = 2¢'(x), where ¢ is a polynomial. Then there
exists a polynomial solution f of the form

< F2n+1

where F,, ., is defined by (2.1).

Entry 2(ii). Let f(x + 1) +f(x — 1) = 2¢(x), where ¢ is a polynomial. Then there
exists a polynomial solution f of the form

& . (2n
f(x)= Z:O 27" < n>F2n+1(x), (2.3)
where F,, ., is defined by (2.1).

Before embarking upon the proofs of these theorems we shall make several
comments.

First, the series on the right sides of (2.2) and (2.3) are, in fact, finite series.
This will be made evident in the proofs of (2.2) and (2.3). In some cases, the
restrictions that fand ¢ be polynomials may be lifted. However, in general, if f
is a solution of the difference equation in Entry 2(i) or Entry 2(ii), the series on
the right side of (2.2) or (2.3), respectively, does not converge.

Ramanujan actually considers the seemingly more general difference
equations f(x+ h) —f(x —h) =2he'(x) and f(x+h)+f(x —h)=2¢p(x) in
Entries 2(i) and 2(ii), respectively. However, it is no loss of generality to
assume that h=1. For suppose, for example, that Entry 2(i) has been
established. Put y=xh, f(x)=g(y), and ¢(x)=y(y). Then the difference
equation of Entry 2(i) becomes g(y + h) — g(y — h) = 2hyj/'(y).

We are very grateful to Doron Zeilberger for suggesting the following
method of proof for Entries 2(i) and 2(ii). Since the proofs use operator
calculus, we need to define a couple of operators. As customary, let D denote
the differential operator and define E by Ef(x) =f(x + 1). Note that E = e?.
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Proof of Entry 2(i). We shall first derive another formulation of F,,, ,(x).
From (2.1),

L (1)

F2"+1(x)=k;"(n+k)! (n—k)!

N2 __ n 2n
2("-)( E) z <2jn>(_E41)2n~j(p

(271)Y ji=0
N2 _ 1\
—1)(n)? i D\\2"
= %(2 sinh <5>> . (2.4)

In operator notation, the given difference equation is (E — E ') f= 2D,
or f=2D¢/(e® — e~ P). Hence, in operator notation, the proposed identity
may be written as

2 (=12, .. (D\\*"*! 2Dg
2z Gn+ 1y \2S0 5 ¢= e @3)

Set y=sinh(D/2)=(,/E — 1/\/E)/2. (Note that (\/E —1//EYo=0 if n

exceeds the degree of ¢, and so the series in (2.5), indeed, does terminate.) A

short calculation shows that | /y* + 1 = (e”? + e ~?/2)/2. Hence, it suffices to
prove that

5 ) (_ l)n(n!)Z(zy)z'H- 1(P _ . B
i +1 n;) an 1 D = 2(sinh ! y)o. (2.6)

Obviously, (2.6) is valid for y = 0. Thus, it suffices to show that the derivatives
of both sides of (2.6) are equal. After taking derivatives in (2.6) and

multiplying both sides by 1./y* + 1, we find that it is sufficient to prove that
—1y'(n})*2>"y*"* 29 2 (=1)'m)’2*e

) ( 5
D LA s

2.7)

Combining the series together on the left side of (2.7), we easily obtain ¢ after
a short calculation. This completes the proof.

Proof of Entry 2(ii). Using (2.4), we find that the left side of (2.3) may be written
as
D\\" 1
_2ginh2( = - -
( 2sin (2)) ?= T+ 2smn20/2) ¢
_ 1
" cosh D

s

n

Q.

Since the given difference equation in operator notation is (E + E ~')f=2¢
or /= @/cosh D, the desired result follows.
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Entry 3. Let f(x + h) + pf(x) = ¢(x), where p # — 1. Then, in the notation of
(1.1),
_ )
"nl(p+)tY

where \(p) is defined by (0.1).

Proof. As before, since a,, 0 <n< o0, is independent of ¢, we shall let
¢(x) = e”. Using (1.1) and proceeding in the same fashion as in the proof of
Entry 1(i), we find that

0<n< oo,

20 = 3.1)

Comparing (3.1) with (0.1), we deduce the desired result.

e"+p'

Appell [1], Brodén [1], [2], and Picard [1] have studied periodic solutions
of f(x+ h)+ pf(x) = ¢(x). For a discussion of solutions to many types of
difference equations and for numerous references, see Norlund’s article in the
Encyklopddie [1].

Entry 4. For |p|<1 and n>0,

(p+ D7) = 3 (k+ 17— @)
Proof. For |e™*p| <1,
L _ &, wenm (k+ y(—xy
ex+P=kZoe = Z (= Z n!

18

=S kb 1p—pf (42)
n!' o

n=0

If we now equate coefficients of x", n >0, in (0.1) and (4.2), we deduce (4.1).
However, this procedure is valid only when the series in (0.1) and (4.2) have
a common domain of convergence in the complex x-plane. Put p = re®,
O<r<1, —rw<a<n Then the series in (0.1) converges if and only if
|x|? < (Logr)* + «®. The double series in (4.2) are absolutely convergent
when Re x > Log r. Thus, there is a common domain of convergence, and the
proof is complete.

Entry 5. We have yo(p) = 1, while for n> 1,

(=17 'plp+ )"ulp) = 3, (— 1 <Z> (p+D . (6D

Proof . From (0.1),
2 3 & (= DYp)x
{P* 2, ,}ZW
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Equating coefficients on both sides, we find that y(p) = 1 and that (5.1) holds
for n> 1.

For n> 1, the recursion formula (5.1) may be written in the form
where we have set j=n—k—11in (5.1). Note that ,(p) = 1. By inducting on

n, we see that Y (p) is a polynomial in p of degree n— 1. Thus, after
Ramanujan, we write

¥lp) = Z Fiy(n)(—p). (6.1)

Entry 6. Let 1 <r<n. Then

(l) Fr(n) = Fn4r+ l(n)’
(i) b (" N k> Fo_n)="r",
k=0 k
and
(i) Fimy="Y (=1 (” N 1) r— k)"
k=0 k

Proof of (i). Since Yq(p) = 1, (0.1) yields

e"—1 _ 1 & (=) (px”
(p+1)e+p) p+1 e +p = nl(p+1yt’

Replacing x by —x and p by 1/p, we obtain

o (=1 N (px" e =1 & p" Y (1/px"
Zl n' (p+ 1) e"+p—nz‘1 n!(p+ 1)

Equating coefficients of x", we find that

(—1)"“'11n(p)=17"_‘!//n<%>, nzl (6.2)

r—1

Using (6.1) in (6.2) and equating coefficients of p on both sides, we

complete the proof of (i).

Proof of (ii). By (4.1) and (6.1), if |p| < 1,

z kn( p)k 1 _ Z F(n) -1 kio <n + k>( p)k

Equating the coefficients of p"~* on both sides, we deduce (ii).
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Proof of (iii). Again, by (4.1) and (6.1), for |p| < 1,

x w we (nt 1Yy
Z Fiom)(—p)'= Z (k+1)"(—p) Z j .
Equate coefficients of p"~! on both sides to deduce (iii).
The statement of (ii) in the notebooks, p. 48, is incorrect; replace n by n + 1

on the left side of (ii). Entry 6(ii) is due to Worpitzky [1] while (iii) is due to
Euler [1].

Entry 7. If n>0 and 0 < x <1 — e~ 2", then

n+1 n!

X
l//n(x_l)zl_x L 1 n+1
Ogl-—x

. © Bk 1 k—-n-—-1
+(=0 k_;ﬂk(k—n—l)!(LogTS) } (7.1)

where B, denotes the kth Bernoulli number.

This formulation of Entry 7 is not the same as Ramanujan’s version.
Ramanujan claims that ,(x — 1) is the “integral part” of

x"! n! B, .,
-1y 7.2

Since y,(x — 1) is generally not an integer, we are not sure what Ramanujan
intends. Perhaps Ramanujan is indicating that the primary contribution to
Y, (x—1)in (7.1) is (7.2), especially if x is small.

Proof. By (I1), if 0 < x < 2m,

-k e’ 1 o Bk k-1
kgle 1—e™™ e —1 k;() k'x ( )

Differentiate both sides of (7.3) n times with respect to x and multiply both
sides by (—1)" to get

o0

S ke Ty 3D ken, (7.4)
k=1 x"*1 k=n+1 k(k—n—1)!

Now replace x by —Log(l — x) in (7.4). We then observe that the left side of
(7.4) is (1 = x)x ™" Ly, (x — 1) by Entry 4. This completes the proof of (7.1).
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Entry 8. For n>1, y(—1)=n! and ¢ ,(1)=2""'2"*' —1)B,,,/(n+1).
Furthermore,

Yolp) = lﬁl(p) =1,

Ya(p) =

Ya(p)=1— 4p +p?

Ya(p)=1—11p+11p* —p?,
¥s(p)=1—26p + 66p*> — 26p° + p*,

Ye(p) =1 — 57p + 302p* — 302p* + 57p* — p°,

and
¥4(p) =1 —120p + 1191p> — 2416p® + 1191p* — 120p° + p®.

Proof . Since Yo —1) =1, the values for ¢ {(—1), n> 1, follow immediately
from (5.2) and induction on n.
Next, by (I1), for |x| < =,

2 1—2")Bx" t 2
Zo T -1 -1

R )70,
e“+1 =0 2+ gy '

The formula for 1/,(1) now readily follows from comparing coefficients of x"
above.

By Entry S and (5.2), we previously had shown that yo(p) =¢,(p)=1. To
calculate the remaining polynomials, we employ Entry 6(i) and the recursion
formula

Fmy=kF(n—1)+n—-k+1)F,_(n-1), (8.1)

where 2 < k <n. Ramanujan does not state (8.1), but he indicates that he was
in possession of such a formula.
To prove (8.1), we employ Entry 6(iii) to get

kF(n—1D+m—k+DF,_(n—1)

kot (n k2 n
=k Y (—1)J<j>(k—j)"'*+(n—k+1> _;0(—1)'<j>(k—j—1)"-1

=0

n ko Ji n—1 n n
=k ) G0k {k(j>_("_k+”(j—1>}

=5 (" oy =
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Corollary 1. Let f(x) denote the solution found in Entry 3. Then f(x) is the term
independent of n in

$ W)/t
TR 62

where it is understood that the series in the numerator above does, indeed,
converge.

Proof . Expand 1/(e™ + p) by (0.1). Upon the multiplication of the two series in
(8.2), the proposed result readily follows.

Corollary 2 is a complete triviality and not worth recording here.

Corollary 3. If n is even and positive, then ,(p) is divisible by 1 —p.
Proof . The result follows readily from (6.1) and Entry 6(i).

Corollary 4. For |x| < |Log(—p)|,

cosx+p & (=1, px*
p*+2pcosx+1  SoQn)! (p+ 1)+

Corollary 5. For |x| <|Log(—p)!,

sin x R (= D)™ 2ur o (p)x*""!
pP+2pcosx+1 ,SoQn+ 1) (p+ 1)+

Proofs of Corollaries 4 and 5. Replacing x by ix in (0.1), we have

L e Fap e iy
*rp pa2pcosx+1 Sonl(prly

Equating real and imaginary parts on both sides above, we deduce Corol-
laries 4 and 5, respectively.

In the hypothesis of Corollary 6, which consists of four parts, Ramanujan
attempts to define a sequence of numbers {A4,}. However, these numbers, as
defined by Ramanujan, are not uniquely determined. It is preferable to define
A, by Corollary 6(iv) and then deduce the equality of the hypothesis. Hence,
we have taken the liberty of inverting (iv) and the hypothesis below. Thus, put

n—1
Vilp—1)= ¥, Au-i—p). (8.3)
Ramanujan’s notation is unfortunate because 4, depends upon n.

For Re s > 1, the Riemann zeta-function {(s) is defined by {(s) =) .22, n™5
in Ramanujan’s notation, {(k) = S,.
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Corollary 6. Let 1 <r <n. Then

() z (k) A=,

r—1 r
i A= (=1 <k> (r—kJ,

k=0

(iii) A,/n! is the coefficient of x" in (e* — 1),

(iv) ki (=D Yk + 1)—1)

S (I (12 Y (~ D ALK+ ),
k=1

where (1) is determined in Entry 8.
Proof of (i). By (6.1),

n—1

Yu(p—1) =k;) Fy1(n)(1 —p)-. (8.4)

Equating coefficients of p"~/ in (8.3) and (8.4), we find that, for  <j<n,
n—1 k
Aj= Z < .>Fk+1(n)'
k=n-j\Nn—

Thus, using Vandermonde’s theorem below, we find that

L r r r n—1 k
& <1> > (1) 2y <n —j> Frnd)

n—1 k
= Z (r: )Fk+1(")

n+j
n >Fn+j—r+1(n)

where we have employed Entries 6(i) and 6(ii).

Proof of (ii). The proposed formula follows from the inversion of (i). (See
Riordan’s book [2, pp. 43, 44].)

From (ii) it is seen that A, = A,(n)=r! S(n, r), where the numbers S(n, r) are
Stirling numbers of the second kind. For the definition and basic properties of
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these numbers, see the work of Abramowitz and Stegun [1, pp. 824, 825] as
well as Sections 6-8 in Chapter 3 here. Because (iii) is such a familiar property
of Stirling numbers of the second kind and because its proof is similar to that
of Example 2, Section 8, of Chapter 3, we omit the proof.

Proof of (iv). Using successively Entry 4, (6.2), and (8.3) below, we find that

0 0 0 _1k+1kn
P T T Y W s
= ji=2k=1 J
)
ISR (E V)
- _1)" S n+1

——"71(:0__1_"71_16 i+ 1)k
_( 1) jzz(j+l)"+1k;0( 1) An~*k(.]+ )

:(_1)"* z (—1 . k{é’(n-k.{_ 1)— _2k—n—1},
k=0

from which the desired formula follows with the use of (8.3).

Examples 1 and 2. We have

Proof. By Entry 4 and (6.2),
k" Ya(—1/p) pYa(—p)
K _ , 8,
D T A #3)

From Entry 8, y5(—2) =541 and y5(—3) = 1456. Putting these values in
(8.5), we achieve the two given evaluations.

Entry 9 is simply the definition (I1) of the Bernoulli numbers, and Entry 10
is the expansion given on the right side of (1.3).

Entry 11, For |x| < 2=,
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Proof . Using (I1), we have, for |x| < 2z,

X *11 é "1 —t
L = - — =| —-{1- dt
Og(e"—l) L (t e'—l) ‘ L t< e_'—1>

o0 n=1 n! = nn!

Entry 12. For |x] <,
2 © (=1 Y{2"~1)B x"
Log( >==2( o - B
n=1

e“+1 nn!

Proof . Observe that

2 2x X
L =L ~L

and then use Entry 11.

The conclusions of Examples 1-3 below are written as equalities in the
notebooks, but Ramanujan clearly realizes that his results are approxi-
mations. Put e’ =1+p, e?=14¢q, eR=1+r, =145, and eT=1+1, where
P, g, 1, s, and ¢ are to be regarded as small. In the first example below,
Ramanujan has incorrectly written — 1/2 instead of 1/2 on the right side,

Example 1. If e +e2 + eR =2+ P *2*R then

1 1 1 1 1
—4—+—+—(P R)~~.
pro TR TP TerR~;
Proof . In terms of p, ¢, and r, we are given that 3+p+qg+r=2+(1+p)
(1+ ¢9)(1 +r), which may be written as

1 1 1 1

1
4= +
q+r F—1 21 eR—1

1 P 1t 1 Q@ 1 1 R

P 2TnTo 2z untr 2t

where we have used (I1) and ignored all terms with powers of P, 8, and R
greater than the first. The desired approximation now follows.

1
—1==+
p

1

Example 2. If

P R S
p+o+R+s _ ¢ +ed+ef+ef -2
e FPre lre Rype S

[4
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then
1+1+1+1+ (P +Q+R+5)~0.
P Q R S Q )=
Proof . The given equality is equivalent to
2
(1 +p)(1+ @)1+ 7)1 +5)= 3%}:%:

Now cross multiply and ignore all products involving p?, 42, r?, and s2. After
a tedious calculation and much simplification, we find that

11 11
~2x - =+ -+
14 q r §

Proceeding as in Example 1, we achieve the sought approximation.

Example 3. If

2gP+Q+R+S+T

e telref+ef+eT -2 — (2 + 22+ e+ 25 + 2T - 2)
B e Pte @re RypeSye T2 ’
then
1 1 1 1 1

1
-+ — p R r—.
P Q+R+S+T+ (+Q+ +8+7) >

Proof . The proof is straightforward, very laborious, and along the lines of the
proofs of Examples 1 and 2. Rewrite the given equality in terms of p, g, r, s,
and t. Cross multiply and ignore all terms involving p?, g2, r?, s%, and t2. After
a lengthy calculation and considerable cancellation, we arrive at

1 1 1 1 1
e ek S R}
p q r s t

Now proceed as in Example 1.

Entry 13. For |x| <m,

& (= 1)'By,(2%)"
X cot x = —_—

) (2n)!
Entry 14. For |x| <,

© (= 1)(2 —2%")B,,x>
rosoxm § (CUR=2Byx

(2n)!

Entry 15, For |x| < r/2,

_ @ (_ 1)n22n(1 _ 22")B2,,x2"
X tan x = "; an




122 5. Bernoulli Numbers and the Riemann Zeta-Function

Entries 13-15 are very familiar, and so there is no point in supplying
proofs here.

Entry 16. For |x| <=,

L (< 1) By 20
LOg(sm x) ,,Zl (2n)(2n)!

1 lOOf. IOI [Xl <7[,

Now employ Entry 13.

Entry 17. For |x| <m/2,

—1'22"(1 — 22")B,,x?
(2n)(2n)!

Log(sec x) Z

Proof . For |x| < n/2,

Log(sec x)= f tan ¢ dt.
0

Now employ Entry 15.

Ramanujan now makes three remarks, the first of which is trivial and the
second of which is a special case of the third,
B,, (—1)*2n)!
Byu-an  (2m)*"(2n —2h)!

as n tends to oo, where 0 < h<n—1. This asymptotic formula is a simple
consequence of Euler’s formula for {(2n); see Entry 25(i).
The following recurrence relation is due to Euler [1].

Entry 18. Let n be an integer exceeding 1. Then

nol (2n
—(2n+ 1)B,, = Z By B;, - o
k=1 \2k
Ramanujan’s first published paper [4], [15, pp. 1-14] is on Bernoulli
numbers. and Section 2 of that paper contains a proof of Entry 18. After
Entry 18, Ramanujan lists all of the Bernoulli numbers with index < 38.
All of the values are correct and agree with Abramowitz and Stegun’s tables
[1, p. 810]. The next result is contained in (16) of Ramanujan’s paper [4].

Entry 19(i). For each positive integer n, 2(2°" — 1)B,, is an integer.
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Proof. We give a somewhat easier proof than that in [4]. By the von
Staudt—Clausen theorem, the denominator of B,, is the product of all those
primes p such that (p — 1)|2n. Let p be such an odd prime. Then by Fermat’s
theorem, p|(2?~'—1). But since (p— 1)|2n, we have p|(2®"—1), which
completes the proof.

Entry 19(ii). The numerator of B,, is divisible by the largest factor of 2n which is
relatively prime to the denominator of B,,.

Entry 19(ii) is contained in (18) of Ramanujan’s paper [4] and is originally
due to J. C. Adams. (See Uspensky and Heaslet’s book [1, p. 261].) In fact, in
both Entry 19(ii) and (18) of [4], Ramanujan claims a stronger result, viz., the
implied quotient is a prime number. However, this is false; for example, the
numerator of B,, is 854513 = 11-131-593. (See, for example, Wagstaff’s table
in [1, p. 589])

Entry 19(iii) is a statement of the von Staudt-Clausen theorem, which we
mentioned above and which is (19) of Ramanujan’s paper [4].

Entry 20. For each nonnegative integer n, (—1)* " 'B,, +(—1)'(1 — F,,) is an
integer I,,, where F,, is the sum of the reciprocals of those primes p such that
(p—DI2n.

Of course, Entry 20 is another version of the von Staudt-Clausen theorem.
Ramanujan next lists the following values for I,,: I,,=0,0<n<6,1,,=1,
Lig=1, I,3=55, I,0="529, I,,=6192, I,,=86580, and I,5=1425517. All
of these values are correct.

In Example 1, Ramanujan calculates B,,, partly with the aid of the von
Staudt-Clausen theorem. However, his reasoning is fallacious because
Ramanujan thought that the numerator of B,, divided by 11 is prime. We
pointed out above that this is false.

Example 2. The fractional part of B,g, is 216641/1366530.

Proof. The given result is a direct consequence of the von Staudt-Clausen
theorem.

Several of the results in Ramanujan’s first paper [4] are not completely
proved or are false. Wagstaff [2] has made a thorough examination of
Ramanujan’s paper and has given complete proofs of all the correct results in
[4].

Entry 21 consists of two tables. The first is a table of primes up to 211. In
constructing the table, Ramanujan makes use of the fact that any prime other
than 2, 3, and 5 is of the form p + 30n, where n > 0 and p is either 7, 11, 13, 17,
19, 23, 29, or 31. The second table lists all primes up to 4969. The numbers at
the extreme left of the table give the number of hundreds in the primes
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immediately following; and the inked vertical strokes divide the hundreds.
The table was presumably constructed as follows. First insert the primes
{constructed in the first table) up to 211. Then use the fact that any
prime other than 2, 3, 5, and 7 is of the form g + 210n, where n >0 and ¢ is
one of the numbers 11, 13, 17, ..., 199, 211. Thus, increase each of these
primes already in the table by multiples of 210 until we reach the prime
2-3-5-7-11 4+ 1 =2311. Then proceed in a similar fashion with the arithmetic
progressions r + 2310n, where n > 0 and r is any of the numbers 13,17, 19, ...,
2309, 2311.

Entry 22. If n is a natural number, then

nol Mn—2
22"(2*" —1)B,, = 2n kZO< 2% >E2kE2n~2k—2a

where E; denotes the jth Euler number.
Proof. By (12) and Entry 15,

2 (—1)E,, x> _d
{; ! } =sec? x = dxtanx

& (= 172(1 - 227)B,, X"
B ,.Zl (2n)(2n —2)!

2n—2

Now equate coefficients of x
formula.

on both sides to achieve the proposed

Next, Ramanujan records the Euler numbers E,,, 0 <n < 7. All values are
correct.

Entries 23(1)—(iv) give the well-known partial fraction decompositions of
cot(nx), tan(nx/2), csc(nx), and sec(nx/2). Ramanujan has also derived these
expansions in Chapter 2, Entry 10, Corollaries 1-3. Entries 24(i)~(iv) offer the
familiar partial fraction expansions of coth(nx), tanh(nx/2), csch(nx), and
sech(nx/2).

After Entry 24, Ramanujan makes three remarks. In the first he claims that
the last digit of E,,, is S and that E,, ., + 1 is divisible by 4, n > 1. Ramanujan
probably discovered these results empirically. The latter is due to Sylvester.
Moreover, they are, respectively, special cases of the following congruences

E,,=5(mod 60) and E,,_,=-—1 (mod 60),
normally attributed to Stern. (See Nielsen’s text [5, p. 261].)
The second remark is a special case of the third, namely,
Egnran (= 1)"2*"(2n + 2h)!
E,, n2H(2n)!

as n tends to oo, where h is a nonnegative integer. This asymptotic formula is
an easy consequence of Entry 25(iv) below.
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For Re s> 1, let As)=) ", (2k+ 1)~%, and for Re s> 0, define #(s) =
YE L (DK and L) =Y (= Dk+ 1)

Entry 25. If n is a positive integer, then

) camy = =GR

2(2n)! m
. (=111 =272 (Q2m)*
(i) A(2n) = 20n)] B
(=1 =212 (2
(ii1) n(2n) = 20 m
and
(iv) Lion—1y= S @27

2(2n = 2)! -z

The first equality is Euler’s very famous formula for {(2n). For an
interesting account of Euler’s discovery of this formula, see Ayoub’s paper
[2]. A proof of (i) that uses only elementary calculus is found in Berndt’s
article [2], which also contains references to several other proofs. Observe
that A(s) = (1 — 275)((s) and that 5(s) = (1 — 2* ~%){(s), and so (ii) and (iii) both
follow from (i). Formula (iv) is also well known and is an illustration of
the following fact. If y 1s an odd character, then the associated Dirichlet
L-function can be explicitly evaluated at odd, positive integral values; if y is
even, then the associated L-function can be determined at even, positive
integral values. See Berndt and Schoenfeld’s work [1] for a verification of this
remark.

Ramanujan next uses (1) and (iii) to define Bernoulli numbers for any index.
Thus, for any real number s, he defines

(s +1)

B¥ =
’ (2ny

{(s)- (25.1)

(We now employ Ramanujan’s convention for the ordinary Bernoulli
numbers.) Note that B%,,;#0, n>1, in Ramanujan’s definition, which
conflicts with (I1). It is curious that Euler [1], [7, p.350] also defined
Bernoulli numbers of arbitrary index by (25.1) but apparently made no
significant use of this idea.

Similarly, Euler numbers of arbitrary real index s may be defined by
interpolating (iv) above. Thus, Ramanujan defines E¥ by

. 2T
* T (m)2y

for any real number s. Observe that E%,.,=(—1)'E,, where n is a

1fs),



126 5. Bernoulli Numbers and the Riemann Zeta-Function

nonnegative integer and E,, denotes the 2nth Euler number. (Ramanujan did
not adjoin a suffix * to B, or E we have done so to distinguish the ordinary
Bernoulli and Euler numbers from Ramanujan’s extensions.) The next two
corollaries give numerical examples.

30(3/2)
471\/5 ’

Corollary 2. B§=—1, Bf,=—(1+ 1/\/2)11(1/2), E¥=c0, Ef), =2\/§L(1/2),
and E* =8L(2)/n>.

.30

Corollary 1. B¥f = 0, B}, = and Bt = 57

Proof. The value for B¥ arises from the extension (25.1) and the fact that
{(0) = — 1/2. The value for E¢ arises from the fact that I'(s) has a simple pole
at s = 0. All other tabulated values are easily verified.

Let
f@= ¥ (a+bk)™

where a, b>0 and n> 1. Note that f(a) =b~"(n, a/b) —a~", where {(s, &)
denotes Hurwitz's zeta-function.

Entry 26. As b/a tends to 0,

1 = By [n+2k—2\ (b
IO~ b= )*’2“+k;n~1< 2% )(E) - 26

Proof . A simple calculation shows that f{(a — b) — f(a) = a " In the notation
of Entry 1(), h= — b and ¢(a) = 1/{a"" 'b(n — 1)}. If Entry 1(i) were appli-
cable, we could readily deduce (26.1) with the asymptotic sign ~ replaced by
an equality sign. But, the series on the right side of (26.1) does not converge.
However, by appealing to the theorem in Norlund’s text [2, pp. 58-60] that
we mentioned after the proof of Entry 1(ii), we can conclude that the right side
of (26.1) represents the function a”f(a) asymptotically as b/a tends to 0.

Example. For n> 1, as the positive integer r tends to co,

r-1 " 1 1
W~ Lk e
2k —
+ Z n_”‘l <"+2k 2>r"’“2"“. (2622)

Proof . Apply Entry 26 with a=r and b= 1. Thus, as r tends to oo,

© 1 I & By [n+2k=2\ . .
Z:(r+k (n——l)r"’l—?+k2‘1n——l< 2k >r '

Adding Y ;_, k™" to both sides above, we obtain (26.2).
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Asymptotic series like those in Entry 26 and the Example above were
initially found by Euler. See Bromwich’s book [1, pp. 324-329] for a very
complete discussion of such asymptotic series and their applications to
numerical calculation. Indeed, like Euler, Ramanujan employs (26.2) to
calculate {(n), where n is a positive integer with 2<n <10, to the tenth
decimal place and provides the following table.

n {n) 1/Bx
2 1.6449340668 6
3 1.2020569031 17.19624
4 1.0823232337 30
5 1.0369277551 39.34953
6 1.0173430620 42
7 1.0083492774 38.03538
8 1.0040773562 30
9 1.0020083928 20.98719
10 1.0009945781 13.2

For {(3), the tenth decimal place should be 2; for {(10), the ninth decimal place
should be 5. Euler used this same method to calculate {(n), 2<n < 16, to 18
decimal places. (See Bromwich’s book [1, p. 326].) A different method was
used by Legendre [ 1, p. 432] to calculate {(n), 2 < n < 35, to 16 decimal places.
Stieltjes [1], using Legendre’s method, calculated {(n), 2<n <70, to 32
decimal places. For even n, the values of 1/B} above are determined from
Ramanujan’s table of Bernoulli numbers. For odd n, Ramanujan employs
(25.1) and his previously determined values of {(n). In the far right column
above, the last recorded digit for 1/B% should be 3; the last digit for 1/B%
should be 6; and the last two digits for 1/B¥ should be 20.

Corollary 1. The Riemann zeta-function has a simple pole at s=1 with
residue 1, and the constant term in the Laurent expansion of {(s) about s =1 is
Euler’s constant y.

Of course, Corollary 1 is very well known. (For example, see the books
of Landau [1, p. 164] or Titchmarsh [3, p. 16].) Ramanujan’s wording
for Corollary 1 is characteristically distinct: “n S,,; =1 if n=0 and
S,+1— 1/n=0.577 nearly.” In the sketch following Corollary 1, Ramanujan
gives the first three terms of the asymptotic series

& B2n
n=1 2n '
The symbol ~ here means that the first n terms from the series on the right

side approximate the left side with an error less than the magnitude of the
(n+ Dth term. In fact, this asymptotic series for y was first discovered by

1
~ 26.3
Y 2+ (26.3)
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Euler and used by him to calculate y. (See Bromwich’s book [1, pp. 324-325].)
It is curious that Ramanujan’s approximation 0.577 to y is better than any
that can be gotten from Euler’s series. Bromwich [1, p. 325] points out that
the best approximation 0.5790 is achieved by taking four terms on the right
side of (26.3). If we take just three terms and average the two approximations,
we get the mean approximation 0.5770. Perhaps this is how Ramanujan
reasoned, or possibly he calculated y by using the Euler-Maclaurin sum-
mation formula to approximate a partial sum of the harmonic series.

Corollary 2 is merely a reformulation of the latter part of Corollary 1 in
terms of Ramanujan’s generalization (25.1) of Bernoulli numbers.

Entry 27. Suppose that |a,| < p~ for each prime p and for some constant ¢ > 1.
Then

o0

[Ma-a)yt=t+ Y a,..a,,

14 n=2
n=p1...Pk

where the product on the left is over all primes p, and where the suffixes on the
right side are the (not necessarily distinct) primes in the canonical factorization

of n.

Proof . Expand the product on the left side and use the unique factorization
theorem.

Entry 28. For Re s> 1,
=ITa-p "
p

Entry 28 is the familiar Euler product for {(s) and, in fact, is a special
instance of Entry 27. The next two corollaries are simple consequences of
Entry 28.

Corollary 1. For Re s> 1,

5 S
10+ =7y

Lrp~) _ 0
H(l—p—8>‘c(2s)'

)= Ls)
T =Y n*="—"——,
2 20
where the sum on the left is over all positive integers which have an odd number
of prime factors in their canonical factorizations.

Corollary 2. For Re s> 1,

Corollary 3. For Re s> 1,
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Proof . By Entry 28 and Corollary 1,

_ e _ —p 1 _ -5-1
&(s) C(s)_l;[(l P I;[(1+P )"

from which the desired result follows.

Examples 1(i), (i), and (iii) record the familiar results {(2)=n?/6,
L(3) = /32, and A(4) = n*/96, respectively, deducible from Entry 25.

Example 2. We have

)

» \1—p

and
.. _ 105
(ii) [TA+p ™ H=—r.
» T
Proof . Equality (i) follows from Corollary 2, and (ii) follows from Corollary 1.

Example 3. We have T(2) = 7%/20 and T(4) = n*/1260, where T(s) is given in
Corollary 3.

Proof . The proposed values follow from Corollary 3 and Entry 25(i).

Corollary 4. For Re s > 1,

Lis)=]1] (1 ~sin (7[2—p>p_s>_l

Corollary 4 is simply the Euler product for L(s), and is an instance of
Entry 27. Corollary 5 below is a well-known result arising from the logarith-
mic derivative of the Euler product in Entry 28.

Corollary 5. For Re s> 1,

Log p
p—1

Tk~ Log k=0T
k=1 P

Example. The series Y, sin(np/2)/p converges.

Although the result above is a special case of a well-known theorem in the
theory of L-functions (see Landau’s text [1, pp.446-449]), its proof is
considerably deeper than the other results in Section 28. Ramanujan supplies
no hint of how he deduced this result.
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Entry 29, For |x]| <1,

ﬁ (1—x"1=1+ Z

=1 (1 —x)(1 —x%) - (1 =x*)

where py, p,, ... denote the primes in ascending order.

P12t ok

(29.1)

Entry 29, in fact, is canceled by Ramanujan. Let ¢, and d,, 2<n < oo,
denote the coefficients of x" on the left and right sides, respectively, of (29.1).
Then, quite amazingly, ¢,=d, for 2 <n<20. But ¢,; =30 and d,, =31.
Thus, as indicated by Ramanujan, (29.1) is false.

G. E. Andrews [3] has discussed Entry 29 and has posed the following
problem. Define a “Ramanujan pair” to be a pair of infinite, increasing
sequences {a,} and {b,} such that

e8] . _ X
L (=xm™t=1+ Z -0 —x) (1 =x")

by+by+ o +by

(29.2)

Had Ramanujan been correct, {a,} = {b;} = {p;} would have been a Raman-
ujan pair. If ¢y =m+k—1 and b,=m, 1 <k < o0, where m is a positive
integer, then (29.2) is valid by a theorem of Euler. Also if

m+k—1, 1<k<m,
ak=
2k -1, k>m,

and by =m+k —1, 1 <k < o0, (29.2) is satisfied by another identity due to
Euler. If

{a,} ={m>0:m= £ 1 (mod 5)}
and b, =2k —1, 1 <k < o0, or if
{a,} ={m>0:m= £ 2 (mod 5)}

and b, =2k, 1 <k < o0, (29.2) is again valid. The equalities in these two cases
are the Rogers—Ramanujan identities, which are found in Chapter 16.
Andrews conjectured that these four pairs exhaust all possibilities. However,
Hirschhorn [1] found two additional Ramanujan pairs, and Blecksmith,
Brillhart, and Gerst [1] discovered four more Ramanujan pairs. Blecksmith
[1] has thoroughly examined this problem, and his computer assisted results
strongly suggest that no further Ramanujan pairs exist.

Acreman and Loxton [1] have examined Andrews’ problem from another
point of view. For what they call regularly varying sequences {a,} and {b,},
Acreman and Loxton derive asymptotic formulas for the coefficients of the
power series on both sides of (29.2). A comparison of the two asymptotic
formulas shows that severe restrictions are placed on the sequences {q,} and
{b,} in order for them to be a Ramanujan pair. Furthermore, it is shown that
the known Ramanujan pairs correspond to the known values of the
dilogarithm, which is defined by (6.1) in Chapter 9.
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Entry 30. Suppose that |a,| < p™° for each prime p and for some constant ¢ > 1.
Then

[Td+a)=1+ Y a,..a,.
14
n=py. P

The sum on the right side is over all squarefree integers n=p, ... p, where
D1, ---» Di are distinct primes.

Proof . Expand the product on the left side above.

Corollary 1. For Re s> 1,

Lt Ty

nsquarefree

i 5 )

Proof . Let a, = p™* in Entry 30 and apply Corollary 1 of Entry 28.

Corollary 2. For Re s > 1,
L 9 —2s)
D T

where the sum on the left is over all squarefree integers n which contain an odd
number of prime factors.

Proof. By Entry 28 and Corollary 1 of Entry 28,

1 1 Tl
‘(:(—2;)_@—1;1(1'*? ) 1;](1 P

from which the desired equality follows.

Corollary 3. For Re s > 1,

ST T T

nnotsquare free

Proof . By Corollary 1, the series on the left side is {(s) — {(s)/¢(2s).

i - (9EEs) - 1)

Entry 27, Entry 28, Corollaries 1 and 3 and Examples 2(ii) and 3 in
Section 28, and Entry 30 and its first three corollaries are found in
Ramanujan’s fourth published paper [7], [15, pp. 20-21].

Corollary 1. The sum of the reciprocals of the primes diverges.

As is well known, Corollary 1 is due to Euler, and Ramanujan’s proof is
similar to Euler’s proof, which can be found in Ayoub’s text [1, p. 6].
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Corollary 2. lim,_,, {Log(s— 1)+, p~*} exists.
Proof. By Entry 28, for s > 1,

1 © 1
Log {(s)=) — + .
8 gps ‘.;k;z kp*

But by Corollary 1 of Entry 26, Log {(s) ~ — Log(s — 1) as s tends to 1 from
the right. The sought result now follows.

Corollary 3. If p, denotes the nth prime, then p,/n — Log n tends to a limit as n
tends to oo.

Ramanujan has rightly struck Corollary 3 out, for (see Landau’s book
[1, p. 215])

Pn =Log n+ Log Log n+ O(1)
n

as n tends to oo.



CHAPTER 6

Ramanujan’s Theory of Divergent Series

In a letter written to A. Holmboe on January 16, 1826, Abel [3] declared that
“Divergent series are in general deadly, and it is shameful that anyone dare to
base any proof on them.” This admonition would have been vehemently
debated by Ramanujan. Much like Euler, Ramanujan employed divergent
series in a variety of ways to establish a diversity of results, most of them valid
but a few not so. Divergent series are copious throughout Ramanujan’s
notebooks, but especially in Chapter 6 of the second notebook, or in
Chapter 8 of the first notebook. Since Ramanujan always uses equality signs
in stating identities that involve one or more divergent series, one might be
led to believe that Ramanujan probably made no distinction between
convergent and divergent series. However, the occasional discourse in
Chapter 6 is firm evidence that Ramanujan made such a distinction.

The life of Ramanujan and his mathematics have frequently been en-
shrouded in an aura of mystery. In particular, Ramanujan’s theory of
divergent series in Chapter 6 has normally been ensconced in mysticism.
However, as we shall see in the sequel, Ramanujan’s ideas on this subject are
not as strange or as deep as we may have been led to believe. Ramanujan’s
theory focuses upon the “constant” of a series. This constant is rather
imprecisely defined by Ramanujan, but Hardy [15, Chapter 12] has removed
its fuzziness and ambiguities. Ramanujan constructs a very tenuous theory
based upon his concept of a constant. We shall describe Ramanujan’s theory,
but readers should keep in mind that his findings frequently lead to incorrect
results and cannot be properly described as theorems. Nonetheless, we think
it is important to realize how Ramanujan arrived at his results, and so we
frequently shall also relate Ramanujan’s arguments, even though they are not
mathematically rigorous. In fact, some of Ramanujan’s “proofs” are sketched
in Chapter 6.
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As usual, {(s)=Y =, k75, Re s> 1, denotes the Riemann zeta-function.
When we write Y f(k), the limits will always be assumed to be 1 and 0.
Ramanujan’s theory of divergent series emanates from the
Euler-Maclaurin summation formula (I3). In Entry 1, Ramanujan states the
following special case of (I3):

Z f(k)—0+j fOdt+3f(x)+ Z S [ I(x). (1.1

1 (2Kk)!
The limits on the integral are not specified by Ramanujan, but presumably,
from his exposition following Entry 1, they are as given above. It is tacitly
assumed by Ramanujan that fis such that R, defined by (I4), tends to Q as n
tends to co. Comparing (I13) and (1.1), we further see that

- _1 < Ba con-y
0= im0 (12)
Ramanujan calls ¢ the “constant” of the series ) f(k), which may converge or
diverge. He claims that the constant of a series “is like the centre of gravity of
a body” (p. 63).
Before proceeding further, we shall make several comments about (L.1)
and (1.2). Ramanujan’s definition of ¢ is normalized in the sense that, in (I3), «
is always taken to be 0. Thus, for example, when examining partial sums of
the harmonic series, we should let f(¢) = 1/t + 1) rather than f(t) = 1/t.
Secondly, it is a trivial consequence of Euler’s formula for {(2n), which is
Entry 25(i) in Chapter 5, that
2(2n)!
(27'[)2"

| By | ~

as n tends to co. Thus, in general, the infinite series on the right sides of (1.1)
and (1.2) do not converge. However, in many instances the infinite series on
the right side of (1.1) is an asymptotic series as x tends to co. The infinite series
in (1.2) is frequently semiconvergent in the sense that the error (in absolute
value) made in terminating the series with the n'® term is numerically less
(in absolute value) than the (n + 1)'® term. See, for example, Bromwich’s book
[1, articles 106, 107] and Hardy’s treatise [5, p. 3287 for conditions under
which this is the case. When an asymptotic series arises in (1.1) or a
semiconvergent series arises in (1.2), we shall use the symbol ~ instead of an
equality sign.

When Y f(k) diverges, the constant of this series is normally the constant
in the asymptotic expansion of Y 5, f(k) as x tends to oo. For example, the
constant of ) 1/k is y. Barnes [1], [2], [3] and Hardy [5], [18, pp. 393-427]
have used the constants of asymptotic series for certain sums to define certain
zeta-functions and gamma functions.

If Z £ (k) converges, we would like the constant to be the value of the sum
of the series. However, in Ramanujan’s definition of ¢, this is hardly ever the
case.
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The difficulties in Ramanujan’s definition of a constant for a series have
been overcome by Hardy [15, Chapter 13]. Write (13), with a =0 and ff = x,
in the form
2 By

St0= | rwaise+ §

2, 2t )

- J P2n+1(t)f(2"+l)(t) dt + Cm

X

where, for n>0,

¢ 1 v B2k 2k—1
CﬁLf(t)dt—zf(O)—k;mf(" 0)

+ Jw Pyui (63" 10e) dt. (1.3)
0

It is assumed that all indicated integrals exist. The constant C, does not
depend upon n, and so we may write C, = C. Hardy [15, p. 327] calls C the
Euler—-Maclaurin constant of f. Of course, C depends upon the parameter
a. The introduction of the parameter a aillows more flexibility and enables one
to always obtain the “correct” constant; usually, there is a certain value of a
which is more natural than other values. If ) f(k) converges, then normally
we would take a = co. Although the concept of the constant of a series has
been made precise, Ramanujan’s concomitant theory cannot always be made
rigorous.

Example 1. The constant of ¥, 1 is —%.
Proof. Let f(t)=1 in (1.2).
We remark that the Abel and Cesaro sums of ) 1 are both 0. (See Hardy’s
book [15, p.91)
Example 2. The constant of ¥ k is —15.
Proof. Set f(t) =t in (1.2) and use the value B, =¢.

It is curious that Ramanujan reasons quite differently in Example 2. He
writes

c=142+4+3+4+ ...,
4c = 4 +8+ ...,
and so
1

- (1.4)

—3e=1-243 4+ oo o= ——
3c=1 +3—-4+ A717 4
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Hence, ¢ = —5. Note that in (1.4) Ramanujan is finding the Abel sum of
Y (=1 k. Both Example 2 and (1.4) were communicated by Ramanujan
[15, p. 351] in his first letter to Hardy and were discussed by Watson [1].

The constants in Examples 1 and 2 can also be determined from (1.3).

Entry 2 is simply another form of the Euler~Maclaurin summation
formula.

Entry 3 is used only to make a deﬁnmon Putting o(x) =Y 5-, f(k), x> 1,
Ramanujan defines ¢(—x) by o(—x)=—Ys_, f(— k+ 1). For example, if
f(@t)=t, then (5)=15 and ¢(—15)= 10

For some of Ramanujan’s results in Chapter 6 it is more natural to employ
a somewhat different definition of ¢. Define ¢(x) to be a solution of the

difference equation
o(x) — plx = 1) =f(x). (3.1

Of course, ¢ is not uniquely defined by (3.1). For example, if ¢ is any solution
of (3.1), the sum of ¢ and a function with period 1 is also a solution. However,
there are two important instances when additional assumptions yield unique
solutions. Suppose first that fis a polynomial and we desire ¢ also to be a
polynomial. Then ¢ is determined up to an additive constant which can be
uniquely determined by a boundary condition. Secondly, suppose that f(x)
tends to 0 as x tends to oo, and we wish ¢(x) to tend to ¢ as x tends to co.
Then

o(x)=c— k\; Foe+k), (3.2)

provided that this series converges.

In Entry 4(i), Ramanujan discusses sums with a fractional number of
terms, which, if we interpret him properly, we would call partial sums. What
Ramanujan seems to be saying is as follows. Suppose that we want to sum
Y 5=1f(k), a sum with a fractional number of terms. Write

DNICESWICESWIC!

where n is “large.” Then, in Ramanujan’s language, find the constant of
Sr_,f(k) as n tends to co.

Entry 4(ii). If h and n are positive integers with h > n and if f is analytic for all
real numbers, then

0 klf(])(n)

o(h) = gln) - Z fle+hy+ 3 Z

Proof . The right side of (4.1) is

(4.1)

n+h

(J)
Zf(k)— ; S+ 3, Zf ) ks

k=1 j=0
n+

kjlf(k) SN ICEWICEDES W/

k=h+1

I
x>

+



6. Ramanujan’s Theory of Divergent Series 137

Example 1. Let h and n denote positive integers with h fixed. Then as n tends to

0,
h 1 L n—h 1
L~ rrleen—2 i

where y denotes Euler’s constant.

Example 1 is an illustration of Entry 4(i) and is simply a consequence of
{(1.4) in Chapter 2.

Example 2. If h is not a negative integer, then

Fh+1)=1h n'n!
B+ = b N+ 2) o)

This is, of course, a well-known product formula for the I'-function.
Ramanujan actually assumes that h is a nonnegative integer, and his proof is
straightforward.

Perhaps Ramanujan has something more profound in mind, but
Entry 4(iii) offers the trivial identity

o)=Y x)— 5 x**if(k+h),
k=1 k=1

where the notation of Entry 3 is employed and f(¢) has been replaced by xf(¢).

Ramanujan commences Section 5 by defining a series to be corrected if its
constant is subtracted from it. It is difficult to describe the remainder of
Section 5 in mathematically precise language. Ramanujan now considers
@'(x). If we strictly adhere to the definition ¢(x)=Y ;. f(k), the proposed
study is not very interesting. A different interpretation must be given. In
many instances, Ramanujan evidently intends ¢'(x) to mean the derivative of
an asymptotic equivalent to ¢(x) as x tends to co. Or, possibly, we must
require @(x) to be an appropriate solution of (3.1). In the formal arguments
below we use equality signs; in some particular instances, asymptotic
notation must be employed instead.

First, after (3.2), Ramanujan sets

o)=c= 3, flx+K)
and so B
¢'(x)=— k;f (x + k). 5.1

If ¢’ is the constant of the derived series Z f'(k), then from (5.1) we can also
conclude that

o(x) =k;f’(k)— ‘. (5.2)

We emphasize that these arguments are not rigorous.
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Example 1. Let ¢(x)=Y ., 1/n. Then

G~ ¥ e+ (53)
as x tends to .

Since, by (1.4) in Chapter 2, ¢(x) ~ Log x as x tends to oo, the function
¢@'(x) on the left side of (5.3) is more appropriately replaced by 1/x. By
Ramanujan’s reasoning, (5.3) is an immediate consequence of (5.1). However,
{5.3) can be established rigorously. In fact, it is a direct consequence of
Entry 26 of Chapter 5. If we define ¢(x) for all real x by the left side of (5.4)
below, then, by (5.5), (5.3) is valid with an equality sign.

Example 2. If x is a nonnegative integer, then

I'x+1) _ 1
m - n;x n (54)

where y denotes Euler’s constant.

Since Log I'(x + 1) =) 5., Log k, Ramanujan obviously established (5.4)
by appealing to (5.2), since y is the constant for the derived series Y, 1/k.
However, the equality (5.4) can be rigorously and immediately deduced from
the well-known relation (see Whittaker and Watson’s treatise [ 1, p. 247])

F'z+1) (1 1
S (E‘ZT:)’ (5)

which is valid for those complex numbers z that are not negative integers.
Examples 3-6 involve special instances of the sum

S/ x)= 3 k" (5.6)

k<x

In particular, if n and x are positive integers and B,(x) denotes the kth
Bernoulli polynomial, then, from Knopp’s text [1, p. 5261,

B, i(x+1)—B,,

S.(x) =
o) n+1

(5.7)
Suppose, however, that we define S,(x) by (5.7). Since (see Abramowitz and
Stegun’s compendium [1, p. 804])
Bix+1)—Byx)=kx*"%, k=0,

o(x) = S,(x) satisfies (3.1) with ¢(0) = 0 and f(x) = x" for every real number x.
Thus, in Examples 4 and 5 which follow, we shall define S,(x) by the right side
of (5.7) for all x.
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Example 3. For x > 0,

r S_y(t)dt =Log I(x + 1) + yx. (5.8)

0
Proof . If we use (5.6) to define S_,(x) and integrate by parts, we find that

x—'r t dS_,(t)

0 0

Jx S_((t)dt=8_(t)

0

1
=XS,1(X)— Z k'%
k<x

=xS5_(x) —[x]
=x Log x+(y — )x + 0(1), (5.9

as x tends to oo, where we have used (1.4) in Chapter 2.
By Stirling’s formula for Log ['(x + 1), which is found in Chapter 7,
Entry 23,

Log I'(x + 1) + yx ~ (x +3) Log(x + 1) — x + yx + O(1)
={x+1%) Log x + (y — D)x + 0(1), (5.10)

as x tends to . Clearly, (5.9) and (5.10) are incompatible. Thus, with this
interpretation of §_,(x), (5.8) is not even valid asymptotically.

Possibly, Ramanujan achieved his evaluation by integrating the equality
of (5.4). The fault with this approach stems from the fact that (5.4) is valid only
for positive integral x, as can be seen from (5.5).

However, motivated by (5.4), suppose that we define S_,(x) by

I''{x+1
Sl(x)=v+f((x—il)). (5.11)
Then a simple calculation shows that ¢(x) = S_,(x) is a solution of (3.1) with
f(x)=1/x. With this definition of S_,(x), Ramanujan’s result is readily
verified.

Example 4. If S,5(x) is defined by (5.7) with n =13, then

Sialx)  x
1 o (5.12)

f CSu(t) di =
0
Proof. By (5.7),

¥ *Bia(t+1)—Byy *Bys(t+1) X
S (t)dt=J S T W= | A d——
L 3 0 14 o 1514 12

_Bisx+1)—Bys() x 1 X

1514 B
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In the calculation above we used the facts (see Abramowitz and Stegun’s
tables [1, pp. 804, 810]) B,, =7/6, B,(1)=B,, n>2, and

B,(x)=nB, _(x), n>1. (5.13)

If we adhere to the definition (5.6) of S,(x) and integrate by parts, asin (5.9),
the left side of (5.12) is found to equal xS, 3(x) — S, 4(x).

Example 5. If S,,(x) is defined by (5.7), then
1o(x) = 10So(x) + 5.

Proof . By (5.7) and (5.13),

nx+1)

1olx) = 11

= B o(x + 1) = 10S,(x) + By,.

Since B,, = g5, the proof is complete.

To properly interpret Example 6, we shall need the concept of Bernoulli
numbers of fractional index which are defined by Ramanujan in Section 25 of
Chapter 5. Taking derivatives in (5.7) and using (5.13), we find that

S{(x)=nS,_(x)+B, nx>L (5.14)

For the proof of Example 6, we shall define S5,,(x) by (5.14) with n = 3/2 and
Bj;,, replaced by B%),. There is a misprint in Example 6 in the notebooks;

Ramanujan has written 4 for 2\/5 on the right side of (5.15).

Example 6. For any real number x,

j T Sualt) dt =3Sya(x) — —5 1 Q) (5.15)
0

_x
Znﬁ
Proof . By (5.14),
2
J‘ Syp(t) dt = j (S5,2(t) — BY5) dt

= 3(53/2(?‘) - XBg/z)-

From Corollary 1 of Entry 25 in Chapter 5, B’3",2=31,’(%)/(4nﬁ). This
completes the proof.

Entry 6. Suppose that ¢ is analytic at the origin. If c, denotes the constant of
Y. f®(k), then in some neighborhood of the origin,

0 n

P(x)y=— 3 e
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Proof. By the definition of ¢ given in Entry 3, ¢(0) = 0. Extending (5.2), we
have

o"(x)= Y f™(k)—c, n=L
k=1

Hence, ¢"™(0) = —c,, n> 1, and the result follows.

Example 1. For |x| < 1,

& (= DH(R)x*

Log T(x+1)=—yx+ Y (6.1)
k=2 k
The expansion above is well known. (See Henrici’s text [2, p. 37].)
Example 2. For |x| < 1,
S_1x)=Y (— Dk + Dx~. (6.2)
k=1

With S _,(x) defined by (5.6), Example 2 is obviously false, because the left
side of (6.2) is identically 0 for |x| < 1. However, if we define S_; by (5.11),
then we see that (6.2) arises from the differentiation of (6.1).

The complete proof of the following result is given by Ramanujan in the
notebooks. For brevity, put

nml Ix—k x [k
Y(x)= 3, <p<—-—> and n(x)= ) f (—)
k=0 n k=1 \I
where n and x are positive integers.

Entry 7. Let c, be the constant of Z f(k/n); in particular, ¢} =c. Then
Y(x) = ne=n(x) —c,
Proof. Since y{k)—y(k —1)=f(k/n), we find that

W =¥ = 3 W) —dlk—D} = Z f<§>
Thus, Y(x) differs from #(x) by a constant, namely y(0). This constant can be

found by determining the constants of y(x) and 5(x), which are, respectively,
nc and c,. The result follows.

n—1 —
Corollary 1. Y o (—k> =nc—c,.
k=1 n

Proof . The left side above is /(0), and so the result was obtained in the proof
of Entry 7.

The next five corollaries are simple consequences of previous definitions
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and Corollary 1. There is a misprint in Corollary 2(v) in the notebooks;
Ramanujan writes ¢}, for ¢.

Corollary 2(i). (=4 =2c—¢5.
Corollary 2(ii). c=co=C].

Corollary 2(iii). o(—H + (=% =3c—c}.
Corollary 2(iv). o(—D 4+ (=) =2c+ ¢y — ).
Corollary 2(v). (=Y +o(—)=c+cy+c5—ce.

Entry 8 is a particular instance of the Euler-Maclaurin summation
formula.

The sole purpose of Entry 9 is to assign notation for certain types of
infinite series, but the notation is never used in the sequel.

Entry 10(i) constitutes a warning that the constant of a series can only be
found from a “regular” series, although Ramanujan does not define a regular
series. Different values of ¢ may arise from irregular series, which are
termwise equal to regular series.

Entry 10(ii). In general,
# (21— a2
L= ay #a;— Y (G — g+ 1)
=a, =y (=" ey

Of course, the principles enunciated above are well known. Ramanujan
illustrates the two inequalities with the example

Y(—1Fk=4  T{@k—D-2}=% 1= {2k—@k+1}=3.

The first equality above was shown in (1.4), while the latter two equalities
follow from Example 1 of Entry 1.
Entry 10(iii) merely gives the definition for adding two alternating series.

Example 1.
Z(“l)kﬂak‘*'Z(“l)kku a4, +Z( Dby — s )

Example 1 is a simple consequence of Entry 10(iii) and the equality in
Entry 10(ii), which is also used to establish Examples3 and 4 below.
Example 2 follows from Example 1, Example 3 follows from Example 2, and
Example 4 follows from Example 3.

Example 2. Z (D tay=5a, + 3 Z (=D Yay — ax ).
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Example 3.
Y1 g =4Ga; —a) + 1) (=1 ey — 20541 + a1 0)-

Example 4.

Z(_l)k+1ak =3(7a, —4a, +a3)+%2(—1)k+1(ak— 3,1+ 30512~ Ay 3)

Entry 11. Put Ag, = a, — a, 4| and A"a, = A(A" " ta,), n > 2. If ) (—1)**a is
convergent, then

k'la1

A
Z(_l)k+1ak=ZT

Entry 11 is known as Fuler’s transformation of series. (See Knopp’s
treatise [1, p. 244].) Examples 2-4 serve as motivation for Entry 11.

In Entry 12, Ramanujan claims that if a,/a; lies between a,/a, and a./a,,
then Y (—1)**'a, lies between m, = a’/(a, + a,) and m, =1—a3/(a, + a,).
Because no restrictions are placed on the terms a, with k> 5, it is to be
expected that Ramanujan’s assertion is false. Even if we assume that a,/a, .,
is monotonically increasing or monotonically decreasing for k > 1, the pro-
posed theorem is false. For example, define a sequence {a;} by a; =5, a, = 4,
a;=3, a,=1, and a,=(45---(k—1))"*, k>5. It is readily checked that
a,/ay 4 1s strictly increasing, m; =25/9, m, = —9/7, and Z (—1¥+ig, > 3.
Thus, we clearly have established a counterexample to Ramanujan’s
assertion.

Ramanujan illustrates his purported theorem with three examples. In the
first, he considers ) (—1)**'k which by (1.4) has the “value” 4. The
hypotheses are seen to be satisfied, m, =4, and m, = 1. Thus, the conclusion
of the “theorem” is independently verified in this instance.

For his second example, Ramanujan examines Y ;% (—1)*k!. The hy-
potheses are easily checked, while m; =% and m,=4%. Ramanujan claims that
the constant for this series is 2 “very nearly.” In fact, in his [15, p. 351] first
letter to Hardy, Ramanujan gave the value 0.596 ... for the aforementioned
series. Moreover, this constant was also calculated by Euler to be approx-
imately 0.5963. (See Bromwich’s text [1, p. 324].) Therefore, this example
also fits Ramanujan’s “theorem.”

For a thorough discussion of this example and for some historical
references, see Watson’s paper [1].

The third example is meaningless because Ramanujan assumes that the
converse of his assertion is true. This would be false even if his assertion were
true.

We are unable to offer a corrected version of Ramanujan’s assertion.
However, H. Diamond has kindly pointed out the following result. Let
{a,}, 1<k< oo, be a sequence of positive numbers tending to 0. Define
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ay, =2a, — a, and assume that a,_ ,/a, > a,/a, . ,, k = 2. Then by a theorem in
Katznelson’s text [1, p. 22],

ao+2 ) acoskf)=0, 6 real
k=1
Putting 6 = %, we deduce that
Z (— 1)k+ 1ak < %(2‘11 —a,).
k=1

Section 13 provides a very general discussion on how to accelerate the
convergence of a series. Ramanujan then offers several examples in illus-
tration. The first, in fact, is a special case of Euler’s transformation of power
series. (Consult Bromwich’s book [1, p. 62].)

Example (a). If y=x/(1 + x/2) x| <1, and {y| <2, then
© (—1 k+1,.k 0 p) 2k+1
A Y
= o 2k+1

Proof . The left side above is

- Yy - Y\ _ _y
Log(1+x)—Log<1+1_ /2>—Log<1+2> Log(l 2>
© _ k+1 2k © 2k
Z 1) (y/) Z (v/2)

and the desired equality follows.

Example (b1). For | x| < n%/4,

22“(22"—1)32kx _x x X

Z, 2k)! T+3+5+-
Example (bl) is due to Lambert and can be found in Wall’s book [1,

p- 349]. The series on the left side above is, in fact, the Maclaurin series of

\/; tanh . /x. The continued fraction expansion on the right side converges
for all x.

Example (b2). Let x be any complex number which is not nonpositive. Then
5 (—1)*k! 1 12 22
o XU x4+l —x+3—x+5—-

(13.1)

Of course, the infinite series in (13.1) converges for no value of x. However,

if we consider
¢} e_ll
I(x)= du,
W= |
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formally expand 1/(x + u) in powers of u, and integrate termwise, we obtain
the asymptotic expansion in (13.1). (See Hardy’s book [15, pp. 26-29] for a
more complete discussion of this.) The continued fraction expansion in (13.1)
is a continued fraction expansion of I(x). (See Wall’s text [ 1, p. 356].) Thus, in
this sense, Example (b2) is valid.

Example (c). As x tends to oo,
© (_ 1)k+ 1
k=1(x+1)(x+2)~-(x+k k
where B(k) is the kth Bell number.

1)k+lB(k)

Example (c) is an immediate consequence of Entry 3 in Chapter 3 and the
discussion following Example 5(i) of Section 8 in the same chapter.

Example 1. As x tends to o

® (_1)k+1 1 0
kZI X+k 2x kzl

(4% — l)BZk

Example 1 is readily obtained by letting f(r)=1/(x+1) in Boole’s
summation formula, which can be found in Berndt and Schoenfeld’s paper
[1, p. 31]. The details are quite straightforward.

Example 2 gives the well-known partial fraction decomposition for
cot(nx).

In Example 3, Ramanujan, in essence, attempts to calculate Euler’s
constant y by using the fact that

1
lim {C(s)— } =7.
s—1+ S — 1
More details may be found in Hardy’s book [ 135, pp. 332-333].

In contrast to the formulations in the notebooks, the right sides of (14.1)
and (14.4) below are expressed as finite sums with remainders instead of as
infinite series. The derivatives of the functions to which we shall apply the
Euler-Maclaurin summation formula are not of constant sign on [0, ).
Hence, the aforementioned general theorem on the remainder in the books of
Bromwich [1, pp. 327-329] or Hardy [15, p. 328] does not apply. Thus, in
order to make the applications which follow Entries 14(i) and (ii), finite
versions with bounds for the remainders are needed. A complete proof of
Entry 14(ii) can be found in Schlémilch’s book [1, Band 2, pp. 238-241].
Entry 14(i) can be derived from Entry 14(ii).

Entry 14(i). Let x > 0. Then, for n>1,

© ] Log2 1 & (22— 1)BZx2 !
= = R
k; &1l x4 ; Rk R

(14.1)
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where
|B3aBonsa|x?" [ x*  7? Py x? n?

R|<x—2—=— — 2% — 14.2

Rl <=0 42+6 2Z1% (142)
Proof. The desired results (14.1) and (14.2) follow from Entry 14(ii) upon
realizing that

11 2
e’+1 =1 -1

If we use a method of proof similar to that in Schiémilch’s book
[1, Band 2, pp. 238-241], we can obtain the better estimate

|anl'32n+2|(22n+ ' — 2)x2" x*
R, < — +— 143
IRl (2n)! 6 (143)
for the remainder.
Entry 14(ii). Let x > 0. Then, for n> 1,
1 y  Log x . n B} x*!
= +R :
2 F I x ~ 2, Baer ek T (144)
where y denotes Euler’s constant and where
|B3uBans2|Xx*" (x* @
g evemTelt [
IRl <=0 w2t )
Example 1. The constant for the series Y k1% is —0.4909..
Proof. Put f(t) =t"1°° and a= 0 in (1.3) and let n tend to co. Then
100 1 & By oo
C~r~—— k=11, 14.5
ot T2 &g W (143

This is in contrast to what would be obtained from (1.2). A calculation on an
HP-35 shows that the first five terms on the right side of (14.5) total
—0.490912753.... The sixth term is equal to 0.00000580788.... By a general
theorem on the remainder in the Euler—Maclaurin formula (consult the
books of Bromwich [1, p. 328] or Hardy [15, p. 328]), the magnitude of this
sixth term is greater than the error made by approximating C by the first five
terms. The result now follows.

In fact, Ramanujan claims that the constant in Example 1 is equal to
—0.4909100 (approximately). This alleged accuracy apparently cannot be
obtained from (14.5), because the sixth term appears to be the smallest one in
(14.5). Calculations show that the next three terms are successively greater in
magnitude.
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Example 2. We have

1 3 Log 2
+
K= 12"+1 4 48

gk

Proof . Apply Entry 14(i) with x = Log 2 and n = 1. The indicated approxi-
mation then arises with an error less than 0.0135617002..., by (14.3).

Example 3. We have
® 1
k; (10/9) + 1

Proof. Apply Entry 14(i) with x = Log(10/9) and n = 2. We then obtain an
approximation 6.331008696... with an error less than 0.000000221..., by
(14.2).

& 6.331009.

Example 4. We have

@ 1
k; (10/9) — 1

Proof. Apply Entry 14(ii) with x = Log (10/9) and n=1. We then get the
approximation 27.08648507..., with an error less than 0.00030438.... This
justifies the quoted approximation of Ramanujan.

= “27 nearly.”

Entry 15(%i). For |x|> 1,
& & x41

L T A D

k=1 XK —1
Entry 15(i) was first stated by Clausen [1] in 1828 and first proved in print
by Scherk [1] in 1832.

Proof. We have

© 1 © k-1 1 1
£ om BT )
:Z Z Xﬁkn+2"m

1k=n+1 k=1X
© 1 @ xk
= n2¢ n +Z k2 Lk ’
A1 XU 1) S x(xF 1)

from which the desired equality follows.

Entry 15(ii). For |x|> 1,
«© (_1)k+1

)

k=1 x"—l

)k+ 1(x2k + 1)

= kz -
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Proof . The proof is completely analogous to that of Entry 15(i).

Entry 16. For each positive integer n,

k n

2,.: ¥ 3 Z (arxk)k N iak—l(rxk—l)k_(rxk—l)n+1‘

k=11—ax"_k=1l——ax" k=1 l—rxk_l
Proof . If k is any positive integer, then
k kk
f prai- iy - T @rx) (16.1)

l—ax* 1—ax*

Summing both sides of (16.1) on k, 1 <k <n, we get

k Kk
{ r (arx )k} - z": zk: i~ LkG= 1)

l—ax l—ax k=1 j=1

Upon summing the inner sum on the far rlght side above, we complete the
proof.

IIM:

Pxli= 1k

TMa

i

Corollary. Let |r| <1 and |x| < 1. If |x| = 1, we further assume that |ar| < 1.
Then

©  pk ©  (arxF

Z k= i

k=11—ax k= ll—ax k=1 1—rx

k lrkx(k— 1)k

k—1
Proof . Let n tend to oo in Entry 16.

Entry 17. Let a and b be arbitrary, |x| <1, and |n| < 1. If | x| = 1, assume that
|mn| < 1. Then

2 (a+ kbn* kb)n i a + kb)(1 — mnx*)(mnx*y*
S 1—mx 5, (1 — mx"(1 — nx*)

h = (mnxk)k+1
+;kZO (1 = nx®?

Proof . If suffices to show that

© — mnx?¥)(mnx*)
17.1
kzo 1 —mx* kzo — mx*)(1 — nx¥) (17.1)
and
©  kn* © k(1 — mnx*)(mnx"y
Z - Z — eV — ik
K=o 1—mx* =0 (1 —mx) (1 —nx)
o kgt k(e 1)
+ 2 (17.2)

k=0 (l—nx)
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In the Corollary of Entry 16 put a=m and r =n to get
i n

e +3

i=o1—mx o l—mx* %o 1 —nx*

k

mn

(mnx ko k-+1 k(k+1)

(17.3)

By combining the two series on the right side of (17.3) into one series, we
readily achieve (17.1).
Differentiating both sides of (17.3) with respect to n, we find that

—_ 2
© k k—1 0 kmknk lxk o kmk k k(k+ 1)
=2 2
k:gl—-mx k=0 1—mx k=0 l—nx
mknkxk(k+ 1) mknk+1 k(k +2)

kZ“O 1-— nx k;() ) )
On the right side above, combine the first and second series together and
combine the third and fourth series together. Upon multiplying both sides by
n, we arrive at (17.2).

We shall not state Corollary 1 which is simply the special case m =n of

Entry 17.

Corollary 2. For |x| > 1,

- b
n=1 x" k=1x"—1

where d(n) denotes the number of positive divisors of n.

Corollary 2, which follows easily from the identity
& d(n) © 1

DM

n=1 x" kn=1X

is well known and can be found in the classic text of Hardy and Wright
(1, Theorem 310, p. 258].



CHAPTER 7

Sums of Powers, Bernoulli Numbers, and the Gamma
Function

The principal topics in Chapter 7 concern sums of powers, an extended
definition of Bernoulli numbers, the Riemann zeta-function {(s) and allied
functions, Ramanujan’s theory of divergent series, and the gamma function.
This chapter thus represents a continuation of the subject matter of Chapters
5 and 6. Perhaps more so than any other chapter in the second notebook,
Chapter 7 offers a considerable amount of numerical calculation. The extent
of Ramanujan’s calculations is amazing, since he evidently performed them
without the aid of a mechanical or electrical device.

In this chapter, we shall frequently state and prove results for complex
values of a variable. This is in contrast to Ramanujan who evidently intended
his variables to be real. However, to give rigorous proofs, we have frequently
needed to use analytic continuation, and so we state theorems in more
generality than originally intended. We denote complex variables by s with
o = Re(s), by r with u = Re(r), and by z.

As might be expected, several of the results in Chapter 7 are not new. For
example, Ramanujan rediscovered the functional equation of {(s), found in
Entry 4 in somewhat disguised form. As was the case with Euler, Ramanujan
had no real proof. It is fascinating how he arrived at this result, with
reasoning based on his tenuous theory of the “constant” of a series.

Entry 1. Let
@(x) = kzl k', (1.1)

where r is any complex number. Then if r # —1, as x tends to oo,

xr+1 x BZkF(r I)xr—2k+1
e~ =D+ g gt Z QOIT(—2%k+2)

(1.2)
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Proof . Applying the Euler—Maclaurin summation formula (I3) with f(t) =
a=1, and § = x, we find that

r+1 x szr("+ 1)xr 2k+1
(Pr(x)zc A
2 = QR T(r—2k+2)
F(r+1) S
P r—an-—
r(r_ 2n j 2n+1 t)t dt

where
1 +l_i B, I'(r+1)
r+1 2 &EQITE—2k+2)

r(r+ 1) * r—2n—1
mﬁ Ponra(t)t dt (1.3)

and n is a positive integer with 2n > u. Note that

J P2n+1(t)[’_2"—1 dt:O(J‘ pu—2n-1 dt) =O(xu72n),

as x tends to 0. Thus, it remains to show that

c={(—7). (1.4)

From the Euler—Maclaurin formula (I3), we have, for ¢ > 1,

" szFs+2k— 1)
Z k) E(s)

_F(s+2n+1)j°°

1

Us) =

Py )t s N e (1.5

By analytic continuation, (1.5) holds for ¢ + 2n > 0. Putting s = —r in (L.5)
and using (1.3), we obtain (1.4).

The analogue of (1.2) for r= —1 is due to Euler and is stated by
Ramanujan in Chapter 8, Entry 2.

If r is a nonnegative integer, the series in (1.2) is finite, and we may replace
the asymptotic sign by an equality sign. Moreover, (1.2) reduces to the
familiar formula

B, i (x+1) =B, (1)
r+1

@x) = ; (1.6)

where B,(x) denotes the nth Bernoulli polynomial.

In Chapter 5, Section 25, Ramanujan defines a Bernoulli number B} of
arbitrary index by

B*. (1.7)
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In particular, if r = 2n is an even positive integer, B, = (—1)""!B,,, and (1.7)

reduces to Euler’s famous formula for {(2n). Using the functional equation for

{(s) (see Entry 4), we find that

B}, | cos{n(r + 1)/2}
r+1 ’

{(=r)= (1.8)
In Ramanujan’s version of (1.2), {(—r) is replaced by the right side of (1.8).
After Entry 1, Ramanujan makes some remarks about the “constant” of a
series. This concept was introduced by Ramanujan in Chapter 6. The
“constant” in Entry 1 is merely the constant term {(—r) in the asymptotic
expansion (1.2).
Now define, for ¢ >0,

n(s) = ’El (— 11k 2.1)
Note that
n(s) = (1 =2 7%){(s), 2.2)

which, by analytic continuation, is valid for all complex values of s.

Entry 2. For each complex number r,

@ 1—1)BE, sin(nr/2)
N r+1 ’

n(—1
Proof . Set s = —r in (2.2) and use (1.8).

We now wish to extend the definition of ¢,(x) to encompass complex
values of x. First, for u <0, redefine

s}

o, x)= ), {k—(k+x)}. 2.3)

k=1

Observe that, if u< —1,

e(X)={(=r)—Y(=r,x+ 1), 24)

where y(—r, x + 1) =Y, (k + x)". Note that (s, x) is very closely related to
the Hurwitz zeta-function {(s, x), except that the latter function is usually
defined only for 0 < x < 1. The methods for analytically continuing {(s, x)
(see, e.g., Berndt [1], Titchmarsh [3, p.37], or Whittaker and Watson
[1, p. 268]) normally can be easily adapted to establish the analytic continua-
tion of Y (s, x) as well. Thus, by analytic continuation, we shall now define
@,(x), for all complex values of x and r, by (2.4). Moreover, if u <O and x is a
positive integer, we find from (2.3) that

0x)= 3 K. 25)
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By analytic continuation, (2.5) is valid for all complex values of r. Thus, the
new definition (2.4) agrees with our former definition (1.1) if x is a positive
integer. If r is a nonnegative integer and —1 < x <0, then by (2.4) and the
well-known fact Y(—r, x + 1)= —B,,,(x + 1)/(r + 1), we find that

r1(X+1) =B, (1)

B
(P,-(x) - r+ 1

By analytic continuation, this holds for all x, and so we see that (2.4) is in
agreement with (1.6) if r is a nonnegative integer and x is complex.

Corollary. If r is complex and r # —1, then

_(2=27")B}, cos{n(r + 1)/2}
a r+1 '

Proof . By (2.3), if u <0, we easily find that

el(—3)=—2""n(-"), (2.6)

where #(s) is defined by (2.1). By analytic continuation, (2.6) is valid for all
complex r, r # — 1. Using Entry 2 in (2.6), we complete the proof.

If r is a positive integer, then, by (1.6), the Corollary is equivalent to
the well-known fact B,.;(})= —(1—27")B,,,; (Abramowitz and Stegun
[1, p. 805]).

Entry 3. Let ¢,(x) be defined by (2.4) and let a and b be complex numbers with

b+#0. Then
Y @+ kb)’=b’{<p,<x + f) —<p,<9>}.
K=1 b b

Proof . For r <0, the desired formula follows easily from (2.3). The result for
all r follows by analytic continuation.

Entry 4. For any complex number r,

sin(nr/2)B¥ _, @y

1 ={(r) B 4.1)
—r

Tarr+1)
Proof . We present Ramanujan’s interesting argument, which is not rigorous.
Rewriting (1.6) in Ramanujan’s notation, we have

B, (x + 1) —sin(nr/2) B},
r+1

@,(x) =

H

where r is a natural number. We now suppose that this formula is valid for all
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r. The “constant” in this representation for ¢ _,(x) is
sin(nr/2)B¥ _,
1—r )
On the other hand, from (1.4) and (1.7), the “constant” is also equal to
_ (2n)y B}
TA(r+ 1)

These constants must be equal, and hence (4.1) follows.

{r)

The equalities in (4.1) imply that
{r)=22n) T (1 —r¢{1 —r)sin (g) 4.2)

Mirabile dictu, Ramanujan has derived the functional equation of {(r)
(Titchmarsh [3, p. 25]) in a most unorthodox manner!

Corollary 1. We have B*,=2((3), B*,= —4((5), B*4=6((7), and
B* s = —8{(9).
Proof. The proposed equalities are special instances of the first equality in
(4.1).
Corollary 2. T'(§) = ﬁ .
Corollary 3. For every complex number z, I'(z)['(1 — z) = n/sin(nz).

Corollary 2 is the special case z =73 of the well-known Corollary 3 for
which we give Ramanujan’s proof.

Proof . Letting r = —z and r=z + 1 in the extremal sides of (4.1), we find,
respectively, that
_ sin(nz/2)B},, (2m)"*B%,
z+1 T ar(1—2z)

and
_ cos(nz/2)B%, (2r)**1B*,,
z Az +2)
Multiplying these two equalities together, using the equality I'(z +2)
=(z + 1)zI'(z), and simplifying, we obtain the desired result.

Corollary 4. We have
- (- e 1
o J2k+ . J2k+2 k50 (k+ 1)
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Ramanujan gives essentially the following faulty proof of Corollary 4.
From (2.1) with s = — 1, (2.2), and (4.2), it follows that
o0 ( 1

N Ty PG

=n\/§k;1(_1)k+l\/;

=n/2(1 = 2%)(— )
=(1-273)(3)

@ 1
- ,;o 2k +1)32°

Corollary 4, in fact, is the special case p = of the identity
oty () {k+ 1P -k} = 4sm< >F( +1) Z
k=0

proved in Titchmarsh’s text [1, p. 154], where 0 <p < 1.

Ramanujan [11], [15, pp. 47-49] has established some other results which
are akin to Corollary 4. Kesava Menon [1] has given simpler proofs of
Ramanujan’s results and has proved additional results of this type as well.

1
(2k + 1p*1v°

Corollary 5. Let 5(s) be defined by (2.1). Then
@2n*PnE) = (1 + 2" CGnG).

Proof . Using (2.2), we rewrite the functional equation (4.2) for {(r) in terms of
n(r) to get

Q-2 =2Q2ny " *(1-2'"") s1n< 5 )F(l —nn(l —r).
Putting r = § and simplifying, we achieve the desired result.

Corollary 6. As x tends to o,

x 1
2
i
This asymptotic formula is a special case of (1.2) but is different from that
claimed by Ramanujan (p. 79), who asserts that, as x tends to oo,

3 1\/_ ~ 2+ 4x +13). (4.4)

Formulas (4.3) and (4.4) are incompatible since

1
,/2+4x—2f+\/; TR

L & By 13 (k=3 .y

N

x+{3)+

4.3)
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the leading two terms above agree with (4.3), but the third term does not
coincide with the corresponding term —x~ *2/24 in (4.3). Ramanujan gives

no indication as to how he arrived at the approximation /2 + 4x.

Corollary 7. As x tends to oo,
x 1 B
k=1 ﬁ §x3/2 ;xl/z - _1 C(%) + 2L4x 12

By, 1°3 .- (4k—5)
+ Z (Zk)' 22k—1

k=2

x T3, (4.5)

Using the functional equation (4.2), we observe that Corollary 7 is a special
instance of Entry 1, but (4.5) is not the result claimed by Ramanujan. Instead,
he has proposed that

DN NCE= TeEe TR (P @

as x tends to co. Since the infinite series in (4.5) diverges while

B/ HDE+HDx+3) =337 +4x12 4+ x4

converges in a neighborhood of x = o0, (4.5) and (4.6) are certainly not
compatible. However, note that the right side of (4.6) does provide a good
approximation for the left side.

A similar type of approximation for ¢,,,(x) has been obtained by Gates

11

Corollary 8. As x tends to o,
x 3
Z k3/2 ~ %XS/Z + %x3/2 + _é_xl/2 _ ~
k=1 167

5 By 1-3 - (4k—7)
L@k 2T X

{®

—2k+5/2. (47)

Corollary 8 follows from Entry 1 and the functional equation (4.2). In
contrast to (4.7), Ramanujan claims that

S k32~ B(x(x 4 30 E D4 Dx + 1) adsx 4312
K=1

3
— 3, (438)

as x tends to oo. By the same reasoning used in conjunction with Corollary 7,
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(4.7) and (4.8) are incompatible. However,
$x(x + D+ P+ D(x + D) +78(x + )7

% 5/2+1 3/2+1 1/2+

Entry 5. Let a and b be complex numbers with b #0 and a/b not a negative
integer. Then if u< —1,

@ —b
k;(—U"“(a+kb)'=(2b)'{<p,<§>—<p,(“2b )} (5.1)

Proof. We have

Y (=1 Y a+kby =Y (a+@2k—1)by — Y (a+2KkbY,
K=1 k=1 k=1
and the desired equality follows immediately from the definition (2.3).

There is a misprint in the notebooks, p. 79; Ramanujan has written b
instead of (2b)" on the right side of (5.1).

Entry 6(i). Let x be a positive integer and assume that n> 0. Then

(o +x)= Z (2k+1>‘/’2n—2k—1(x)-

Proof. The proof is indicated by Ramanujan. Expanding by the binomial
theorem, we have, for |z{>1 and n> 0,

el (-]
-8 (-5 ()

& n
=2 2n -2k—1' 1
5 ()¢ @
Now set z =j in (6.1) and sum both sides on j, 1 <j < x, to get
@ n
7 2 2n :—2k— 1'
O+ 201 = Z] » <2k+1>

The required formula follows upon inverting the order of summation and
employing (1.1).

Entry 6(ii). Under the same hypotheses as Entry 6(i), we have

x4+ +xy= kio {2<2k’:- 1) + <2nk)} P2 2(X)-
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Proof . Proceeding in the same fashion as in the previous proof, we find that,
for|zj>1and n>0,

(Z+ 3 +2) (=3 -2 =22 f {2<sz 1) + (2",()}2‘”
(6.2)

Letting z = in (6.2) and summing both sides on j, 1 <j < x, we arrive at the
formula that we sought with no difficulty.

Note that if nis a positive integer, then Entries 6(i) and 6(ii) are valid for all
x because they yield polynomial identities.

Corollary 1, Let y=x*+x and a=x + 3. Then
P1()=3y,  @.(x)=%ay, @i(x)=%7
Pax)=%ay(y —3),  @s(x)=%y*(y—1),
) =%ay(y  —y+3),  0i(x)=$y2 (7 —%y+3),
@s(x) =5ay(y*> —2y* +23y —3),
Po(x) =151 (y — D(¥* -3y +3),
@10(x) =Fray(y — D(y* — 3> + 2y —3),

and
@11(x) =13y (y* — 4y + 4y? — 10y + 5).

Proof . The proposed odd indexed formulas for ¢,(x) follow from Entry 6(i) by
successively letting n=1, 2, ..., 6. The proposed even indexed formulas arise
from Entry 6(ii) by successively setting n=1, 2, ..., 5.

Although the formulas in Corollary 1 have long been known and are
instances of (1.6), Ramanujan’s method for determining them by means of
Entries 6(i) and (ii) is particularly brief and elegant. For other formulas and
methods for finding ¢,(x) when r and x are positive integers, see a survey
paper by D. R. Snow [1] which contains several references.

Corollary 2. For each positive integer n, we have
) o (2k—1+./5\° 2m—1+./5
0 YT (T

and

o B )
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If p and n are positive integers with n even, then

p

(iii) 2 (2k—1y=2"p,(p—3).

k=1

Proof . Applying Entry 3 withr=9, x=n,a= (\/3 —1)/2,and b =1, we find
that

s <2k—12+\ﬁ)9=%<2n—12+ﬁ)w%(\/g—l).

k=1 2

However, by Corollary 1, it is easily seen that (\ﬁ — 1)/2 is a root of ¢4(x).
Hence, part (i) follows.
Part (ii) follows in the same fashion as part (i), except now we use the fact

that ¢,0((/5 — 1)/2) = 0.
To prove (iii), apply Entry 3 withr=n, x=p, a= —1, and b =2 to get

P
X @k=1y =2, p—3) o=}
By the Corollary to Entry 2, ¢,(—3) =0, and the proof is complete.
Entry 7. If r is a positive integer, then
o (x =)+ (=1y o, (—x)=0.

Proof . By (1.6),

B,. —1yB,, (1—
o= 1)+ (=1 g ()= Lot EE B (L2

By a very familiar property of Bernoulli polynomials (Abramowitz and
Stegun [1, p. 804]), the right-hand side above is equal to 0.

Corollary. If r is a positive integer exceeding 1, then @/x) is divisible by
x%(x + 1)? or x(x + 3)(x + 1) according as r is odd or even.

Proof.. This result follows easily from Entries 6(i) and (ii) by induction on r.

Entry 8. If r is a positive integer, then

1 & /r+1
— B r+1—k r
(pr(x) r+1 kZO ( k > kX + X

xt x' 2] (r +1

- X 5
i S W ROV

>kC(1 T ARRES 8.1)
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Proof . Using the well-known formula (Abramowitz and Stegun [1, p. 804])

B,(x)=kz (IC)ka'*k, r>0,

in (1.6), we find that

L3t fr+1 B,
@)= x—1)+x"= Y (’k )kar+1—k__+_1+xr

from which the first equality of (8.1) readily follows.
The latter equality of (8.1) follows from (4.1).

Entry 9 is simply a restatement of (2.3).

Entry 10. For each complex number r and each positive integer n,

x—k

n—1
(pr(x)_nrkgo (pr< ) =(1_nr+1)c(_r)

sin(nr/2)B¥, |

=t -1) — (10.1)
Proof . For u < —1, (2.3) yields
n—1 _k
Px)—n" Y (pr(x )
k=0 n
0 n—1 o

={(-n- ; (j+><)'—n’“C(—r)+k§,0 ; (m—k+xy
=(1=n""H{(-n). (10.2)

By analytic continuation, the extremal sides of (10.2) are equal for all r. The
second equality in (10.1) follows from (4.1).

Corollary. Under the hypotheses of Entry 10,
n—1
k; o(—k/m)y=(n—n""){(-n).

Proof. Put x =0 in Entry 10 and use the fact that ¢,(0) = 0 for each r.
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Entry 11. If r is a positive integer, then
¢ (x=D+(=Yo_(—x)

( l)r dr*l
)| dx"~ -1

where if r = 1, the first expression on the right side of (11.1) is understood to be
equal to 0.

={1+(- }i()+

(7 cot(mx)), (11.1)

Proof . By (2.3),
(P_,-(x - 1) + (_ l)r(P—r(_x)

. 1
={1+(=1y}(n— ; {(k+x (x_k—l)’}'

Since

@ 1 1
T cot(nx) = Z {k+x+x—k—1}’

equality (11.1) now easily follows.

In the notebooks, p. 81, Ramanujan gives (11.1) with r replaced by
—r and states that the result is obtained by differentiating the equality
¢_{(x—1)—@_(—x)= —7r cot(nx) a total of r times. The correct number
of differentiations is —r — 1, however. Ramanujan then indicates that (11.1)
holds for negative as well as positive values of r and that Entry 7 can thus be
deduced. If we interpret

(-1y @
r— ) dx"~

as being identically O for r < 0, then, indeed, we obtain Entry 7 (but this does
not prove Entry 7).

Ramanujan next indicates a method for calculating the derivatives of
cot(mx). We are not certain what Ramanujan’s method is, but it seems to be a
more complicated version of the simple method which we describe below.
This method has been judiciously applied and generalized by Carlitz and
Scoville [1], [2]. Set y = cot(nx). Then tan~'(1/y) = nx. Upon differentiating
both sides of the latter equality with respect to x, we find that

dy
dx

Further derivatives of cot(nx) can be found by successively differentiating
(11.2). In this manner, the following table of derivatives of cot(nx) may
rapidly be calculated. All formulas are correctly given by Ramanujan, except
that he has written 2385 for 2835 in the last denominator of the last entry.

——— cot(nx)

= —n(y*+1). (11.2)
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k (— 1Dk dy*
k! dx*
0 | vy
1 yE+1
2 | P+
4 1
3 4, "2, "
y +3y +3
5 2
4 5 i} -
y +3y +3y
17 2
5 y"+2y4+15y +—

7 77 17
6 V4+zy+—=y+—y

3 115
8 y9+3y7+156y +——y +36125
9 y‘°+?y"+§y6+%y“ %yu%

Corollary. If r is any complex number, then

() %m—r%ﬂg>+@G§iﬂ=u—r“m—a

P(—3)=02-2"(-n),

(i)
(iii)
(iv)
and

)

o~ 3+ o, (—
(pr(_ %) + (pr(_

H=03-37)(-n,
D=Q+277—47)(-n),

=B+ @) =(1+27"+37"=67)(—).

Proof . Part (i) is the case n=2 of Entry 10. Parts (ii)—(v) follow from the
Corollary to Entry 10 by successively setting n=2, 3, 4, and 6, respectively.

Examples. If r is a positive, odd integer, then

@
(ii)
(iii)
(iv)
)

o(-H=06-3
pl-H=(1+27
A=) =(1+27+37 -

(=02,

—27¥ (=)
67L(=r)2,

P(—%)+ o (=B =(5-5")(-7)2,

(Pr(_%)-i_ (pr(—%)=(2+ 2—2r—1

=273 (=),
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(vi) @10+ @—75)=CB+27+ 57 —107)(-r)2,
and
(Vi) e+ o —TH)=@-27"+47+ 6T —127){(—1)2.

Proof. All of these formulas are easily established with the use of the
Corollary of Entry 10 and Entry 7. For illustration, we shall give the proof of
part (vii). By the aforementioned results,

(12— 127 (-1 = Zl < )=2i <12k>+<p.( 3).
k= k

Using Examples (i), (ii), and (iii) and Corollary (ii), we find that
e~ 1)+ o) =(12-127")(-1)/2
—B=3"(=n2-1+277 =277 (1)
—(+277 4377 =612 -2 -27){(—1)/2,
which, upon simplification, yields (vii).
Ramanujan has incorrectly given the right sides of (vi) and (vii) (p. 83). The
examples above are more commonly expressed in terms of values of Bernoulli

polynomials. For example, see the handbook of Abramowitz and Stegun
[1, pp. 805, 806].

Entry 12. For every complex number v,
2{o =)= 0= 3} =2+ D{o (=3 — 0~ %)} (12.1)

Proof. Putting n=2 and x= —4 and x= —% in Entry 10, we find that,
respectively,

o(=3)=2{o(=+ o~} =1 =27"){(-1) (12.2)

and

(=3 =2{o (=D + o (=} =1 =27"){(—7). (12.3)
Subtracting (12.3) from (12.2) and rearranging terms, we deduce (12.1).

The proof above is given by Ramanujan in the notebooks, but he has
inadvertently multiplied the right sides of (12.2) and (12.3) by —1.

L 1 ,
Example 1. kZO m =%{(3).

13
+ —7C(3).

_ 2n?
81,/3 2

Example 2.

P Gk + 1)
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Example 3 i : _r + ! C(3)
ple > L@+ 1?64 167V

1 > 91

4, 3 = 7 603)
Example k;) G 36\/§ + 216(”(3)

All of these examples follow from well-known general formulas. Example 1 *
is trivial. Examples 2-4 follow from general formulas for ¢_,,_,(—%),
@_pn-1(—23), and ¢_,,_,(—2) that can be found in Hansen’s tables
[1, formulas (6.3.10), (6.3.18), and (6.3.23), pp. 118, 119].

Entry 13. For each nonnegative integer k, define

, m Logtj Logtt'm
ck—i?:O(j; ) (13.1)

Then for all s,

(s — 1)~ (13.2)

I
C‘S’T_—l*k‘éo( e

In particular, if A, =(—1)*c,/k!, 0 <k < co, then
A =7 = 0.5772156649,
A, = 0.0728158455,

A, = —0.00485,
and

A, = —0.00034, (13.3)

where y denotes Euler’s constant.

Ramanujan did not explicitly define ¢, by (13.1). Instead, he says that ¢, is
the constant of Y 7 , (Log* j)/j, but this is equivalent to (13.1). The values of A4,,
0< k<3, are correct to the given number of decimal places.

The Laurent series (13.2) has been independently discovered several times
in the literature. Apparently, Stieltjes [2] first established (13.2) in 1885.
Furthermore, Stieltjes [2, letters 73, 74, 75, 77] and Hermite have thoroughly
discussed this result in an exchange of letters. Not surprisingly, the constants
A, are now called Stieltjes constants. In 1887, J. L. W. V. Jensen [1]
rediscovered (13.2). Hardy [7], [18, pp. 475-476] and Ramanujan [14], [15,
p. 134] himself each stated (13.2) without proof. Briggs and Chowla [1]
rediscovered (13.2) again in 19535. Later proofs have been given by Verma [1]
and Ferguson [1] in 1963 and Lammel [1] in 1966. Kluyver [1] has
established an infinite series representation for ¢,. Zhang [1] rediscovered
(13.2) and obtained other formulas involving c,.

Wilton [1], Berndt [1], and Lavrik [1] have evaluated the Laurent
coefficients of the Hurwitz zeta-function. Further generalizations to other
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Dirichlet series have been found by Briggs and Buschman [ 1], Knopfmacher
[1], and Balakrishnan [2].

Numerical calculations of the constants ¢, were first carried out by Jensen
[1] who calculated the first 9 coefficients to 9 decimal places. In 1895, Gram
[1] published a table of the first 16 coefficients to 16 decimal places. The most
extensive calculations to date have been by Liang and Todd [1] who
calculated the first 20 coefficients to 15 decimal places.

Briggs [1] and Mitrovi¢ [1] have proved theorems on the signs of the
coefficients ¢,. Uniform bounds for |c,| have been established by Briggs [1].
Improvements were later made by Berndt [1], Israilov [1], and Balakrishnan

[1].
Example 1. For |n| sufficiently small, we have

2y
"~ 1+40.00839n% — 0.0001n* + ---°

Proof. From Entry 13, for |n| sufficiently small,

{(Q+n+L(1—n

LL+n)+l(0—n=2y+24,n + 24,0 + -+

Using the values of Ay(y), 4,, and A, given by Liang and Todd [1] and
employing a calculator, we complete the proof.

In Example 1, Ramanujan, in fact, has written +0.0001n* instead of
—0.0001n*. Several of the following examples also need corrections.

Example 2. ((}$) = 10.58444842.
Example 3. {(3)=2.6123752.
Example 4. {(3) = 1.341490.
Example 5. . B%,, = 0.4409932; BY,, = —1.032627.
Example 6. B} 3 = —0.9420745; B*, ;= —1.3841347.
Example 7. B%,,, = —1.847228.
According to Gram’s [2] table of values for {(s) which has been

reproduced in Dwight’s tables [ 1], the last recorded digit for {(}5) should be 6
rather than 2. These same tables indicate that the last recorded digit for {(3) is
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3 and not 2 and that the last two digits of {(3) are 87 instead of 90. In an
earlier table of Glaisher [1], the values of {(+}) and {(3) are found to six
decimal places.

The five particular values of B} given by Ramanujan can be found by
employing (4.1) in conjunction with tabulated values of the Riemann zeta-
function. Using the value of {(3), we find that the last digit of B%), should be 3
rather than 2. The given values of BY,, and B*, are correct. To calculate
B%,, and B*, ; we need the values of {(%) and {(%) which are not found in the
aforementioned tables but which have been calculated by Hansen and
Patrick [1]. Accordingly, the last digit of B¥ ; should be 3 rather than 5.
Ramanujan’s value of B*,,, in contrast to his other calculations, is
somewhat off from the correct value —1.3860016.

For a list of all tabies of the Riemann zeta-function before 1962, consult
the Index of Fletcher, Miller, Rosenhead, and Comrie [1]. The most extensive
computations of {(s) appear to have been done by McLellan in 1968; see
Wrench’s review [1] for a description of these tables.

Entry 14. Let n> 0. Then as n tends to 0,

& 1 ap—Logn & k-1
~ 14.1
kZZ K —1) " +a, +kz'1 Q1 5 (14.1)
where
. i 1
ay = "1'13; (k; Tlogk Log Log m> =0.7946786, (14.2)
a, =31 -y =02113922,
and
B, A, _
Q1= — _ﬁﬁ—l—a k = 1,

where B; denotes the jth Bernoulli number and A; is defined in Entry 13,
0 <j< oo. In particular, a, = —0.0060680 and a5 = —0.000000475.

The numerical value for a, + Log Log 2 is found in an article of Boas
[2, p. 156]. Boas records the first six digits of a, + Log Log 2 in [1, p. 244].
The numerical values for a,, a,, and a, may be determined from (13.3), or,
more accurately, from the table of Liang and Todd [1]. While Ramanujan
correctly gives a; and a,, his value —0.0000028 for a, is incorrect.

Proof. Let t > 1, x =0, and suppose that 0 <n < 4, where A is fixed and
positive but otherwise arbitrary. Define

and g(x)=

1
f0= o MO=fO- o .

(t"—1’
Then h(t) = g(n Log t)/t and
W(t)=t"*{ng'(n Logt)— g(n Log t)}. (14.3)
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Fix an integer N > 1. Applying Taylor’s theorem to g and to g', we see from
(14.3) that

N (nLogt)

ch,(t) = .;0 .T_ {ng(” 1)(0) — g(j)(o)}
L N+1
%{ng(N+2)(91)_g(NH)(HZ)}’ (14.4)

where 0 < 6,, 8, <n Log t. By the definition (I1) for the Bernoulli numbers,
g%(0) _ By

J! G+’

Thus, as x tends to 0, g™(x) tends to By, /(N + 1). Using the fact that

j=o0. (14.5)

1 0
gx)=——+ 3 e *rvx x>0,
X k=0

we find that g™(x) tends to 0 as x tends to oo. Hence, g'¥(x) is bounded for
each fixed N, and so the last expression in (14.4) is O({n Log t} * 1), where the
implied constant is independent of n and t. Using (14.5), we deduce from (14.4)
that

N (j)
t2h(t) = zo gj' {nj(n Log ty ™' — (n Log ty¥'} + O({n Log t}¥*1)
~
J d (Loglt
Zi%j;ﬁua<‘f )+ounquN“y (14.6)
; !

Next, apply the Euler—-Maclaurin formula (13) with 0, k(t), 1, and m playing
the roles of n, f(t), o, and B, respectively. Since h(1) = — 3, we find that

ih@:jmmom+1+ﬁ@+Jmmmwmm. (14.7)
k=2 1 4 2 1
From (14.6) and (14.7), it follows that

m m 1 hm)
kZz h(k) =J‘ h(t)dt + - 4 + BN

1

N B, (™ d {Log't
+;Mﬁﬁj‘mm5(°f>m+mﬂ“x(M&
J= tJl

where the implied constant is independent of n and m. We now evaluate the
integrals on the right side of (14.8). First,

m 1 "—1 m
dt=-L
L h(t) n °8 (t" Log t) 1

"1 L
=1Log<m >_ og Logm _Lo::;n' (149)
n

m" n
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By the Euler-Maclaurin formula (I3),

m d (Logit
Py <
L l(t)dt< ; )dt

(él Loffk_ L'" Lotgj t dt_L(;im:ki Lofj k_Lc;gi*l‘m
| e

A

L ‘%(”?171)’ j=0.  (1410)

Using the integral evaluations (14.9) and (14.10) in (14.8) and then letting m
tend to oo, we find that

ag Log

Zf(k)——— +4+ By — 2>+z Bieae; | oo,

U +1)'

where c; is defined in (13.1). The asymptotic formula (14.1) now readily
follows.

Corollary 1 is a restatement of (14.2).

Corollary 2. For s> 0,

2 1 © A, s
= —y)s— 14.11
kgz ks+1 Lng LOgS+C+(1 ')))S kZZ k B ( )
where
c=% 1 iy ¥ A (14.12)
k= 2k2 Lng k=2 k ’ )

and where A;, 1 <k < o0, is defined in Entry 13. Furthermore, C = 0.2174630,
1—y=04227843, —14,=-0.0364079, —4%4,=0001615, —1A,
= 0.000086, and — 14, = —0.00002.
Proof . Replacing s by x + 1 in (13.2) and integrating over [1, 5], we find that,
for s >0,

© 1 0

U R LI |
2 Logk T P Logk T°

* 0 k__
=j f(x + 1) dx=Logs +9s— ) + 3, 2t =D,
! K=2 k

Hence, (14.11) and (14.12) follow immediately.
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The numerical coefficients of s*, 1 < k < 5, are now found by employing the
table of Liang and Todd [1]. The value

k;z k2 LOg k

was calculated by J. R. Hill on his PDP11/34 computer. Using this
computation along with the tables of Liang and Todd [1] and the bounds
|A,| < 4/(kn*), 1 <k < o0, of Berndt [1], we derive the proposed value of C.

=0.605521788883

Ramanujan’s version of Corollary 2 contains some minor discrepancies;
his coefficients of s* and s* are 0.001617 and 0.000085, respectively.

Entry 15. Let u> —1 and 0 < x < 1. Then

e (x=1)—g(—x) _ <nr ® sin(2nkx)
are+n O\ 7 )&y

Proof. Recall, from Titchmarsh’s treatise [3, p. 37], Hurwitz’s formula

s\ & cos(2nka)

toa-2ra-o (3 ) £ T

ns\ & sin(2nka)
+ cos <?> kgl W}, (151)

where 6 <1 and 0 <a < 1. By (2.4) and (15.1), the desired formula readily
follows.

Entry 16. Let u> —1 and 0 < x < 1. Then

o x— 1)+ @, (—x)—2{(~r) —sin[™) ¥ cos(2mkx)
4r(r+1) T2 /)& Quky

Proof. The proof is completely analogous to the previous proof.

Corollary 16(i). Let p and q be integers with O < p < q. Then if r is any complex
number,

- (o)
CICRUEY N\
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Proof . Using Entry 15 and putting k=mg+j, 1 <j<¢,0<m < o0, we find
that, for r > 1,

(2ng) 4 p
4I—(r) {(pr—l <& - 1) P <_ a)}

=_sm( ) i 2nkp/q)

Y £ 1 2njp\ & 1
=—in(%) £,n(*2) £ ey

The result now follows from (2.4) for r > 1 and by analytic continuation for
all r.

Corollary 16(ii). Let p and q be integers with 0 <p <gq. For any complex
number r,

(2ng) p p -

4r(r){<p,-1<a—1)+¢,-1<—a>~2(1—q )C(l—r)}

= —cos(™)S cos(Z Ve —o (L 1)L (162
2= q q

Proof. The proof is similar to the previous proof, but, in addition, uses the
functional equation (4.2).

For the next few results we shall need Ramanujan’s extended concept of
the Euler numbers from Chapter 6, Section 25. Define

L 20
"2y

where r is any complex number, and where

L), 17.1)

Lis)= kio (— ) Qk+1) >0, (17.2)

It is well known (e.g., see Davenport’s book [1, Chapter 97]) that L(s) can be
analytically continued to an entire function.

Entry 17. For each complex number r,

2 cos(nr/2)E¥,

(Pr(—%)‘(pr(_%) 4r+1
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Proof. Put x =1 in Entry 15 to get, for u> —1,

o= —o(=% _ nr\ & sin(nk/2)
arer+ 1) ‘—COS( )kZI Qrky T
cos(nr/2)

cos(nr/2)E¥, |
0 +1)°

by (17.2) and (17.1). The desired result now follows for u > — 1. By analytic
continuation, the proposed formula is valid for all r.

Corollary. For u<0,

z (= D2k + 1)’=5cos(2 )E;“H.

Proof. By Entry 17 and (2.3), with u <0,

2 cos(nr/2)E}
(4r~{1) = =(P,('_%)—(P,(—%)

{(e—2y —(k -3y}

e

=47 Y (1K1,
k=0

and the result follows.

Entry 18. For each complex number r,

* 7\ E¥
cos< > )E1 ,=2L(r)= <5> F(T) (18.1)

The equalities in (18.1) yield the functional equation of L(r),

L{r) = cos (1‘2-’-) G)Hm — AL —7),

found, for example, in Davenport’s book [1, p. 69].

Proaf. We present here Ramanujan’s argument.
By (17.1), the “constant” for the series L(r) is

@2 .,

Lr)= e
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But by the last corollary, the “constant” for L(r) is also equal to
3 cos( 2 >E1“ ,

Since these two constants must be equal, (18.1) follows at once.

Ramanujan’s derivation of the next corollary was evidently very similar to
his argument for Corollary 4 in Section 4.

Corollary. We have

(N1

< (=1 >
nl 3+ =L(3).
< 1 2k — 1+ 2k + 1 ’
Proof . Since the proof is very similar to that of Corollary 4 in Section 4, we
shall present only a brief sketch. If we replace f(x) by f(x+ n/2) in
Titchmarsh’s text [1, pp. 153—154], we find that

2Lt S (DMK + 1P — 2k — 1))
k=1

—2”+Zcos< 5 )F(p+ 1)L(p + 1),

where 0 < p < 1, after a completely analogous argument. Putting p =13, we
complete the proof of the Corollary.

Entry 19(i). Assume the hypotheses of Corollary 16(1) with the additional
assumption that q is odd. Then

(2nq) p p
4T(r) {“’"1<5‘1)*"’"’(_?1)}

a-1)2 , . .
~sm<2>(j;i sm<2%p—){(p_,<é~l>—(p,,(—]a)}.

Proof . On the right side of (16.1) replace j by g — j in that part of the sum with
(g+1)2<j<q-1

Entry 19(ii). Suppose that all hypotheses of Corollary 16(ii) hold. Assume also
that q is odd. Then

(2rq) p

4r(r>{"’"‘<?1_1)+“" ‘( q) 25(1*”}

_ nr (g—1)/2 27[]p i_ _l
_cos<?> j; cos(—q—){q)_,(p 1>+(p_,< q)}
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Proof . Using (16.2), proceed in the same fashion as in the previous proof. In
addition, the functional equation (4.2) must be employed.

Ramanujan’s version of Entry 19(ii) is incorrect (pp. 86, 87).

Corollary 1. Let u > 0 and suppose that 0 < x < 1. Then

gt i sin(mkx) cos(mkx + nr/2)
T(r+1) 1) = kr+t '
Proof. By (2.4), (4.2), and (15.1), we find that foru>0and 0<x <1,
2r—ln.r+1 r—1_r+1

Tr+1) o (—x)= m{((—ﬂ—((—r, 1—x)}

= 1sm< >C( + 1)+lsm< > i cos(2+7c1kx)
2 x kr

+ —cos il
2 2/
1

1 T
=§k=1k’“{ sm<2>+s1n<27rkx+ 2)}

sin(nkx) cos(nkx + nr/2)

o0
= k§=:1 kr+ 1 4

upon using the identity —sin A + sin(A + 2B) =2 sin B cos(4 + B). This
completes the proof.

—

sin(2nkx)

kr+1

18

1

8

Corollary 2. If 0 < x < 1, then

& 1 1 ® sin(2nkx)
- =2y e
kZ'o<\/k+x \/k+1—x> ,;1 Jk

Proof. Set r = —4 in Entry 15 and use (2.3).

Entry 20. If r is any complex number, then

6 r
2\([”;( . (Or (= 1) = Pr_r(—F)} = sin(%){qo_,(—%)—fpﬂ(—%)}-

Proof. Put p=1 and ¢ =3 in Entry 19(i), and the result follows.

Section 21 appears to have no relation to the other material in Chapter 7.
In Entry 21, Ramanujan writes

%( nx >_(1+x i ( )go(k)x", 21.1)

1+x
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where

0¥ =9, 109 — 1 +exp (M)

r!

with ¢ (x) = ¢(x), and where
Pr — Z (___ 1)k+ lerk.
k=1

We have been unable to discern the meaning of this result, since the
recursively defined functions ¢,(x) have not been connected with (21.1) in any
way. We shall regard (21.1) as the definition of ¢ . Setting u = nx/(1 + x) and
p=u/n, we find that (21.1) becomes

0o)= 3. (Z) QU1 —py (12)

In the following corollary, Ramanujan gives a formula for ¢ () in terms
of the derivatives (1), 0 <j < oo. Note that ¢ (u) is the expected value of
@(u) if u denotes a random variable with binomial distribution b(n, k; p).
Ramanujan alludes to Entry 10 of Chapter 3, where he gives a formula for the
expected value of (u) in terms of Y (u), 0 < j < oo, where u denotes a Poisson
random variable. However, the latter result appears to be considerably
deeper than the present corollary.

Corollary. Let u and n be fixed, where 0 < u < n and n is an integer. Let ¢(z) be
analytic in a disc centered at u and containing the segment [0, n]. If ¢ (u) is
defined by (21.2), then
) ©
¢ (u) n ; o
0y ( )(k —wiph(1 —py . (213)
i=o J' So\k

Proof . Expanding ¢(z) in its Taylor series about u, we find that

n © )
o)=Y (" y 2 .(u) (k—uyp* (1 —py~*
k ji=o0 ]'

Ingl]

(1) =

The equality (21.3) now follows by inverting the order of summation.

Observe that the Corollary even holds when n is an arbitrary positive
number, provided that p < $and ¢ is a polynomial. It would be interesting to
find more general conditions under which (21.3) holds.

Entry 22. Let A, =0. For each nonnegative integer r, r#1, set A, =
{1 +(=1)Y}(r). If n is a natural number, then

0

kzl k"(k+1 Z": <_Z)
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Proofs of Entry 22 have been given by Glaisher [3], Kesava Menon [2],
and Djokovic [1]. Entry 22 is identical with Entry 35 in Chapter 9. The
following example is the special case n =3 of Entry 22.

0 1 )
Example. k; (ST 10 — =2,

Entry 23 offers Stirling’s well-known asymptotic expansion of
Log I'(z + 1). (E.g., see Whittaker and Watson’s treatise [1, p. 252].)

Entry 23. Let |arg z| <m. Then as |z| tends to oo,

BZk

Log(z+ 1) ~(z+3) Log z — z+ 1 Log(2n) + Z W

Ramanujan remarks that $ Log(2n) = 0.918938533204673, which is cor-
rect (Abramowitz and Stegun {1, p. 3]).

We quote the following corollary exactly as it appears in the notebooks,
p. 88. This approximation for the gamma function is remindful of Corollaries
6-8 in Section 4.

Corollary. When x is great e*I'(x + 1)/x* =, /2nx + ©/3 nearly.

Proof. From the familiar asymptotic expansion (I16) for I'(x), as x tends

to oo,
eT(x+1) 1 1
/2 (1 s toma T ) (23.1)

But, on the other hand,

1
dmx+ L=/ LI — ). (232
nx+ 2mx 1+ 27rx<1+ by~ 7882 ) (23.2)

Thus, Ramanujan’s approximation is reasonable, but observe that the
coefficients of x 2 in (23.1) and (23.2) are of opposite sign.

Entry 24 and its corollary are restatements of Corollaries 3 and 2,
respectively, of Section 4.

Entry 25. For every complex number z and positive integer n,

I—I (Z + k) _ (2n)(n—1)/2n—z—1/2r(z + 1)

Entry 25 is a version of Gauss’s famous multiplication theorem for the
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gamma function (Whittaker and Watson [1, p.240]). Corollary 1 is the
special case z = 0 of Entry 25.

Corollary 2. T'(3) = ./T(}) Y2 /3.

Proof. Put n=2 and z = —% in Entry 25 to get [($)['(}) = /72'T'(3). By
Corollary 3 of Section 4, T'($)I'($) = 27r/\/§. Combining these two equalities,
we achieve the desired result.

Corollary 3. For every complex number z,

T+ 1)=T (Z;rl)r(z >2z

Corollary 3 is Legendre’s duplication formula and is the special case n =2
of Gauss’s multiplication formula, Entry 25.

Corollary 4. Let |arg z| < n. Then as |z| tends to oo,

By (2! 7 -1)

LOgF(Z+2)~ZLOgZ—Z+ LOg 27I)+ Z m—f

Proof . Replacing z by 2z in Corollary 3, we find that
Fe+4) JalRz+1)
z2+3) =g ———.
2T2ET(z+ 1)
Take logarithms on both sides and apply Entry 23.
Ramanujan inadvertently multiplied the infinite series above by —1.

The Maclaurin series in Entry 26 is well known (Abramowitz and Stegun
{1, p. 256]).

Entry 26. For |z| < 1,

LogI'z+1)= —yz + i -C-(k—)(k—_i),
k=2

where y denotes Euler’s constant.

Corollary. For |z| < 1,
Log{3T'(z + 3)} = 0.9227843351z + 0.1974670334z>
—0.025685634423 + 0.0049558084z*
'—0.0011355510z° + 0.00028634372°
—0.0000766825z" + 0.000021388328
—0.0000061409z° + 0.00000180132%° + .... (26.1)
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Proof . Using Entry 26, we find that, for |z| < 1,
Log{3T(z+3)} = Log(%z +1)+ Log(z + 1) +LogT(z+1)

@© 1k+1 k © 1k+1k
5 E() L S

ey 3 S0C

The given numerical values for the coefficients of z*, I < k < 10, now follow by
direct calculation. Numerical values of {(k), 2 < k < 10, may be found in the
tables of Abramowitz and Stegun [1, p. 811] or Dwight [1, p. 224].

In Ramanujan’s formulation of (26.1), he replaces the tenth and all
succeeding terms by the single expression 0.00000540472z'%/(3 + z).
Our calculations below were determined from the values of I'(3), I'(3), and
I'(7%) found in Fransén and Wrigge’s tables [1]. Ramanujan inexplicably
gives the value 0.5341990853 for Log I'(3).

Example 1. Log I'(3) = 0.3031502752.
Example 2. Log I'(3) = 0.1211436313.
Example 3. Log I'($%5) = 0.0663762397.

Entry 27(i). Suppose that n is a natural number and that |z| > n. Then

2nz H ( ( :k) ) 2(:_'!'>2 sinh(nz) exp<i Lz(ffk(l))

27.1)

Proof. Using Euler’s definition of the gamma function (Whittaker and
Watson [1, p. 237])

~ (k= 1) k7
F@)=lm k=1

which is also Example 2, Section 4 of Chapter 6, we find that
I*(n+1)
I'n+1+4i2)I'(n+1—iz)

{(n+ 12 +22 {(n+2> + 22} - {(n + k)* + 2%}
_,ﬁ(,o n+ 1) n+2? - (n+k)?

- ,ﬁ ( i+ ﬁ“ﬁ) . (27.2)
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On the other hand,

2nzl%(n + 1)
Fn+14+i2)I'(n+1—iz)

B 2nzl*(n + 1)
T A )1+ 252 - (L + AT + )T —iz)°

Using the Maclaurin series for Log(1 + y) with y = k?/z2, 1 <k <n, we find

that
n k2 -1 n k2
I1 <1+ ) —exp<— Y Log<1+—z—2—>>
k= k=1

= exp< i %@) (27.4)

= jz

(27.3)

provided that |z| > n. Also, by Corollary 3 of Section 4,
2nz _ 2n
(1 +izT(1—iz) iC(iz)[(1 — iz)

Now substitute (27.4) and (27.5) into (27.3). Comparing the resulting equality
with (27.2), we readily deduce (27.1).

= 2 sinh(nz). (27.5)

In Ramanujan’s formulations of Entries 27(i) and (ii), pp. 89, 90, instead of
2 sinh(nx), there appears e™ — e~ ™6, but e~ ™6 is struck out. In a footnote,
which is also struck out, Ramanujan says that “0 = cos 2nn exactly or very
nearly according as 2n is an integer or not.” A two-line solution to Entry 27(i)
is also crossed out.

Entry 27(ii). Under the same hypotheses as Entry 27(i), we have
2yn+1/2 z?
2n(z% + n?)" l_[ ( @ +k)2>

= 2(n!)? sinh(nz) exp <2n —2ztan™! (—) Z = I)Z?Z;Szj >, (27.6)

where

N G e S et VY A
U Q- D) 2k + 1) > J=

Proof . First,

(22 + n2)n + 1/2/Z — zZne(n +1/2) Log(1 +n2/zz). (277)
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Multiplying both sides of (27.1) by (z% + n2)"* 1/2/z and utilizing (27.7), we find
that, for |z| > n,

ZZ
2a(z% + n?yt 12 ” ( (n+k) )
__1)k+1n2k © (—1)"(/321‘(")).

. o
= 2(n!)? 2
2(n!)? sinh(nz) exp <(n +32) k; T i k2

(27.8)
Comparing (27.6) with (27.8), we see that it remains to show that

& (=D & (=1 eu(n)
L
2 ;1 kZZk + kZl kZZk

=2n—2z tan‘1<g) + f (ZD'BuSy; (27.9)
J

2j—1
= jzH

By Entry 1 and the remarks prior to (1.6), since C(—2k) =0,k>1,

)k 2k+1

kD)2 T 2kz2"

)k 2k

—1) ‘PZk(") i

kZZk

M8
Ms

4§ D Bep

4 k2 A Q) k—2j + D!

Now a short calculation shows that

(27.10)

( l)k 2k+1 @ (_l)ank © (
Z @k 0 T e T 2

B «© (__1)k+1n2k+1 _ - n
= ZkZIW—-Zn 2z tan 2 .

Thus, we only need yet to examine the double sum in (27.10). Inverting the
order of summation by absolute convergence, we find that this double series
becomes

i B © (—1)"(2k)' n2k—2j+1
& () 2 k(2k—2j + 1)) 22%

Z —1YBy; & (= D*Qu+2))! <n)2““
270 S0 ) (u+) 2 + 1) '
After a slight amount of simplification, the double series above is easily seen

to be equal to the series on the right side of (27.9). This completes the proof of
(27.9) and hence of (27.6).
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Entry 27(iii). Let n be a positive integer and suppose that x> 0. Write
r’ =n®+ x* with r >0 and put B =tan '(x/n). Then as x tends to oo

2
Log{zn(x e H( (n+k)2>}

~2Log(n) +2n+2xf— Y sz COS{(2’< — 1)}
k=1

1)r2k 1

Proof . Using (27.2) and Entry 23, we find that, as x tends to oo,

e

o (m{(n— DA 4 Ry
_Log{ T+ 1+ il + 1 —ix) }

=Log(2n)+2LogI'(n)+(2n+ 1) Logr
~LogT'(n+1+ix)—LogI'(n+1—ix)

~Log(2n)+2 Log'(n)+ (2n+ 1) Log r
—(n+ix+1) Log(n + ix)

—(n—ix + %) Log(n — ix) — Log(2n) + 2n

@ By {(n+ix)* "t +(n—ix)* "1}
k=1 2k(2k - l)rZ(Zk_ b

The desired result now follows since n + ix = re'®.

We are very grateful to J. W. Wrench, Jr. for supplying several references.



CHAPTER 8

Analogues of the Gamma Function

The first 14 sections of Chapter 8 comprise but 4% of the 12 pages in this
chapter. Initial results are concerned with partial sums of the harmonic
series and the logarithmic derivative y(x) of the gamma function. As
might be expected, most of these results are very familiar. Ramanujan
actually does not express his formulas in terms of y/(x) but instead in terms of
w(x):Zfz ; 1/k. As in Chapter 6, Ramanujan really intends ¢(x) to be
interpreted as y(x + 1) + 7, for all real x, where y denotes Euler’s constant.
These 14 sections also contain several evaluations of elementary integrals of
rational functions. Certain of these integrals are connected with an interesting
series ) 7=, 1/{(kx)*>—kx}, which Ramanujan also examined in Chapter 2.

Sections 17-24 constitute the focus of Chapter 8 and are rather more
mathematically sophisticated than the initial 14 sections. Essentially all of the
results in these last sections appear to be new. Ramanujan studies several
intriguing analogues of the gamma function. In particular, he derives
numerous analogues of Stirling’s formula, Gauss’s multiplication theorem,
and Kummer’s formula for Log I'(x). Ramanujan continues this study in
Sections 27-30 of Chapter 9. The results in especially Chapter 9 are related to
a generalization of I'(x) studied by Bendersky [1] and Biising [1]. Post [1] has
considered another type of generalization of I'(x), but this appears to be
unrelated to Ramanujan’s work. One of the difficulties in examining Sections
17-24 is that Ramanujan initially defines an analogue ¢(x) of Log I'(x + 1)
for only positive integral values of x by a finite sum with upper index x. He
then develops properties of an analytic extension of ¢(x), but he invariably
does not share with us his more general definition of ¢(x).

Recalling Lerch’s formula for Log I(x) in terms of the Hurwitz zeta-
function, for some of Ramanujan’s extensions, we have defined ¢(x) by
similar types of formulas involving the analytic continuation of the Hurwitz
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zeta-function. Although Ramanujan had no firm grasp of analytic continu-
ation, we think that Ramanujan somewhat nonrigorously used an approach
like this. It is interesting to note that this circle of ideas has independently
been observed by H.M. Stark [2]. However, whereas Ramanujan was
primarily interested in analogues of Log I'(x), Stark’s interest is in using the
Hurwitz zeta-function and its analytic continuation to determine values of
zeta and L-functions at nonpositive integers. It also might be remarked that
Berndt [4] and Milnor [1] have shown that the main properties of the
gamma function may be established by using only knowledge about the
Hurwitz zeta-function.

If L(s, x) denotes the classical Dirichlet L-function associated with the
character y, then there is a classical formula for L'(0, x) that depends upon
Lerch’s formula for Log I'(x). Analogues have recently been established for
other L-functions, e.g., p-adic L-functions, and analogous of Lerch’s formula
naturally arise. (See papers of Ferrero and Greenberg [1], Gross and Koblitz
[1], Moreno [1], and Shintani [1].) It is hoped that some of the analogues in
Chapters 8 and 9 might have similar applications.

Throughout this chapter, the real part of a complex variable s shall be
denoted by o.

Ramanujan begins Chapter 8 by stating “B¥ cos(znr)/r + 1/r, when r
vanishes, is a finite quantity which is invariably denoted by c,; it is the
constant of S; ....” In order to understand this claim, we must recall
Ramanujan’s definition of Bernoulli numbers. Interpolating Euler’s formula
for {(2n), Ramanujan, in (25.1) of Chapter 5, defined extended Bernoulli
numbers B} by
B* — 2(r+ 1)

’ @2ny

where now we assume that r is any complex number. In Chapter 7, Entry 4,
Ramanujan showed that {(r) = B¥_, sin(3nr)/(1 — r), for any complex number
r. Thus, Ramanujan’s opening remark may be expressed as

lim {{(1 -+ l} = ¢,
r—=0 r

Of course, this is well known, and ¢, =7, Euler’s constant. In Ramanujan’s
notation, S; =Y 1/k. We remark that in Chapter 7 Ramanujan derived the
full Laurent series of {(1 —r) about r =0 in Entry 13.

Next, Ramanujan remarks that y=0.577215664901533 and e '=
0.56145948356. The former calculation is correct, while in the latter, the
last recorded digit should be 7. (See Abramowitz and Stegun [1, pp. 3, 2],
respectively.)

£(r), (1.1)

Entry 2. As x tends to oo,

X

Y l~Logx+y Y
=1k K=

B
e
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This asymptotic expansion is well known and is due to Euler. For the
usual proof, via the Euler—Maclaurin summation formula, sec Bromwich’s
book [1, pp. 324, 325].

Entry 3. If x is real, then

1 © {1 1 X 1
il {rk+x}=xk§ ) ¢1)

Now if x is a positive integer, Entry 3 is a complete triviality. In essence,
Ramanujan defines a function ¢(x) (Y <, 1/k in Ramanujan’s notation) for all
real x by (3.1). Ramanujan adopts this convention in Chapter 7, equation
(2.3), as well.

Entry 4. For |x| < 1,

- ki (— 1)+ 1k + 1), @.1)

x| -

2
k<x

This result again needs interpretation. From the Weierstrass product of
the gamma function (see, e.g., Whittaker and Watson’s treatise [1, p. 247]),

Mx+1 ® 1
D 42
Ix+1 Z {k k+ x} (4.2
where x is any complex number. In particular, if x is a positive integer, then
'x+1) 1

INx+1) +v=k;?

Thus, in place of the left side of (4.1), it is more natural to take the left side of
(4.2), which is in agreement with (3.1), and with this alteration (4.1) is valid. In
fact, Entry 4 is identical to Example 2 of Section 6 in Chapter 6. See also (5.4)
and (5.11) in Chapter 6.

Entry 5. For any complex number x,

= 1 1
kgl {k iy & —x} =7 cot(nx). (5.1)

Entry 5 simply records the familiar partial fraction decomposition of
cot(nx). (Ramanujan incorrectly multiplies the right side of (5.1) by —1). A
very short proof may be given as follows. Logarithmically differentiate the
reflection formula I'(x)["(1 — x) = =/sin(nx) to obtain

'x) TI'(l—-x)
I(x) I(1-x)

= — 1 cot(mx). (5.2)

Then employ (4.2).
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In the sequel, we shall employ the familiar notation (x)=I"(x)/T'(x),
whereas Ramanujan expresses his results in terms of

Mx+1)

?0=Tr

(which he regards as Y , ., 1/k).

Entry 6. Let n denote a positive integer and suppose that x is any complex
number. Then

m(x + 1) — Z \//<§Lk—+—1> =n Logn.

This result is well known (see Gradshteyn and Ryzhik [1, p. 945]) and
arises from the logarithmic differentiation of Gauss’s multiplication theorem.
Corollary 1. Let |arg x| < 7. Then as |x| tends to o,

By(1-2'"%
kxlk '

Proof . Differentiate both sides in Corollary 4, Section 25 of Chapter 7.

Y(x +3)~Log x + Z

Corollary 2. If n is a positive integer, then
n—-1 k
Y l/l(—) = —(n—1)y—nLogn. (6.1)
k=1 n

Proof . Setting z=x + 1 in Entry 6 and letting z tend to 0, we find that

50t -+ o
k=1 n z—=0 n

By using (4.2), we easily find the foregoing limit to be —(n — 1)y, and this
completes the proof.

Corollary 3. We have

(i Y()=—y—2Log 2,
i N —y—3Log3——,
(1) Y(3) v—3 Log NG
(i) Yd) = —y—3 Log 2— g
(i) n//(%)=—y—zLogz_gLog3_”2£,
and

(v) WE - WEH=-7+m
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Proof . Part (i) follows from putting n = 2 in Corollary 2. Part (ii) follows from
Corollary 2 with n =3 and (5.2) with x = 1/3. The proofs of (iii) and (iv) are
similar.

Corollary 4. If n is a positive integer, then

n 2k
£

2; 1) = —ny —n Log(4n).

Proof . Replacing n by 2n in (6.1), we find that

2n—-1

z l/l( ) = —(2n— 1)y — 2n Log(2n). (6.2)
Subtracting (6.1) from (6.2), we achieve Corollary 4.

Entry 7. If x is a positive integer and a and b are arbitrary complex numbers,

then
a
"’(E”“) _‘/’(b ) bz a+bk

Proof . This result is an easy consequence of (4.2).

Entry 8. If a and b are arbitrary complex numbers, then

a+2b a+b\ _ & (-1
"’( 2b )"”( 2b >‘2ka1 a+bk

Proof . The desired formula follows easily from (4.2).

Entry 9, If Re x >0, then

1 1 Yoy
— =yl-+1)— . :
w<2x+l> !//<x+ > Log2+xf0 1_}_uxdu 9.1
Proof . By (4.2),
1 N {1 2x
41 = i _——
"’(2x+ )” Jim 3, {k 2kx+1}
1 2N {1 b
—+1 = li —— >,
¢<x+ )+y NT:O;‘Zl {k kx+1}

1 1 . 2N | 2N (_1)k+1x
—+1]—yYl—+1)=1 — Z Yt
!/’<2x " ) l/l(x * > NI-I};{ k=;+1k+k§=:1 kx+1

1k+1
~Log 2 + ;1( )+1

and

(9.2)
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Now, if Re x > 0,
© (_1)k+1

J el J Z( D+t d e 9.3)

Combining (9.2) and (9.3), we obtain (9.1).

Entry 10. If Re x <0, then

1 L 1—u
l//(l—;) +y=—xL u(T_—l)du

Proof . If 0<u <1 and Re x <0, then |u™*| < 1, and so

P l-u P k -1
—Xx| ——du=x u " —u " du
[t [ 5 )

u 0 k=1

X X 1
=,‘Zl{1—kx +;}

Appealing to (4.2), we complete the proof.

Observe that the integral in Entry 10 diverges if Re x > 0. In the integrand
Ramanujan has incorrectly squared the expression 1 —u in the notebooks,
p. 92.

For brevity, in the sequel we shall put

P(x)=1+ Z (kx)3 (11.1)

Entry 11. If x is any complex number, then

1 1
l/’(;) +¢<1 —;> = —2y — x¢(x).
Proof . Using (4.2) below, we get
1 1 1 1
o(5) +o(1-3) - —erv(1eg) eo(1-])

x {2 x x
=—2 _— i —
7 x+z{k kx+1 kx—l}’

from which the desired result follows after a slight amount of simplification.

Entry 12. If Re x > 1, then

f &du_q,(x)
0 1 —u”
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Proof. We have
1,x-2 2 1
w1l —u ©
J ~—(—x—)du= j Y U220+ UMY du

o l—u
& 1 2 1
_kgl{kx—l —7<_x-+kx+1}’

and the result follows.

Entry 13. If Re x > 0, then

1 x

1 T T u
2x) —4g(x)— ~Log 2=1— —csc| — | —
@(2x) — 70(x) - Log 7 CSC(x> L T

du.  (13.1)

Proof. By Entry 11 and (5.2),
- ) e(=3) e
{2 <l> + 7 cot <n> + 2y}
X
=——{2l/l< ) 2x+ncot<x>+2y}

Thus, using this last equality and Entry 9, we find that, for Re x >0,

(p(2x)—%<p(x)—£Log2= 1 +%{l//<1 +%) —l//<1+ 2—1x—>—Log 2}

3ol
[t ()

In the notebooks, p. 92, in place of the right side of (13.1), Ramanujan has
written

w -1 k
“logarithmic part of Z +) T

1 u* © (_1)k
1- du=
L T L T

Now, for Re x >0,

but this provides only a partial explanation for Ramanujan’s formulation.
The next two examples are easily established by expanding the integrands
into geometric series.
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Example 13(i). If |x| < 1 and Re n> 0, then

l)k nk+1

f 1+u kgo nk+1

Example 13Gi). If |x| <1 and Re n> 0, then

x du © xnk+l
JO 1—u"=k=onk+1'

The next two examples are trivial.

Example 13(ii). If |x| <1 and n is odd, then

* du _|F du
o l—u" Jo L+ (=)

Example 13(iv). If | x| <1 and n is even, then

T du (T dw 1% du
Ol_un'_z 01+un/2 2 Ol_un/Z'

Example 13(v). Let | and n be positive integers with | <n + 1. If n is even, then

xldx 1 (-1
(@) fx"——l _ELog(x—l)-k " Log(x +1)
1 4n31 2rl
+- Y cos<ﬂ> Log <x2 — 2x cos <@> + 1)
n =1 n n

24t Orln _; [ x —cos(2rn/n)
~= ~—Jtan YT}
n ,Z‘l sm( n ) an ( sin(2rn/n)

If n is odd, then

() J"H dx _ (—In)x‘lLog(x+ 1)

x"+1
$n=1) - 2r—1
_! Y. cos (M) Log (xz — 2x cos ((_r_)z> + 1)
n ,=1 n n

N 2 é(nZ y ((2r— 1)ln> tan- ! <x — cos((2r — 1)n/n)>'

[ n sin((2r — D)x/n)
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Example 13(vi). Let | and n be positive integers with 1 <n+ 1. If nis odd, then

(@ jx;;:dx = %Log(x -1

1
1 #a=1) 2
+=- Y cos(zrl )Log(x —2x cos( m) +1>
n = n n

—gﬂ’il)sin %rﬁ tan-" X — cos(2rn/n)
. - ).

/ I—— sin(2rn/n)

If n is even, then
o [
C 18 (Y L5171
L2 i <(2r—1)ln> tanﬂ(x—. cos((2r—1)7t/n)>‘

sin((2r — 1)m/n)

The integrals in Examples 13(v), (vi) may be routinely evaluated by
expanding the integrands into partial fractions. Moreover, these four in-
tegrals may be found in the tables of Gradshteyn and Ryzhik [1, pp. 64, 65].
Ramanujan inadvertently omitted the latter summation sign in
Example 13(vi), (b).

Entry 14. Let

Then
(i) A; =Log(l+x),
(i) A, =tan"!x,

(i) A, =1L°g<(1+x):>+Ltan*1(x\/§>,

6 14+ x \/§ 2—x

2
V) A, = 1 Log<1+x 2+x)+ tan (xf)
4.2 1-x/2+x%)  2,/2 1—x?

»
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1 (1 +x)5) 1 (1 +4x(/5—~ 1)+x2)
As = —Log{—~2 | + —_L
) As 20 Og<1+x5 +4ﬂ o8 1—%x(\/§+1)+x2
1 N x\/10+2\ﬁ)
— V1 Stan ! M1V
+1 0+2,/5 tan <4+x(\/§_1)
1 N x\/10—2ﬁ>
—/10-2/5tan (X0 )
1 VS tan <4—x(ﬁ+ 1)

(i) Ag =3tan"'x+Litan "' x3 +

1 Lo (l+x 3+x2>

a3 F 1—x/3+x2/)
2

(vil) Ag =V2;\/§{L0g(l+“2+ﬁ+x>

1—xﬁ+7+x2
+2tan1<@)}

—x2

+M{Log<1+x 2~\/5+x2>

16 1—x./2~~\/_2_+x2
+2tan‘1(#>},
and
_ 6+2/5,  _ (x/6+2/5
—1 1 1
(vili) A;p=%tan~!x+ 20 tan (2(1—x2) )
6—2 -
+ \/gtan'l X/ 6 2\/5
20 2(1 —x?)

+mLog<l+%x\/r2\/§+x2)
1—3x/10+2,./5 + x2
.\ 10—2ﬁL0g<1+%xM+x2)_
B VN

Proof . Parts (i) and (ii) are elementary.
To prove (iii) we put n=3 and I =1 in Example 13(v), (b) to get

* du
L m=%1~0g(x+ 1) —% Log(x* — x + 1)

+ % {tan“ (bi/%l) +tan~! (ﬁ)}

and the desired formula for 4, follows upon simplification.
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Before applying Example 13(vi), (b) to prove (iv), it is perhaps best to
employ the fact

" N
tan“1<Tf—:26~S—9> ——tan‘1<x—sircl9g—0> =in—0 (modn). (14.1)

Putting n=4 and I =1 in Example 13(vi), (b) then yields

Ayg=— 4—\1/5 {Log(x> — x,/2 + 1) ~ Log(x? + x/2 + 1)}

+ L {tan_‘<~——~x ) + tan‘1<———x >}
2\/5 \/5 —X \/i +x/)
Part (iv) now readily follows.

The remaining calculations are similar to those above but are somewhat
laborious. All computations are facilitated by using (14.1). To prove (v), put
n=5and /=1 in Example 13(v), (b). Parts (vi)(viii) follow from putting
I=1and n=6, 8, and 10, respectively, in Example 13(vi), (b).

There are two discrepancies between our formulation of Entry 14 and that
of Ramanujan, p.94. In the second expression on the right side of (v),
Ramanujan has written %(\/3 ~— 1) in the denominator instead of %(ﬁ + 1)
In the formula for A,,, Ramanujan has replaced the three terms involving the
inverse tangent function by

L L L ((x=x)/5
1-3x*+x* )

Ltan~ by ta
3 % x +4ﬁ n

Example 14.1. We have
2 (- =z
o Gk+12% 6 /3

y = (=D o 1+\/§>
e T _4\ﬁ+3L°g( NA

() +% Log3,

and

- i (_1)k(2_\/§)2k+1 =(\/§—l)n_(\/§—l) Log(\/g_ 1>
¥=0 4k +1 16 4 ﬁ '
Proof. To establish (i), put x=1 and n=3 in Example 13(i) and use
Entry 14(iii).
To prove (ii), set x =\/§—1 and n=3 in Example 13(i) and employ
Entry 14(iii).
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Lastly, put x=(\/§—~ 1)/ﬁ and n=4 in Example 13()) and employ
Entry 14(iv). After multiplying both sides by x and observing that x2 =2
— /3, we find that

i(—l)“(2——\/§)2"“_\/§—1 W3-1)/2 du

o 4k +1 - J2 Jo 1+
J3-1 1 (/3= n
=" L0g<2—ﬁ)+ T3 )

from which (iii) follows.

On the right side of (iii) Ramanujan inadvertently omitted the factor \/5 in
the denominator.
Example 14.2. With ¢(x) defined by (11.1), we have
) @2 =2Log2,
(i) (3) =Log3,
(i) ¢4) =3 Log 2,
(iv) @(6) =3 Log3+4Log4,

1 541
(V) (5 =3 Log 5+~Log\[”L :

NG 2

(vi) (8) =Log2+ ? Log(\/2 + 1),

3 541
(Vi) 9(10)=2Log 2+2 Log 5+ > Log ¥ ; ,

2/5

3 1
(viii) (p(12)=3+\[Log 2+% Log 3— —=Log(\/3~ 1),

6 NE
Log(ﬁ +1)

1
VG

\/2+ﬁLog<2+\/2+\/§>
2-V2+2

(ix) o(16)=3 Log 2 +
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and

(x) ©20)=75Log2+4%Log 5+

3 5+1

4\/§Log<\/—2 >
+\/10+2\ﬁLog(4JM/10+2\ﬁ>
40 4-J10+2./5
+~/10—2\/§Lg< +/ 10— 2f>
40 —J10-2./5

Proof . Parts (iiiv) have been proved in Chapter 2, Corollaries of Entries 1, 2,
4, and 5, and so we shall forego proofs here.
If n is a natural number, then by Entry 12,

1.,.n—201_ .72
on) =1 +j u——(l—nu)du
0

l—u
11 n—2_2 n—1 11_ n
=1+J~ e e nu du— u"
0 1—u o 1l —u
11 n72_2 n—1
- f L (14.2)
0 l_u

Thus, in the sequel, we shall be making several applications of Examples
13(v), (a) and 13(vi), (a) with =1, n— 1, n. Note that when [ =n, the sum
involving inverse tangents is identically equal to 0. Also observe that the sum
of the inverse tangent contributions of the terms with /=1 and I=n—1 to
@(n) 1s also equal to 0.

We now prove (v). By (14.2) and Example 13(vi) with n =5, we find that

SE[(3) ) a2 ()

V53 (Log /5~ Log \ﬁ; 1»)

4

+5 (Log \waLog\/ﬁL 1)}

from which, upon simplification, part (v) follows.

Because the details for the remaining calculations are quite straightfor-
ward but rather time consuming, we shall omit further proofs. In all cases we
use (14.2). For parts (vi}(x), use Example 13(v), (a) with n = 8, 10, 12, 16, and
20, respectively.

wi N U\IN

—t—

g

In Ramanujan’s statement of (viii), p. 95, the term (\ﬁ/6) Log 2 does not
appear. For a further study of the function ¢(x), see a paper of M. L.
Robinson [1].
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The content of the remainder of this chapter is much different from most of
the foregoing material.
Ramanujan first defines a by the equality

Log a=y(x + 1) (15.1)

and regards a as a function of x, which we assume is real and positive. From
Corollary 1 in Section 6, we note that Log a ~ Log x as x tends to co.

Entry 15, Let x and a be given as above, and suppose that n is any complex
number. Then as a tends to oo,

<x+%>4" " 10n*+11n  70n®+231n% +891n
~-s

720a* 90720a® - (152)

a

Proof . Let z > 0. By Corollary 1 in Section 6, as z tends to oo,

By(1-2'"%

Y(z+3)~Logz+ kzl 3z

Putting z = x + 4 and using (15.1), we find that

Lo£) - £ B2

1 + 7 _ 31 +
z2 ' 960z* 8064z°

N t,1 3
a P\ ™27 207 ~ 3365
1 27 243

S L A
2t 30 5605 T

Hence,

To find an asymptotic series in descending powers of a, we employ the
method of successive approximations.
The first approximation is

Thus, z72=a"%(1 —a~%) 112 and so the second approximation is

A*_ A, L), L,
al] & 12a* 40a* = @ 120a*
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Thus, 272 =a *(1 — 1/a* + 71/120a*)~'/*2 and so the third approximation
is

AN_ (), 1 71

a) = a 124> 1440a* =~ 288a*

+ 27 1+ 1 B 243
40a* 6a? 560a®
1 71 533

2 T 1204* ~ 168045

Raising each side to the n/6 power, we deduce that
z\*" LI Tin 533n
a " 6a® ' 720a*  10080a°
LN 1 N 71 \?
12\6 a*  120a*
n(n n 1\?
(2 a2} =
seli) 62w+

Upon simplification, we obtain the proposed first four terms of the asymp-
totic expansion (15.2).

=1-

Corollary. “I'(x + 1) is minimum when x = 6/13 very nearly.”

We have quoted Ramanujan’s formulation of his corollary, p. 95. From
(4.2), it is easy to see that I'(x + 1) has exactly one minimum for positive
values of x, and from (15.1), that minimum x, occurs when a = 1. Approxi-
mations for x, can be obtained from (15.2). Taking just two terms, we find
that x, is approximately 11/24, and taking three terms, we find that x, is
approximately equal to 889/1920. It is interesting to read Ramanujan’s
argument, “x =% —45+ &c or x=1/2+1/6) very nearly.” These values
might be compared with the actual value of x, (see Whittaker and Watson’s
text [1, p. 253));

Xo=0.4616321...,
11/24 = 0.4583333 ...,
889/1920 = 0.4630208...,
6/13 = 0.4615384....

Thus, Ramanujan’s “interpolated” value is better than either of the approx-
imations 11/24 or 889/1920.
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Entry 16. Let A, =3(3*—1), k> 0. Then

0 Ay 1
=log2-2 k
' & k; j=a +1(3j)° = 3j

(16.1)
where y denotes Euler’s constant.

In Ramanujan’s formulation of Entry 16, the words “the last term ...”,
p. 95, should be replaced by “the first term ....” Ramanujan [37, [15, p. 325],
submitted (16.1) as a problem to the Journal of the Indian Mathematical
Society. Evidently, a solution was never published.

Proof . From the corollary to Entry 6 of Chapter 2,

4n 1 n—1 Ak 1
—=n+2 n—k CENEY nz1
k;k k;( )j=A;1+1(3j)3—3J

Rearranging this equality and then taking the limit as » tends to oo, we find
that

] Ay
2 ¥k !

k=1 j=Ak-1+1 (3])3 -

3j
) 3" 3"
_r}in:) {kzl - — Log(z) +Log<3)
n—1
—nl 142
n( kzu A1+ ( 3])3 )}

x 1
=y—Log2+ limn<Log3—1-2 PRSI
’ 8 nwm { 8 kzlj=A;1+1(3J)3—3J}

@ 1
=y—Log 2+ limn -
4 B n-oo k=An71+1(3J)3_

=y —Log 2,
where in the penultimate equality we employed Example 14.2(ii). This
completes the proof.

Entry 17(i). Let

i L°g k (17.1)
¢, = lim {(p(n)~%Log2 n}, (17.2)
and
» o1
H=%: (17.3)
=1k
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Then as x tends to oo,

B, H
P(x)—Y(x + 1) Log x ~ —$ Log? x +¢, + Zl -g‘—k;Tkk—l,

where B, denotes the nth Bernoulli number.

Proof . Apply the Euler-Maclaurin formula (I5) with f(t) = (Log t)/t. Then as
x tends to oo,

Log’x L
plx)~ =+ Z et ! (17.4)

where c is a constant. It is easy to see from (17.4) that c=c,. Now if
fi(x) = Log x and f5(x) = 1/x, then

(=D

xJ

() = d 190x)= (*1)1

where j > 1. Then a routine calculation with the use of Leibniz’s rule shows
that

(=)'n!Logx (=1 'n'H,

(n) —
fx) = M s nzl

Thus, from (17.4),

Log®x Logx By H iy
~ + 2" 4 § + E 17.
o(x) 2 % —Logx k 2k L Dkx2E (17.5)

as x tends to co. From Stirling’s formula found in Chapter 7, Entry 23, as x
tends to oo,

1 & By,
H~ —— )
Y(x+1) Logx+2x L4 Do

Combining (17.5) and (17.6), we complete the proof.

(17.6)

Ramanujan gives the value ¢, = —0.072815845483680, which agrees with a
calculation of Liang and Todd [1] except for the last two decimal places
which should be 77 instead of 80.

Corollary. Let o(x) and c, be defined by (17.1) and (17.2), respectively. Then
lim {p(x) —3¥*(x+ D} =c;.
Proof. This result follows readily from (17.5) and (17.6).

Entry 17(ii). If x is real, then

o) = i {Log k Lo]%(f_: x)}.

{17.7)
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Now if x is a positive integer, Entry 17(ii) is trivial. For nonintegral x,
Ramanujan is actually defining ¢(x) by (17.7). This device for extending the
definition of a sum is frequently used by Ramanujan (e.g., see (3.1)).

Corollary. If ¢(x) is defined by (17.7), then

@ (—1)* Log(2k + 1
k_o( )2kf(1 ) 4{o(— D= D} +4n Log 2

Proof . By (11.7),

© (Logtk—3) Log(k— %)}
———)! _
Hol — 3 ; 4k — 3 4k —1

& (1) Log(2k + 1)
_,;0 2k +1 —Log 422k+1

and the desired result follows from Leibniz’s series for n/4.

Entry 17(ii). If o(x) is defined by (17.7) and n is a positive integer, then
n—1 X —
nep(x)— 3, w(
k=0 n
Proof. By (17.7),
n—1 X — k
ne(x) — Z <p< )

i § fLon) L)

m—-ow j=1 J .]+x

k) =nLogn y(x+1)—4 n Log’ n.

— lim
mow k=0 j=1

m Logj 1
= lim {n ¥ Og]—nLognZ——}

m— j=m+1 _] j 1_]+x

nlm (Logj nLlogni—k+x)—nLogn
j n—k+x

mn 1
= lim {%n (Log*(mn)— LogZ m)—nLogn ¥, -
=]

m— 0

mn 1 1
+nlogn - —
& jZ‘l(] J+x>}

= lim {n Logn Logm + 4n Log® n—n Log n (Log m+ Log n+7)}

+nLog n(Y(x+D+7y)
—3nLog?n+nLogniy(x+1),

where in the penultimate equality we used (4.2).
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Corollary. If ¢(x) is defined by (17.7), then
n-1 k
k; (p<— ’—1> =yn Log n+in Log? n. (17.8)

Proof . Set x = 0 in Entry 17(iii) and use the fact that (1) = — y, as can be seen
from (4.2).

Example 1. We have
1)L/ek=1)

kljl W = pilog2~y
Proof . Let
n 2k — 1)V@Ek-D
Pa= kl:[l W’ n>1.

Then

2n 1 k—1

LogP"—Z( )*"" Logk
k=1 k
2n Log k n 0g(2k)
= kzl Z

=3Log*(2n) + ¢, — 2Logzn—cl—Log2(Logn-|—y)+0(1)
=4Log?2—y Log 2+ o(1),

as n tends to co, where ¢, is defined by (17.2). Exponentiating and letting n
tend to oo, we complete the proof.

Example 2. o(—3=2yLog 2+ Log? 2.
Example 3. o(—H+o(—%)=3yLog3+3Log?3.
Example 4. o(—H+o(—2)=6yLog2+7Log?2.

Example 5.  o(—%) + o(—2) =3y Log 3 +4y Log 2+ 2 Log?(12) — Log? 4.
Examples 2-5 follow from setting n =2, 3, 4, and 6, respectively, in (17.8).

Entry 17(iv). If 0 < x < 1, then

I(x)
(1 —x)

Proof. By a result of Kummer [1] (see also Whittaker and Watson
[1, p. 250]), if 0< x < 1,

Log I'(x) =4 Log n — 1 Log(sin(nx))

8 k Gin(amky)

® L
4 {Log +(+ Log2m)(2x - 1)} =3 -

+ i ;(1; (y + Log(2nk)) sin(2mkx). (17.9)
k=1
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Replacing x by 1 —x, we find that
Log I'l —x)=1 Log n —1 Log(sin(nx))

— i —1— (y + Log(2nk)) sin(2nkx). (17.10)
V=1 kn

Subtracting (17.10) from (17.9) and using the fact that

® sin(2nk
ZM:%_X’ 0<x<1!
k=1 krn

we easily complete the proof.
Entry 17(v). Let ¢(x) be defined by (17.7). If 0 < x < 1, then

o(x — 1)— ¢(— x)=(y + Log(2n))m cot(rnx) + OZO: sin(2nkx) Log k.  (17.11)

Of course, Entry 17(v) is meaningless because the series on the right side
diverges for 0 <x < 1. Entry 17(v) is intended to be an analogue of
Entry 17(iv). In the midst of his formula, after cot(nzx), Ramanujan inserts a
parenthetical remark “for the same limits,” the meaning of which we are
unable to discern. After his formula, Ramanujan informs us to note that

Y sin(2nkx) =4 cot(nx), (17.12)
=1

which also is devoid of meaning. (Formula (17.12) may be formally es-
tablished by differentiating the well-known equality

i cos(27rkx)

with respect to x.)
Nonetheless, we are able to formally derive (17.11), and we do so now to
show how Ramanujan must have thought. For ¢ > 0 and 0 < x < 1, define

— Log(2 sin(nx)), O<x<l, (17.13)

Gls) = (s, x) — (s, 1 — x) =§O (4 %) —(k+1—x)%),

where {(s, a) denotes the Hurwitz zeta-function, Thus, for ¢ > 0,

vy Log(k+1—x)_Log(k+x)
G(S)‘k;){ (k+1—x) (k+x) }

and by (17.7),
G(1)=o(x — 1) — o(—x). (17.14)

Recall Hurwitz’s formula, found in Titchmarsh’s treatise [3, p. 37],

{(s,a)=2I(1 —5) {sm Lns) Z C(zs(i;k‘? + cos(3ns) kil S(l;::i;k(?} (17.15)
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where 0 <1 and O <a < 1. It follows that, for 6 <1 and 0 <x < 1,

G(s) = 4T(1 — 5) cos(irs) i sin@rkx)
& 2k
Hence, for ¢ < 1,
G'(s) = {—4T"(1 — ) cosns) — 2T (1 — ) sin(brs)} Z s(’znﬁ“f‘x)
+4T(1 — ) costbns) 3 Sn@mkx) Log(ank) (17.16)
k=1 (27‘Ck) §

Using the expansion (Abramowitz and Stegun [1, p. 256)),
1
rn—-—s)=———y+-
employing (17.14), and letting s tend to 1 — in (17.16). we find formally that
P(x —1)—p(—x)=2ny Y sin(2mkx)+2n Y sin(2nkx) Log(2nk).
K=1 k=1
If we now apply (17.12), we formally deduce (17.11),

In Example 1, Ramanujan asks us to “Find ¢(—3%), o(—%), ¢o(—3) and
o(—2).” Except for the fact that ¢(—4) has been previously determined in
Example 2 following Entry 17(iii), it is significant that Ramanujan uncharac-
teristically does not record the values of ¢(—3%), o(—32), and ¢(—32). If
Ramanujan really had a bona fide formula for ¢(x — 1) — ¢(—x), then this, in
conjunction with Examples 3, 4, and 5 following Entry 17(iii), could be used

to determine ¢(—3%), ¢(—3), and @(—3).

Example 2. We have

2 (—1) Log2k+1) a1
k;) T =4in Log n—n Log ') —iny
Proof . Putting x =% in Kummer’s formula (17.9), we find that
(__ )k+1

Log ') =4 Logn+4 Log2 + Z

kg1 7+ Logm) + Log(2k + 1)}.

Using Leibniz’s series for n/4 and simplifying, we reach the desired result.

Example 3. We have

o (2k _ 1)1/(2k~ 1)) 1/Log2
{kﬂl (2k)1/(2k) } = __\/_5 r4' .3.
© k 3)1/(4k 3)) 4/n b4
{ H 1)1/(4k 1)}

k=1
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Proof. From Example 1 following Entry 17(iii), we have

ks (Zk — 1)1/(2"_1) 1/Log2 )
{kUl @R =27, (17.17)

Also, by Example 2 above,
© (4k _ 3)1/(4k—3) 4/n
{kﬂl (dk — )TE=D
4
=exp GnLogn—nLog Q) —imy)=nl"%Qe".  (17.18)

Combining (17.17) and (17.18), we complete the proof.

Entry 18(i). Let ¢, and H, be defined by (17.2) and (17.3), respectively. Define

o(x) =21 Log® k (18.1)

and

C=%?+c¢,; —Fn? —1 Log?(2n). (18.2)

Then as x tends to oo,

I(x+ 1)

o(x)—2 Log x Log< ) ~ —(x+3)Log*x+2x+C
N/ 2n

_2 B2kH2k—2
s 2k — 1)2kx 1

Proof . We shall apply the Euler-Maclaurin formula (IS) with f(t) = Log? .
Two integrations by parts yield

f Log? t dt = x Log? x — 2x Log x + 2(x — 1),
1

and a straightforward application of Leibniz’s formula shows that
SR D(x) = 22k — 2)! x' ~¥(Log x — H,,_ ,), k=1

Thus, by (I5), as x tends to oo,

o(x)~x Log? x —2x Log x +2x + 4 Log? x +¢

o B,, By Hji-2
+2 LOg xkzl (2k — 1)(2k)x2k“ 1 2 kzl (2k — 1)(2k)x2k-— 1°

(18.3)
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where ¢ is some constant. Now by Stirling’s formula, given in Chapter 7,
Entry 23, as x tends to oo,
Log I'(x + 1) ~ (x + %) Log x — x + 4 Log(2n)

2 By,
L Dok

Taking (18.3) and (18.4) together, we find that
I'(x+1)

S

(18.4)

go(x)—2Long0g< >~—(x+%)Log2x+2x+c

=2 B2kH2k -2
-2 .
kzl (2k - 1)(2k)x2"‘ !
It remains to show that ¢ = C, where C is given by (18.2).
First observe that, by (18.3),

c=lim {Z Log? k — x Log? x 4+ 2x Log x — 2x —4 Log? x}. (18.5)
x=w (k=1

Secondly, we show that ¢ = {"(0), where { denotes the Riemann zeta-function.
From Titchmarsh’s treatise [3, pp. 14, 15],

old-x+4, 1 1
C(s):sf [x]xwxlﬂd”s—ﬁi’ o>—1.  (186)
1

Upon two differentiations and setting s =0, we find that

© — 1
r(0) = —2J [i]xs—fii—zLogxdx—z
1

n—1 k+1
= lim (—2 y kj Log X 1

n— oo k=1 k X

+2f Logxdx—j Lngdx> -2
1

1 X

n—1
= lim <- Y. k{Log*(k +1)— Log? k}
K=1

n—+owo

+2n Log n—2n—4Log? n)

= lim <Z Log? k—n Log? n

n-ow \k=1
+2n Log n—2n—4 Log? n) (18.7)

Comparing (18.7) with (18.5), we find that ¢ = {"(0).
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We next calculate {"(0) by turning to the functional equation of {(s),
Us) = 22ry ! sin(3ms)(1 — s)¢(1 — s), (18.8)

given by Entry 4 or (4.2) in Chapter 7. We expand both sides of (18.8) in
powers of s. The values for {(0) and {'(0) may be found in Titchmarsh’s book
[1, pp. 19, 20], the expansion of {(1—s) about s=0 is determined
by Ramanujan in Chapter 7, Entry 13, and the values I''(1)= —7 and
(1) = y* + =n%/6 can be determined from (4.2). Accordingly, we find that

—4+—1Log2n)s + L (0)s* + ---
n*s’

= (1 + Log(2n)s + 4 Log?(2n)s* + )<§ VTR )

: YL AT
L+ys+3iy°+ c/S + - S+y+c,s+--- .

Equating coefficients of s*> on both sides, we deduce that

2 ¢, y* yLoglm) 1 72\ 7y Log(2m) Log?*(2n)
1yn —- '__1 L —_ 2 —_ ) —_
HO=% 277t A\ % > 7

¢ v Log*2n)
87274 4

Thus, we have shown that ¢ = {"(0) = C and so have completed the proof of
Entry 18(i).

In order to give meaning to Entry 18(ii), we shall need to extend the
definition (18.1) of ¢(x) to the set of all real numbers. Unfortunately,
Ramanujan does not divulge his more general definition of ¢(x). Clearly, an
exact analogue of (17.7) is impossible. We shall indicate two ways of defining
¢o(x) and then show that they are equivalent. First, we follow Norlund
[2, Chapters 3, 4], and define ¢(x) to be the “Hauptlésung” of the difference
equation

@(x) — p(x — 1)=Log? x. (18.9)
Thus, in view of (18.3), we define ¢(x) for x> — 1 by

@(x) = lim {(x + n) Log%(x + n) — 2(x + n) Log(x + n)

n—w

+2(x+n)+% Logix +n)— Y Log*(x+k)—n Log?n
k=1

+2n Logn—2n—4%Log?> n+ ), Log’ k}
k=1
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) x 1}}?
= lim <(x+n)| Logn+ -+ 0| —
n—=w n n
X 1
—2(x+n)<Logn+—+O<—7>)+2x
n n
1 2
+%<L0gn+0<—>> —nLog?n+2nLogn—4%Log?n
n
+ Y (Log? k—Logz(x+k))}
k=1

= lim {x Log? n+ ) (Log? k— Log*(x + k))}. (18.10)
k=1

n—+ o

It is easy to show, from the last equality, that ¢(x), indeed, is a solution of
(18.9).

We now motivate our second definition of ¢(x). We first extend the usual
definition of {(s, x) by setting

{(s, x) = i (k+x)7% g>1, (18.11)
k=0

for all real x. By a formula of Lerch [2],
Log I'(x) = {'(0, x) — {'(0). (18.12)

(A simple proof of Lerch’s formula has been given by Berndt [4].) With this in
mind, define

o(x)=—{"(0, x+ 1) + {"(0). (18.13)
A brief calculation shows that, for g > 1,
C"(s, x)—C"(s, x + 1) =x"% Log? x. (18.14)

By analytic continuation, (18.14) is valid for all complex values of s. It follows
from (18.13) and (18.14) that (18.9) is satisfied. We next show that (18.10) and
(18.13) are in agreement.

By a straightforward application of the Euler-Maclaurin formula (I3) to
(18.11), we find that, for 6 > 1 and x >0,

xl—s xS J*oot_[t]_%

+ s| ——r
o (t+x)s“

ds0=57%5

By analytic continuation, this formula holds for o > — 1. Differentiating
twice and setting s =0, we find that

£"(0, x) = —x Log? x+2x Log x—2x +4% Log? x

W 4 1
+2J Ll Ul B § PR (18.15)
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jw ‘__Lﬂxj Log(t + x)dt

n n—1 k+l.L t
- lim (J P X ot +x) di — ij Logt+ 1) ,,
t+x e tHx

n—ow 0
_(L+x) "E_Og_(ti)i)_dt
2 o L+X

= lim ((n+x) Log(n+x)—x Log x —n+% ), Log¥k+x)
k=1

—4n Log¥n + x) — (3 + x){Log*(n + x) — Log? x})
Using this calculation in (18.15), we find that

n—o

¢"(0, x) = —2x + Log? x + lim (— 2n + 2(n + x) Log(n + x)
—(n+x+YLogin+x)+ ) Logik+ x)>.
k=1

In particular (see also (18.7)),

(0, 1)= —2 + lim (—2n +2(n+1) Log(n + 1)

—(n+3Login+ 1)+ ¥ Logik+ 1)).
k=1
Hence, by (18.13), for x > 0,

o(x —1)=2x —Log?x—2+ lim <(n + x + $){Log*(n + x)

n— o

—Log?(n+ 1)} +(x — 1) Log?(n + 1) — 2(n 4 x + 1) Log (Z i ’1‘>

+2 Log(n+x)—2x Log(n+ 1)

+ En: {Log?(k + 1) — Log*(k + x)})
k=1

n— oo

= lim ((x —1) Log’(n+ 1) + Zn: {Log*(k + 1)— Log?(k + x)}),
k=0

after a moderate calculation. Comparing this representation for ¢(x — 1) with
the far right side of (18.10), we see that the two definitions (18.10) and (18.13)
are compatible.
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Entry 18(ii). Let ¢(x) be defined by (18.13) and let C be given by (18.2). If n is
any natural number, then

e AN I'x+1)
(p(x)—];o(p<—;—> —2LognLog< NG >
—(x+Y) Log2n—Cn—1).  (18.16)

Proof . Either (18.10) or (18.13) can be employed to prove (18.16), but the
proof with (18.13) is computationally simpler.
Putting r = (k + 1)n — j below, we find that, for ¢ > 1,

0s, x+ 1) — ;t C”(s, f—;l + 1>

nol = Log?{(nk +n—j+ x)/n}
j=0k=0 (nk+n‘—j+X)s

={"(s,x+1)—n°

0 2

=(1-n){"(s, x+1)—2n* Log n {'(s, x + 1)

—n® Log? n {(s, x + 1). (18.17)

By analytic continuation, the extremal sides of (18.17) are equal in the entire
complex s-plane. Using (18.13), (18.17) with s = 0, and the fact that {"(0) = C,
we find that

o(x) — nz: w(%) =(1-nC+2Logn {0, x+1)

+ Log?n {0, x + 1) (18.18)

By (18.12) and the fact that {(0)= —3 Log(2n) (Whittaker and Watson
(1, p. 271]),

70, x + 1) = Log <r(x + D).

NG

Also, {(0, x + 1) = — x —4 (Whittaker and Watson [1, p. 271]). Using these
evaluations in (18.18), we deduce (18.16).

Corollary. Under the assumptions of Entry 18 (ii), we have
n—1 k
Y <p<— ;) = Log(2n) Log n+ 3 Log?n + C(n — 1).
k=1

Proof . Set x =0 in Entry 18(ii). Noting, by (18.13), that ¢(0) =0, we deduce
the desired result immediately.
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Example 1. We have
k 1/k
kLogk

x
hm xxLogx—Zx H

X0

_ (27.5)%Log(21t)e -4+ 1/(24x%)

Proof . Letting

x Lk
P_=
x kI=—I1 JLosk’

we find that, by (17.5) and (18.3),

= —x Log? x + 2x Log x — 2x — $y? + 472 + { Log?(2n) + o(1),

as x tends to oo. After rearranging and exponentiating the last equality, we
complete the proof.

Example 2. Let ¢(x) be defined by (18.13) and let C be given by (18.2). Then
o(—3) =Log(2n) Log2 +4 Log2 2+ C,
o(—% + o(—%) =Log(2n) Log 3+ 1 Log? 3 + 2C,
@®(—%) + @(—3) = Log(2r) Log 2+ $ Log? 2 + 2C,
and
o(—%) +o(—2)=Log2Log 3+ 2C.
Proof . The four evaluations above follow from putting n=2, 3, 4, and 6,

respectively, in the last corollary.

In the second notebook, p. 98, Ramanujan writes “Find o(—1),

@(—3)+o(~%), (=) + ¢(—3), and o(—3)+ ¢(—$),” but does not give their
values. In the first notebook, p. 135, Ramanujan does record their values.

Entry 18(ii). Let ¢(x), c;, and C be defined by (18.13), (17.2), and (18.2),
respectively. If 0 < x < 1, then

Holx—1) + o(—x)} = ¢, — Kn?

Log k cos(2rmkx)
—

Proof . From Hurwitz’s formula (17.15), for 0<x <1 and o < 1, we deduce
that

+3(7 + Log2m) (y — Log {4 cseX(mx)}) — 3 (18.19)
k=1

Us, %)+ {5, 1 —x) = 40(L =) sin(}ns) f "‘;“i{fk’?.
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After two differentiations with respect to s, we find that

(s, x) + (s, 1 = x)
= {4T"(1 — ) sin(ins) — 4n["(1 — 5) cos(3ns)

% cos(2mkx)
r(1 — 9 sinhns)} . C(;Sk’f x + {—8T(1 — ) sin(ns)
® Log(2nk) cos(2rmkx)
+ 4nI'(1 — s) cos(3ms)} 2‘1 QA=

g2(2nk) cos(2mkx)
(2rk)t s

Letting s =0 and using (18.13), we deduce that
Holx— 1D+ o(—x)]

+ 4I°(1 — ) sin(3ns) Z

21rkx) Log(2nk) cos(2nkx)

+C
1 k

~I(1) i

IIMS

k

Log k cos(Z k cos(2mkx)
k

where we have used (17.13) and the fact that I''(1)= —7y. After some
elementary manipulation, the formula above is transformed into (18.19).

For a further development of the theory of ¢(x) and for applications to the
theory of real quadratic fields, see a paper of Deninger [1].

= (y + Log(2n)) Log(2 sin(rnx)) — Z +C,

Before stating and proving the results in Section 19, we need to explain
Ramanujan’s terminology. For each nonnegative integer n, Ramanujan lets ¢,

denote the “constant” of } ;_, Log" k. In fact,

¢, = lim {Z Log" k—f Log" ¢t dt —4 Log" x +(-—1)"“n!}. (19.1)
x—-w (k=1 1

By the Euler-Maclaurin formula (I3), this limit is easily seen to exist. Thus,

co= —1, ¢, =1 Log(2n) (by 18.4), and ¢, = C (by (18.2) and (18.5)). For each

nonnegative integer n and positive integer x, define

= i Log”k and i ,(x) = @x)—c, (19.2)
k=1

Entry 19(i) concerns what Ramanujan calls “the logarithmic part” of i,(x).
By the logarithmic part of f(x), we shall mean that part of the asymptotic
expansion of f(x), as x tends to oo, that involves positive powers of Log x
multiplied by nonnegative powers of x. We denote the logarithmic part of

f(x) by Zf(x).
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Entry 19(i). Let n be a positive integer. Then in the notation above,
Lyx)=Z Z (- 1)"“( )Log X Yp—g(X). (19.3)

Proof. Using the Euler-Maclaurin formula (I5) and integrating by parts m
times, we find that, as x tends to oo,

wm(x)~f Log™tdt +4 Log™ x
1

1)4 Log" Jx +4 Log™x, (19.4)
=0 (m— J)' & g

where m is any nonnegative integer. In particular

PYx)=(x+% Log" x +x z (-1
Using (19.4), we find that

£ Y~ (Z) Log"x Y- 4(¥)
k=1

( ) Log" ™/ x. (19.5)

Zn: 1)"“( )Log x{(x+2) Log" ¥ x

(n_ )' n—k—j
+x =1 (=1 (n—k - Log™™* X}
_ 1 L n 1k+1 le n—j o ( 1)k+1
.__(X+2) OgXZ('—) k +xZ(— 0og XZWT])
=(x+3) Log" x+xZ(—1)’( ]) Log"~ ’xZ( )"“(rll:])
nol . n! »
=(x+%)Log”x+ijI(—l)f(n—_j—)-!Log Ix. (19.6)

Comparing (19.5) and (19.6), we deduce (19.3).
Entry 19(i). Let y,(x), n >0, be defined by (19.2). Then as x tends to oo,

(—1)"“‘(2) Logk x , _(x)~n! x
By nB,yy  n(n+3)B,.s
(n+ Dx"  2n+2x" 1 2220 (n+3)x" 2
nn+2)(n+3)B,.y n{(n+2)n+4’ +3n+2)+%B,ss
233 (n+4)x"t3 244! (n + 5)x" 4

nn+dn+5{n+3)(n+4)+3n+1)}B,,
B 255! (n + 6)x"*3

M=

k

o]

+o (197)
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Proof . If n = 0, the theorem is verified at once. Thus, in the sequel, we assume
that n> 1. From the Euler-Maclaurin formula (I5), we find that, as x tends
to o0,

Eod
I
1=

(- 1)”“‘(2) Log" x ¥,-4(x)

~ z (- 1)”+"< >Log x{(x+2)Log" k x

(n—k)!

B d21 lL n—k
+XZ( —}TLog"kJX+Z “‘L}

o G

=xn!+ R,
where
" © B,; d¥ ! Logtx
=Y (=1, )L B2 19.8
B () roe 8 o 159

It remains to calculate the terms in the asymptotic expansion R, that are
indicated by (19.7). We shall repeatedly employ the evaluations

" HAmy )0, 0<r<m,
kgo('l)kk <k>“{(—1)"'m!, r=m. (199)

First, from (19.9), we observe that if 2j — 1 < n, then the contribution to R,
of the jth term of the inner sum in (19.8) is equal to O.

Suppose that nis odd. Appealing to (19.9), we find that when 2j — 1 = n, the
contribution from (19.8) is

3 — knk_Bn+1 ___n!Bn+1 _ B"+1
Z ) < ) "(n+ 1)' xn(n+ 1)' - x"(n+ 1)- (1910)

If n is even, there is no value of j for which 2j — 1 = n. But then B, , ; = 0. Thus,
in either case, (19.10) is in agreement with (19.7).
If n+ 1 is odd, the next contribution from (19.8) will be

B i (~1)k<n> n(n+ k"B, _ nB,.,
K=o k

2x" n +2)! 2(n+2)x" Y

by (19.9). Thus, whether n is even or odd, we see that this second contribution
above is in compliance with (19.7).
Whether n is even or odd, the third contribution in (19.8) is

n n k'lB n+1

- )| — 19.11

50 s T, (19.11)
i<j
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Now (Abramowitz and Stegun [1, p. 1])

+1 . n+1(j__1)1'2
L b= 5
'<.1 i=1

J

n
i,J
i

_Lfn+1D)’(n+2? (n+1)(n+2)(2n+3)
) 4 B 6

=inn+ H(n+2)(n+3).
Thus, (19.11) becomes, with the help of (19.9),
_mBannt D(n+2)(n+3)  n(n+3)B,.s
8(n+3) x"+? T 8(n+ 33Xt

which is compatible with the asymptotic expansion (19.7).
The remaining calculations are facilitated by employing a theorem of Faa
di Bruno [1, p. 12]. Let

Smy=3%j
=1
and

n

Ak(n) = z iliZ ik'

02,002,000 =1
By <ig < <i

Then for k> 1,

S,(n) 1 0 0 0
S,(n)  Sy(n) 2 0 0

An)= % Si(n)  Sy(n) S(n) 3 0 .(19.12)
Sin)  Si—i(n) Si—x(n) Sp_3(n) -+ Sy(n)

The values for S;(n), 1 <j<35, that we shall need below may be found in
Abramowitz and Stegun [1, pp. 1, 2].
Returning to (19.8), we see that the fourth contribution is

- n\ k"B, 4A43(n+2)

-5 - <k> D2 (19.13)

By (19.12),

Ay(n+2) =15 n+2)— 38,0+ 2)Sy(n+2) +18,(n + 2)

(D43 (n+27n+ 320+ (n+ 20+ 3P
T 2% * 2
n(n+ 1)(n+ 2(n + 3)?
_ - .
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Thus, (19.13) becomes, with the aid of (19.9),

n! B, qn(n+ D(n+2>*n+3)* _n(n+2)(n+3)B,14
48(n +4)t x"*? T B+t

which coincides with the appropriate term in (19.7).
The fifth contribution from (19.8) is

AN 1AL k"B, sA4n+3)
kZ'o( b <k> (n+5)x"**
By (19.12),

An+3)=2484n+3)—1S3n+3)S,(n+ 3) +1S2(n + 3)
+18,(n+3)8S3(n+3)—1S,(n+3)
_(n+ 34 (n +4)* _ (n+33n+42n+17
- 273 253
(n+3)4(n +4*2n + 7)* N (n+33(n+4)°
2332 233
_(n+3)m+4)Cn+ DB 43P +3n+3) -1}
233-5
= n(n + Din +2fi)i'n 3+ 9 <n3 +10n% + %_7_,, + 5%.2>,

after an extremely laborious calculation. Thus, (19.14) becomes, with the help
of (19.9),
_ nl By sn(n+ 1)(n+2)(n+3)(n+4)(n* + 10n* +%n + 3¢
(n+ 5) 2441 xn+4
B s{(n+2)(n+ 47 +3(n+2)+4
244! (n + 5)x"+4 ’

(19.14)

which coincides with the penultimate displayed term on the right side of
(19.7).
Lastly, the sixth contribution from (19.8) is

- n\ k"B, +eAs(n +4)
-2, (- 1)k<k> (n+6) x"*°

Suppressing the argument n + 4, we find that (19.12) yields
As =%Sf -%Z_S?SZ +%S1S% +%S%53 _%sta _%S1S4+'15S5
_(n+4’(n+5)’° _(n+ H*n+5*2n+9)
o 120-32 12:8-6

L+ 90450+ (n+4n+ 5
8236 6:4-4

(19.15)
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_(n+4n+5°2n+9)
6:6-4
(n+4¥n+ 52+ HBn+ 4+ 3n+4 -1}
- 4-2-30
(n+ 4P+ 52 2n+4°+2(n+4) -1}
+
5-12
(n+4%(n + 5)%n(n + 1)n + 2)n+ 3)n® + 5n + 3
- 2551 ’
after an excruciatingly tedious computation. Thus, the sixth contribution
(19.15) is, by (19.9),
n! B, ¢n+4)n+52nn+D)n+2n+3){(n+3)n+4+3n+1)}
255! (n+6)! x"*3 ’
which easily reduces to the last displayed term in (19.7).

In analogy with the previous two sections, Ramanujan now examines
analytic extensions of ¢,(x) and ,(x) but does not indicate their definitions.
In view of (18.12) and (18.13), we shall define, for every real value of x and
positive integer n,

@x) = (— 1" H{{™O, x + 1) — {"(0)}. (19.16)
Thus, we want to let
Yux)=(—=1""1"0, x+1), n=L (19.17)

We first show that (19.16) and (19.17) are consistent with the previous
definitions (19.2) made for just positive, integral values of x. For 6> 1, a
simple calculation shows that

(=1L, x + 1) = {"s, x)} = x7° Log" x,
which, by analytic continuation, is valid for all complex s. Thus, by (19.16),
(P,,(x) - (Pn(x - 1) = LOg" X,

and since ¢,{0)=0, @, (x)=Y%-, Log"k, for each positive integer x, as
desired.

Secondly, we need to show that ¢, =(—1)"{™(0), where c, is defined by
(19.1). Using (18.6), it is easy to show by induction that

0l _ x4l
C("’(s)=(-1)"‘1nJ Ex]—xs-g;iLog”"x dx
1
L [P xI—x+3, (—=1)n!
+( 1)sJ‘1 I3 Log xdx+(s__1)"+1, (19.18)
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where n>1 and o > — 1. Thus,

0 _ 1
[L]_X-QLog"~1 xdx_n!
X

1

N—-1 k+1 n—1 N
=(=1)""!n lim<z kj L—Og—x—)—c—dx—J Log" ! x dx
k=1

c<"><0)=(—1)"“1nj

N-® k 1

1 NL n—1
+—J —Og—xdx>—n!
2], X

N-1
=(—=1y"" lim < Y k{Log"(k+ 1)~ Log" k}
N—w \k=1
N
—NLog"N+ J Log" x dx + % Log" N) —n!.
1
Thus,

N N
(=10 = lim (Z Log" k— J Log" x dx —4 Log" N) —(—=1y"nl.
N 1

—ow \k=1

Hence, by (19.1), (— 1)"{"(0) = ¢,, n = 1, as we wished to show.

Entry 19(ii). Let ,(x) be defined by (19.17), where n > 1. If r is any positive
integer, then

l//,.(x)~r§: W (f:l) = .2”:1 (?>(~1)“‘ Log/' r ¢, j(x). (19.19)

j=0 r

Before proving Entry 19(ii), we note two special cases. If n=1, then
¥(x)=Log I'(x + 1) — 5 Log(2n). Since Yo(x)=x + 1 Entry 19(iii) yields

r—1 1
Log I(x+1)— Y LogT (f-r—’ + 1) —(x+1) Log r— ¥r— 1) Log(2m),
j=0
which is just another form of Gauss’s multiplication theorem (Whittaker and

Watson [1, p. 2407). The case n =2 of (19.19) is equivalent to Entry 18(i).
Proof. Let ¢ > 1. Setting m = kr +r —j below, we find that

r—1 i
(=11, x + 1) — Z (“1)"+1C(")<S,2€——J n 1)
j=0 F

r-1 L n 3 k
=T x kD B Y Og(){c(f j if:r):)/r}

Log"{(x +m)r}
(x + my’

=(=1)"* s, x+ D+ i
m=1
=(— )", x+ D1 - )

+ i (7>(—1)1‘+1 Log/ r (=107 s, x + 1), (19.20)
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By analytic continuation, the extremal sides of (19.20) are equal for all
complex numbers s. If we set s =0 in (19.20) and use (19.17), then we obtain
precisely the equality (19.19).

Corollary 1. For each pair of positive integers n, r, we have

r—1 ] n n 1 X

YWl =)= (=1 ¢, Loglr

i=1 r =1A\J
Proof. Put x=0 in (19.19). Since ¥ (0)= —c¢,, k>0, the desired result
follows.

Ramanujan’s version of Corollary 1 contains an extra additive factor of
—c, on the right side, p. 99.

Corollary 2. Let Zf(x) denote the logarithmic part of f(x) as defined prior to
Entry 19()). If x and n are positive integers, then

x—1 —
£3 y, (5_1> =0.
i=o X
Proof . Put r = x in Entry 19(iii) to get

Y v, ("T") -3 (j)(— 1Y Log! x ¥ ().

i=o

Thus, by (19.3),

2’y w(%) -2 % (’;)(— 1 Log/ x - fx)=0.

Entry 20(i). Let r and x denote positive integers and suppose that k > 0. Define
Fi(x) and ¢(x, k) = ¢(x) by

Fx)=ko(x) = Z nkr 1 (20.1)
n=1
Ifk+#1, then
_ r [r (_ l)jl// -(—k)x'_j C,(k) x" R
(P(X)—jzo( ) (k—ll)j+1 + PE: +ﬁ +W, (202)
where
jle= 1y .
Yi(—k)= m, 0<j<r, (20.3)
r+1
Ck)= b ek« (20.4)

" kLogtlk’



8. Analogues of the Gamma Function 217

and

R= J P (t)k'(rt" ' +1" Log k) dt. (20.5)
0

Entry 20(i) is not given very explicitly by Ramanujan. The last two
expressions on the right side of (20.2) are missing in the notebooks, p. 99. The
definition of C(k) is not given and can only be inferred from the next entry.
Moreover, Ramanujan has written C,(k) instead of C,(k)/k*. Lastly, Raman-
ujan writes “where i is the same y in.” The sentence is not completed, and so
the definition (20.3) of y;(—k) is not given.

Proof. Applying the Euler—Maclaurin summation formula (I3), we find that

K lo(x)= ) n'k"= j k' dt +3xk* + R, (20.6)
n=1 0
where R is given by (20.5). Upon successively integrating by parts, we get
x ro (=Dt kx (=1r!
'kl dt = - — . 20.7
L ,ZO (r—j) Log’*'k Log*'k (207)

Substituting (20.7) into (20.6) and employing the notation (20.3) and (20.4), we
readily deduce (20.2).

Entry 20(ii). For each positive integer r,

Y=k
(l _ k)r+1

The latter equality is stated by Ramanujan for only j = r, and the subscript
on the right side is inadvertently omitted by him.

C,(k)= and kl//,(—k)=kf.pj<—£>, 0<j<r.

Proof. The first equality is immediately verified by using (20.4) and (20.3) with

j=r.
The second equality is an easy consequence of (20.3).

Ramanujan next examines an extension of F,(x) for all real values of x, but
he does not divulge his definition. Following previous practices of Raman-
ujan (see (17.7), for example), assume that 0 < k < 1 and define, for x and r real,

18

Fi(x)=

n

(k"1 — (n+ xyk"t*—1), (20.8)

1

An elementary calculation shows that
Fyx)— F(x —1)=x"k*"1,

and so F, satisfies the natural difference equation. In particular, if x is a
positive integer, we see that (20.1) is valid.
Although he uses the same notation, the definition of the constant C,(k) in
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Entry 20(iii) is not the same as in Entries 20(i), (ii). In Chapter 6, we pointed
out that Ramanujan’s definition of the “constant” of a series is deficient if the
series actually converges. We seem to have an example of this here.

Entry 20(ii). For 0 <k <1 and r real, let

00

Ck)= Z mkm 1

m=1

If x is real and n is any positive integer, then
n—1
WAl
j=0

where F, is defined by (20.8).

Proof . Replacing mn — j by m below, we find that

n-1 1 n-1 o —j\T
5 ()5 £ frie (s e ]
i=0 n n

j=0m=1

x—j
n

) =nCAk)+n~ k=M (F o (x)— CAKUm),  (209)

=nClk)—n7" Y, (m+xykm+=in-1
m=1
=ncr(k)+n—rk(1—n)/n( Z {mrk(M*l)/n
m=1

_ (m + x)rk(m+x~1)/n} _ Z mrk(m—l)/n>’
m=1
which yields (20.9) immediately.
Corollary. Under the same hypotheses as Entry 20(iii), we have

n-1 i
2 F"(‘ %) = nC k) = n™7KE T (K,

ji=1

Proof . Set x =0 in (20.9).

In Entry 21(i) Ramanujan considers
Log k
km

where apparently he assumes that r > 1. The case r =1 was considered in
Section 17, and the case r < 0 is examined in Chapter 9.

olx)= 3, eLy

Entry 21(i). Define

o]
H,(r)= .
n(r) );::o k+r

21.2)
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Let (s, x) denote the extended version of the Hurwitz zeta-function defined by
(18.11). Recall that (r), is defined in (17). Then as x tends to o,

1 i B,(#) k- 1 Hax - o(r)
( 1)2 r—1 =4 (2k)' r+2k—1
(21.3)

Proof . Applying the Euler-Maclaurin summation formula (I5), we find that,

as x tends to oo,
o Log x
qo,(x)~J - 22+
! 2x

@x)+Log x {(r, x + 1)~ —{'(r) -

+ 5 SR @19

where f(x)=x"" Log x and ¢’ is some constant.
Firstly, integrating by parts, we find that

Log x _ 1 N 1
(I—rx"! (1=r*x"t (1-r*
Secondly, put fi(x) = Log x and f,(x) = x"". Then

PO = (= k- x5 k>,

J t7" Log t dt = (21.5)
1

and
PR ==V k=0
Applying Leibniz’s rule, we find that, for each positive integer n,

oy (DM, Logx (=1l 2 (1),
f( )(x)_ r+n + r+n ; n_ )'k

X

For arbitrary a and each positive integer n (see, e.g, Hansen’s tables [1,
p. 126]),

@ (@,
K=o k! (n—k)

where H,(r) is defined by (21.2). Thus,
(= 1)(r), Log x ( 1" (1), Hu (1)

H,_\(a), (21.6)

@) . 21.7
f (X) xr+n xr+n ( )
Employing (21.5) and (21.7) in (21.4), we deduce that
L L 1
ox)~c+ og x og x

A=t r—1pxt

i By {_(r)Zk—l Log x  (r)a—1Hak—ar)

k=1(2k)! xr+2k—1 + xr+2k71 }, (218)

as x tends to oo, where ¢ is some constant. Since r > 1, we see, by letting x tend
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to oo in (21.8), that ¢ = — {'(r). Now by Entry 26 of Chapter 5,
1 1 & BalMa-1
r—Dx 1 2x + Z R X T

as x tends to co. Employing (21.9) in (21.8) and using the fact ¢ = — ¢’ (r), we
deduce (21.3) to complete the proof.

{r,x+1)~ (21.9)

We now extend the definition (21.1) of ¢,(x) to all real values of x and
positive values of r by defining

® {Logk _ Loglk+x)
@,(x) = ;{ *i3T } (21.10)

An elementary calculation shows that (21.1) and (21.10) are compatible.

Entry 21(ii). Let ¢,(x) be defined by (21.10). Then for r >0 and x| <1,

x) = f ( ;’) {{o +)H;- () = + i)},
where H,(r) is defined by (21.2).

Proof. By (21.10),

1 1 > 1+ x/k)
@ix)= Z Log k{kr (k+x)'} ;(k“ﬂ)_
S 15, 21.11)

1 1 —r\/x\’
1L°g"{k‘r‘k“f,~ (,. )(%)}

_ & Logk & (—r\(x\

-2 L6

- (“J’) (e + j)x, 21.12)

j=1

where we have inverted the order of summation by absolute convergence.
Secondly, for |x| <1,

-ERS(N6) £y

PR INCESNI )

say,
First, for |x| <1,

S1=

k

s
I

18

k=1 =1 i=o ji(n—j)
L s ()
=3 ( )c(r+n>H,, ), e1L13)
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where in the penultimate equality we applied (21.6), and where again we
inverted the order of summation by absolute convergence. Putting (21.12)
and (21.13) in (21.11), we finish the proof.

Entry 21(iii). If r > 1 and n is any natural number, then
. n—1 X _] . ,
"' x)— ZO e\ =(n—n"){'(r)—n" Log n{(r, x+1).
=

Proof. By (21.10),

n—1 — 7
n’(p,(x) - ';0 @y (u>

n
3 i {n’ (Log k  Logk+ x)) e (Log k  Log{(kn —j+x)/n}>}
& K (k+x) Ao\ K {Uen —j + x)/n}"
POV - Log(k +x) Log{(k + x)/n}
=(=mim =), {" Gtxy  {k+xn” }

7 r = 1
=(n—n"{(r)—n" Log nkzl TR (21.19)

and the proof is complete.

Corollary. For r > 1 and each positive integer n,

riil o, — j— =n" Log n {{r)+ (" —n)('(r).
i=1 n

Proof . Set x =0 in Entry 21(iii).
Ramanujan begins Section 22 by defining
x Log k

o(x)=Y , r=0. (22.1)
=k

Entry 22(). If ¢, is the constant appearing in the asymptotic expansion of ¢(x)
as x tends to o0, then

. Logt!x
¢, = lim {q),(x)~ =i

Proof . From the Euler-Maclaurin summation formula (I3), as x tends to oo,

*Log' t
0,(x) = J °f dt +c, + o(1),
1

and the desired result follows forthwith.

We now extend the definition of ¢,(x) by defining

& "k Log'(k
o= 5 {5 ) 222)

k=1
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for all real values of x and r > 0. It is easy to see that (22.1) and (22.2) are
compatible. Note that the case r = 1 was studied in Section 17. The next result
generalizes Entry 17(iii).

Entry 22(ii). Let r be any nonnegative integer and n any positive integer. With
@,(x) defined by (22.2), then

ngo,(x)— Z (pr<x ]>

n

_(=1)yn
T or+1

Log*'n+n Y, (;) (=1)7*! Log’ n{e,_(x)—c,_;},
=1
where ¢, is given in Entry 22(i).

Proof . For any positive integer m, consider

mn {Log’k _ Log'(k +x)} el i {Log’k _ Log'k + (x— j)/n)
vl k k+x k k+(x~j)n

) {Log’ k  Log'(k + x)} i og k mn Log'((k + x)/n)
k=1 =

k k+x kgl k+x

k= j=0k=1

=1 =4 k+x

) Lo L Z mog k) +n Z <;> (—1) Log n {Z <————Logr_j(k+x)

k+x

=n(mn Log k i Log’ k> f z': (;)(—l)jLogjnLog"j(k+x)

=1

Log"fk> N i':' Log 7k Log""“(mn)}
k

k Sk r—j+1
+ni r ( l)jLOJ.nM (22.3)
i=1 1 g T—]+1 ’ )

By (22.2) and Entry 22(i),
mn r—Ji r—j
lim n Z > _1 j Log] {z (Log (k + X) _ LOg k)

m— o k=1 k+x k

+ 2

K=1 k r—j+1

mn Log"Jk Log"”‘(mn)}

n[\/]-.

(,I>( 1)/ Log/ n{—g,_;(x) +¢,-;}. (22.9)
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We next examine the last sum on the far right side of (22.3). Replacing j by
r—j+1, we see that this sum equals

r r \(=1y#*1 Log"/*! n Logi(mn)
20

J
1 1 ) , i /i
= Y <r+ )(—1)”’“Log"’“n Y <]>Log mLog/ *n
r+1;=o\ J k=0
) P
+ r+1 Log
=(—1y*! z’: Log* mLog’ krig o« (— 1)/
=0 Sr—j+ 100Gk
(—1) r+1
+ 1 Log
(—1)*Logtm Log ~**!n {r-kt1 r—k+1
r+1 |z A (_l)u
=0 k' (r—k+ 1) 4= u
- (—1)
_lr k L r+1
+(=1) }+r+1 8

— Z Logt m Log"~**! (-1

L r+1
& K r—k+ 1) rrl 8"

1 1
= -7 Log" " Y(mn) + m Log"*'m+

Returning now to (22.3), taking the limit as m tends to oo, and using (22.4)
and (22.5), we deduce that

n(p,x)— z (pr<x ]>

(=1
7L r+1 . .
T og'ttn. (22.5)

n
mn L m
=n lim { ) og k Z Log"* Y(mn)
m—-o (k=1 k=1 +1
=1 Log"*! }+n Z (J) —1)/*! Log/ n{e,_fx)—c,;}
( ) r+1
+ r+1 Log™™"n
r 1"
=nj; ( )( 1)7*1 Log’ n{g,_{x)—c,_;} + - +)1n Log "' n,

by Entry 22(i). This completes the proof.

Entry 23. Let c, be defined as in Entry 22(i). If r > 0 and ¢ > 0, then

2 Logk T+l & (=D
D e T (23.1)

k=1 N k=0
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Proof . In Section 13 of Chapter 7, Ramanujan gives the Laurent expansion

(— lcks

s+ )= é 20 , (23.2)

where s is any complex number. Thus, in the sequel, we shall assume that r
> 0. (If » were restricted to the nonnegative integers, then (23.1) could be
established by differentiating (23.2) r times.)

Let f(t)=t"*"! Log t, r, s>0, in the Euler-Maclaurin summation
formula (I3). We then find that

® r L «©

5 f L A f (t— 11— $7'0) de
1

— F—(Srr_;tl_) + f (¢ =[S de. (23.3)

Now

Jlm t—=[Df () dt = Jw (t—[1) <r Log ! t;iszﬁt 1) Log’ t) u

(—S)"J“’l—[t]

koky t?

(rLog"** Ut —(s+ 1) Log **1)dt

0 —

= ijo AR (23.4)

where, for k > 0 and integral x,

a, = lim J t[ ! {r+k) Log "™ "t t—Log "  t} dt. (23.5)
1

First,
x k) L r+k~1£_L r+kt L r+k+1
r+k Log %8 lh—Logtx-=6__ X 3¢
t r+k+1
Secondly,
*[1] rk—1 rtk
t—z{(r+k) Log t—Log "* ¢t} dt
1
il [l (r+ k) Logt* 1t—Logt*t
=) ]f 2 dt
j
x—1 ) Logr+k(j+ 1) Logr+k
=3 . ;
=1 j+1 J
L r+k
-_3 Ogj +Log ** x. (23.7)
i=1
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Using (23.6) and (23.7) in (23.5), we deduce that

i x Logr+k Logr+k+1
=1 =Cpipo 23.8
W= (,; j r+k+1 Cro (238)

by Entry 22(i). Putting (23.8) into {23.4) and then (23.4) into (23.3), we
complete the proof for s > 0. By analytic continuation, (23.1) is valid for ¢ > 0.

Example 1. _{"(3)=96.001 nearly.

Example 2. —{(2)=0.9382 nearly.

Example 3. {2)=24 nearly.

Example 4. —("(3)= 7680 nearly.
© 11/2 k

Example 5. Z =288 nearly.

Except for the notation of the Riemann zeta-function, we have quoted
Ramanujan in Examples 1-5. Ramanujan obviously used (23.1) to obtain his
numerical values. As we shall see below, all of Ramanujan’s approximations
are quite reasonable, although he made a slight error in the calculation of
{'(2). In fact,

—{'(2)=0.93754825431584375.

This determination was achieved by Rosser and Schoenfeld [1]. Knuth [1]
and Wrench [2] later calculated {'(2) to 40 and 120 decimal places,
respectively. It also should be noted that Gauss [ 1, p. 359], calculated {'(2) to
10 places.

In order to calculate Examples 1, 3, and 4, write, by (23.1),

% Log'k I(r+1) ), st (— l)cr sk
; Bl T gt +Z = Z =

I'r+1
= (Trﬁ_) + M, (r, 5) + E,(r, 5), (23.9)

say. We shall determine M,(r,s) numerically and estimate E,(r,s) for
appropriate values of n, r, and s. Values for ¢, ¢;, ¢,, and ¢; were calculated
by Ramanujan in Section 13 of Chapter 7. Liang and Todd [1] have
calculated ¢, 0 < k < 19, to 15 decimal places, and we have used their values
in the calculations which follow. We also shall use the bounds,

4 k>1, (23.10)

c
d < >
kn

k!

found in Berndt’s paper [1, Theorem 21.
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Examining Example 1, we set r =3 and s =% in (23.9) and use (23.10) to

find that
i<
,En(3’ 2)' = 2"7T"+3 jZO (27[)j

4 n+2)n+1) 2n+4 + 2
A 1—-1/2n) + (1-1Qn)?  (-1Qrn |

Letting n=6, we find that | E¢(3, 4)| <0.000195. Using the calculations of
Liang and Todd [1], we find that M (3, 3) = 0.009940. In summary, we have
shown that —{”'(3) =96.009940 with an error no greater than 0.000195.
Thus, 96.01 would have been a better approximation than 96.001. Raman-
ujan probably found his approximation by taking n = 2 in (23.9), for it turns
out that M,(3, %) = 0.000891.

To calculate {“)(2) we want to put r =4 and s = 1 in (23.9). Using (23.10),
we determine that

4 & n+3+j))n+2+)n+14j
l15"(4,1)]1”420( i 2 Do+ 1+))
=

In particular, if n=35 we find that | E{4, 1)} <0.008670. Using Liang and
Todd’s [1] calculations, we deduce that {"(2) = 24.014859 with an error of at
most 0.008670. This justifies Ramanujan’s claim.

For Example 4, we put r=5, s=4%, and n=4 in (23.9). Proceeding as
above, we find that —({™(3)=7680.008541 with an error no more than
0.045880, and so Ramanujan’s approximation is again corroborated.

For nonintegral r, ¢,,, has not been calculated in the literature for any
values of k. Moreover, no estimates like those in (23.10) have been deter-
mined. Thus, we do not give a careful error analysis for Example 5. We merely
note that I'(42) = 287.88528 (Abramowitz and Stegun [1, p. 272]), and so
Ramanujan’s approximation of 288 appears to be a reasonable one.

In Section 24, the last section of Chapter 8, Ramanujan studies

Logk

o= e (24.1)
which is the case r =1 of (21.1). Entry 24(i) is the equality
© (Logk Logk+ x)}
X) = _ (24.2)
o) kzﬁ{ﬁ JEk+x

which really is the definition of ¢(x) for all values of x, x > — 1, and is the case
r=1 of (21.10).

Entry 24(ii). Let ¢(x) be defined by (24.1). Then as x tends to o0,

o(x) — { il 7 - C(z)} Log x ~ _4f —{(3) {3y +3m+ 3 Log(8n)}

) o 2 Ba®u Hy o)
= (2’()' 2k—1/2 ’

where H (%) is defined by (21.2).
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Proof. Although it is assumed that » > 1 in Entry 21(i), that part of the proof
through (21.8) is valid for r > 0. Thus, putting r = 3 in (21.8), we find that, as x
tends to oo,

o(x)~c+3x" 12 Logx + 2\/; Logx—4f

B H
—Logx z (2k2);;(2)zik 11/2 + Zl ZkEE)kz)t; 12k 2:/22(2)' (24.3)

Now by Entry 1 of Chapter 7,

sz(z)

—~2 +
as x tends to oo. Thus, from (24.3),

x 1 Bou(@)ak-1Hai-2
9(x) — {g NG —C(z)} Log x~c—4,/x + Z "(3),()! i),

as x tends to co. It remains to show that
c=— {3 {3y +an+7 LogBm)}. (24.4)
It is clear from (24.3) that
c=lim {p(x)—2/x Log x +4./x}. (24.5)

X2 ®

We shall first show that ¢ = — {'($). From (19.18),
© _ 1 © _ 1
(%)._j Lx_],_x.E_J %—X—ELogxdx—A
1 1

32 32
L
j (x1— x+%)gd;< \O/g—x>dx—4
n— 0 X
not kL g (Tog x)
i k — dx
n- o (kz‘l J; dx( \/;
" ["Logx )
+ dx | —4
1 jl \/)—C

. [r=t (Logtk+1) Log k} >
= lim k — +./nLogn—4./n
(Z { k+1 ﬂ & f

=lim< Z f K 12 /nLog n—4f> (24.6)

]
g

]
g

by (24.5).
From Titchmarsh’s book [3, p. 20],
fl—s) I'(s) (s

NIET — Log(2n) — = tan(37s) + T + 7
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Setting s = 4, using Corollary 3(i) in Section 6, and using (24.6), we establish
(24.4). This completes the proof of Entry 24(ii).

For Entries 24(iii)—(v), we shall define

1
Y(x)= 3 { } x> —1. (24.7)
_1 Jk \/—

Entry 24(iii). Let ¢(x) and y(x) be defined by (24.2) and (24.7), respectively, for
x> — 1. If n is any positive integer, then

o= o(22) =09 Log n— (/== 10 Log

where c is given by (24.4).

Proof . For ¢ > 1, the calculation (21.14) gives

> ((Logk Log(k+x)} anl {Logk Log{(kn— )+x)/n}}>
Z({ kK k+xr | 5| K {(kn—j + x)/n}*

k=1

® |1 1
=(n'" = 1){'(s) + Logn k;1 {E — m} —Logn{(s). (24.8)

By analytic continuation, the extremal sides of (24.8) are equal for ¢ > 0. Now
set s=1 in (24.8) and use (24.2), (24.6), and (24.7) to obtain the desired
equality.

Entry 24(iv). Let ¢(x) and y(x) be defined by (24.2) and (24.7), respectively. If
0<x<1, then

@(x = 1)+ o(—x)—2c +(y + 37 + Log(Bm)) {Y(x — 1) + Y(— x) — 2{(})}

= Log k cos(2nkx)
=2) ——————*,
kgl ﬁ

where c is given in (24.4).

Proof . For ¢ > 0, define

© 1 12
F= 2 {(k+x—1)s k=% _F}'

Since {(s) and {(s, a) can be analytically continued into the entire complex
s-plane, F(s) can be so continued. In view of (24.7), we note that

Fd=—{(x-1)+¢(—x)}, (24.9)
and by (24.2), we observe that
F'3)=o(x—1)+ o(—x). (24.10)
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Now apply the functional equation (18.8) of {(s) and Hurwitz’s formula (17.15)
for {(s, a) to obtain

4r(1 —- © 2nk
Fio= T ingng 3 92000 g, e
(7] R =ik
where 0 < x < 1 and ¢ < . Differentiating (24.11), we find that

F'(s)= {— msin(%ns) + (2ryT(1 —s) cos(%ns)}

(27[)1 -5
(oo -}
=k
AI'(1 —s) . « Log(2znk 2nk
+ ———(22)1“? sin(37s) {kzl o827 k)lgc:s( k)
—Log(2m){(1 —s)+ {'(1 — s)}. (24.12)

Using (24.9), (24.10), (24.11), and (24.12) with s = 3, Corollary 3(i) in Section 6,
and (24.4), we find that

o(x — 1)+ g(—x) — 2c + (7 + 3 + LogBm){Y(x — 1) + Y(—x) — 2{(D)}
=F'(})— 2c — (y + 47 + Log@Bm){F ) + 2{2)}

—(2y+4 Log 2+n){§ cos(2rkx) —c(%)}

k=1 \/E
X 2nk 2nk
2| § RO Logtomith + |

= cos(2nk
—2c— 2y +3n+Log8m) ¥ cos(2nkx)
P

=~ \/E
—9 i Logk cos(2nkx).
k=1 \/I;
Entry 24(v). Under the same hypotheses as Entry 24(iv),
o(x — 1) — ¢(—x) + (y — 37 + Log@m) {(x — 1) — ¥(~ x)}
- i Log k sm(27zkx).
k=1 \/l-(

Proof. For ¢ > 0, define

= (1 i
Go)= 2, {(k R T 1)5}‘

As with F in the previous proof, G can be analytically continued into the
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entire complex s-plane. Note that

GG) = Y(x — 1) = (- x)
and
GG = —o(x—1)—o(—x).
By Hurwitz’s formula (17.15),

4I(1 - ) & sin(2nkx)

G(S)=—'— (zn)l‘s % )1211 kl PR

where 0 <x <1 and ¢ < 1. Proceeding as in the previous proof, we deduce
that

@(x — 1) = @(—x) + (y — 37 + LogBm){y(x — 1) — ¢(—x)}
= —G'(3) +(y — 37 + Log(87))G(3)
© s1n(27rkx Log(2x=k) sin(2znkx)

=(2y+4L0g2—n)kZ \/E 22 \/l;

® sin(2nkx)

— 2y —in + Log(8m)) k; ﬁ

Log k sin(2nkx)
Ve

In Example 1, Ramanujan asks us to “Find the values of o{ — 1), o(— %), &
@(—32),” but he does not record these values. Putting n=2 and x=0 in
Entry 24(iii), we readily find that

o(—9=(/2- 267 +4n +4 Log8m)){(}) + /2 Log 2 ().
To calculate ¢(— %), first put x=0 and n=3 in Entry 24(iii) to obtain a
formula for qo(——)+<p( ) Next, put x =41 in Entry 24(v) to obtain a
formula for ¢(—3%)— ¢(—%). From these two formulas, one can obtain
a formula for ¢(— 3), but it is not very elegant or enlightening, and so we do
not record it. Similarly, we can derive a formula for o(—2).

¥
k=1

Example 2(a). If ¢ is defined by (24.4), then ¢ = 3.92265.

Using the value {(3) = — 1.4603545088 found in Dwight’s tables [ 1, p. 244],
we can easily verify that Ramanujan’s calculated value of ¢ is correct to the
number of places given.

Example 2(b). We have

o L Y : (L)
2 2k—1 4125242
c~d— ; o . (24.13)
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Formula (24.13) can be formally derived by setting x = 1 and r = in (21.3).
The infinite series on the right side of (24.13) is semiconvergent in the sense
that the error made in terminating the series at the nth term is less in modulus
than the modulus of the (n + 1)th term. (See Bromwich’s book [1, p. 328].) It
is with this understanding that we interpret the sign ~ in (24.13). We remark
that (24.13) apparently cannot be used to determine ¢ as accurately as in

Example 2(a).



CHAPTER 9

Infinite Series Identities, Transformations, and
Evaluations

Chapter 9 fully illustrates Hardy’s declaration in Ramanujan’s Collected
Papers [15, p. xxxv], “It was his insight into algebraical formulae, transforma-
tions of infinite series, and so forth, that was most amazing.” This chapter has
35 sections containing 139 formulas of which many are, indeed, very beautiful
and elegant. Ramanujan gives several transformations of power series leading
to many striking series relations and attractive series evaluations. Most of
Ramanujan’s initial efforts in this direction pertain to the dilogarithm and
related functions. As is to be expected, these results are not new and can be
traced back to Euler, Landen, Abel, and others. However, most of
Ramanujan’s remaining findings on transformations of power series appear
to be new.
The beautiful formula

(=D 1kl

k) K3 ©D

a&=§2
k=1
has been made famous by Apéry’s proof of the irrationality of {(3). For
example, see papers of Apéry [1], Cohen [1], Mendés France [1], Reyssat
[1], and van der Poorten [1]. Ramanujan evidently missed this formula, but
Chapter 9 contains several intriguing formulas of the same type. Some of
these involve {(3) and Catalan’s constant.

In Chapter 8, Ramanujan studied certain functions which are akin to
Log I'(x + 1). In Sections 27-30 of Chapter 9, Ramanujan returns to this
topic. The generalization studied here is very closely related to that studied
by Bendersky [ 1] and more recently by Biising [ 1]. Except for a simple resuit
in Section 31, the material in Sections 27-30 has no relation to the rest of
Chapter 9.

In analyzing Ramanujan’s work, Hardy has frequently pointed out that
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“he knew no theory of functions” [20, p. 14]. Many of the formulas in
Chapter 9 can be extended by analytic continuation to complex values of x.
However, because Ramanujan obviously intended his results to hold for just
real values of x, we have presented his theorems in this more restricted
setting. We have made exceptions to this decision in the few instances when
vacuous theorems would otherwise result.

Several of Ramanujan’s formulas in Chapter 9 need minor corrections.
However, there are a few results, for example, Entry 3 and formula (11.3),
which are evidently quite wrong, In describing three beautiful formulas of
Ramanujan which he could not prove, Hardy [20, p. 9] has written, “They
must be true because, if they were not true, no one would have had the
imagination to invent them.” Although this judgement seems invalid here,
Hardy may be correct, because very likely “corrected versions” of
Ramanujan’s incorrect formulas exist. Unfortunately, we have no insights as
to what these “corrected versions” might be.

Entry 1. For each positive integer r, define

e 1 1
S, = - ,
" k;) {(2k+1—a)’ (2k+1+a)’}

where a is real but not an odd integer. Assume that |x| < . Then if r is an odd
positive integer,

@) (%)= i cos(Zk+1—a)x  cos(Zk+1+a)x
TS L @ktl-ar Gkt T
(r—1)/2 (_1)kS,_2kx2"

T & Qo
while if r is an even positive integer,

(i) 5.0 = i {sin(Zk +1—-a)x  sink+1+ a')x}
ol @Qk+1—a) 2k+1+a)
ri2—-1 (_ l)kSr—Zk—1x2k+l
k=0 2k + 1)!

Proof. We first establish (i) for r = 1. Observe that

¢1(x) = 2a cos(ax) i (%(;s_fllc_)-zi—_gx_

(2k+1) s1n(2k + l)x

+ 2 sin(ax) Z (1.1)

(2k + 1)* —
By a well-known formula found in Bromwich’s text [1, p. 368], for |x| <,
w (_1yptl
. cos(ax) _1_ Z (-1 i cozs(nx)’ (12)
2a sin(an)  2a* 5 n“—a
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from which it follows that, if 0 < x < =,

mcosalx—m) 1 © cos(nx)
2a sin(an)  2q? ,.Z‘l nP_a (1.3)
Subtracting (1.3) from (1.2), we get, for 0 < x < 7,

i cos(2k + 1)x T
S0 2k + 1) —a? "~ 2asin(am)

Differentiating both sides of (1.2) with respect to x and proceeding as above,
we find that, for 0 < x <=,

) i Ck+1)sink+Dx =
o  (k+12—a®>  2sin(an)

Substituting (1.4) and (1.5) into (1.1), we deduce that, for 0 < x < =,

{cos(ax) —cos a(x — m)}. (1.4

{sin{ax) —sin a(x —m)}. (1.5)

¢1(x)

=sn @ (cos(ax){cos(ax) — cos a(x — m)}

+ sin(ax){sin(ax) — sin a(x — n)})

T an(
=y

o 1
4 k;, Qk+ 12 —a?

Trivially, (1.6) holds for x = 0. Replacing x by —x, we see that (1.6) has thus
been proven for |x| < . This completes the proof of (i) for r = 1.

If we integrate the extremal sides of (1.6) over [0, x], {x| < =, we readily find
that

=2 =5,. (1.6)

SZ(x) = S1x7

which is in agreement with (i) when r = 2.
We now proceed by induction. Assume that (i) is valid for some positive
odd integer r. Integrating both sides of (i) over [0, x], |x| < =, we find that,

"‘1)/2(—1)"S,_2,,x2k+1
Sr+1(x)_ £ (2k+ 1)!

which is precisely (ii) with r replaced by r + 1. Integrating (1.7) over [0, x],
|x| < n, we find that

, (17)

T
—cr+2(x)+Sr+2_ o (2k+2)' s

or

k 2k
(1S ax

S (2k)! ’

Cry Z(X) =
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which is (i) with r replaced by r + 2. This completes the proofs of both (i) and
(ii).

Entry 2. For each integer r with r > 2, define

o 1 !
S=2 {(2k+l—a)’ +(2k+1+a)'}’

where a is real but not an odd integer. Assume that 0 < x < n. Then if r is an even
positive integer,

(i) (x)= i cos(2k+1—a)x cos(2k +1+a)x
TSl @kt 1oy Qk+1tay
_r/2~1(_1)kSr_2kx2k (_1),/2nx'_1
= K=0 (Zk)' 2(r _ 1)! ]

and if r is an odd positive integer,

(i) S0 = i {sin(2k +1—ax sin(k+1+ a)x}

o | @k+1—ay Qk+1+ay
0 (IS, g (1) D
= 2k + 1)! 20r—1)!

Proof. We first establish (ii) for r = 1. Using (1.4) and (1.5), we find that, for
O<x<m,
® (2k + 1) sin(2k + 1)x

$,(x) = 2 cos(ax) k;) T 1y =&

. ©  cos(2k + 1)x
2a sin(ax) ’;0 k17—

= m(cos(ax){sin(ax) —sina(x —m)}

— sin(ax){cos(ax) — cos a(x — ) })

T
- E ’ (2'1)
which proves (ii) when r = 1.

Integrating both sides of (2.1) over [0, x], 0 < x < =, we find that

—C3(x)+ 8, = E,
2
which establishes (i) for r = 2.
Proceeding by induction on r, we assume that (i) is valid for an arbitrary
even positive integer r. Integrating (i) over [0, x], 0 <x <7, we readily
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achieve (ii) with r replaced by r + 1. A second integration yields (i) with r
replaced by r + 2. Since the details are like those in the previous proof, we
omit them. This completes the induction.

Ramanujan, p. 104, supplies the following incomplete hint for his appar-
ently invalid argument: “In both 1 & 2 expand the series in ascending powers
of x and apply.”

The last term on the right sides of both (i) and (ii) in Entry 2 is absent in the
notebooks.

In preparation for Ramanujan’s next formula, we make some definitions.
Let

no]
Ho=Y ¢
& (=) sink + Dx & (=1fcos(2k + 1)x
S"(X) - kZO (2k + 1),, > Cn(x) - k;o (2k + 1)" ’
and
& (=1)*H, ., cos(2k + 1)x
(pn(x) - kZ‘O (2k + l)n s (31)

where n is any natural number and x is real. Unfortunately, Entry 3 is false for
at least n sufficiently large. We are unable to offer a corrected version of
Ramanujan’s formula. It appears that if a corrected formula exists, its shape
would be significantly different.

Entry 3. Let S, C,, and ¢, be defined as above. If n is an odd integer at least
equal to 3, then

Pn-200) = @4(X) = X8, _5(x) = x8,(x) + nC,_1(x) —nC,,,(x).  (32)

Disproof (for n sufficiently large). First, observe that (3.2) is certainly false for
all n if x is any odd muitiple of 7/2.
If x is not an odd multiple of n/2, then a brief calculation shows that

4 cos(3x)

3n— 1 4 (33)

(pn—Z(x) - (pn(x) ~

as n tends to 0. On the other hand, a similar argument shows that
8xsin(3x) 8ncos(3x)
3n - Jn+1 ’
(34)

xsn—z(x) - XS"(X) + ncn— 1(x) - ncn+ l(x) ~ =

as n tends to co. For large n, (3.3) and (3.4) are incompatible.
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In order to state Entries 4(i) and (ii), we need to make several definitions.
For each nonnegative integer n, define

_ 2k\ (= 1)* sin(2k + 1)x . (=¥ sin(2k + 2)x
Fl= Z (k) ok 1y Y Z( ) 22k + 2y

@ (2k\(—1)*sin(2k + 2)x
+( 1 Z( ) 22k(2k+2)n+1 4

k=0
& (2K (= DFcos(2k + D)x L& (2K (= 1F cos(2k + 2)x
h=2 <k> ki D Z (k) 2%k + 2y
L& (2k\(— 1) cos(2k + 2)x
~(=1) kZ()(k) 22k + 2yt
2 & (2% 1
‘P‘")=;Eo<k>mmm’

and
S, =(1—=21"")(n),

where { denotes the Riemann zeta-function.

Entries 4(i), (ii). Let | x| < /2 and let n be an integer. If n > 0, then

[,,/2]( 1)k n—2k k i .
) e (n— 2k)! ; S2502k = 2)

- {% sin(en/2)F,(x),  ifnis odd } .

1 cos(mn/2,(x), if nis even.

If n> —1, then
[,,/2]( l)k n—2k g 5
& OW Z 2” JSZJ(p(Zk‘*‘l—Z_])

- {s sin(un/2)F 4 (), i nis odd, } “2)

Lcos(nn/2, 4 ((x), if nis even.

Before commencing a proof of (4.1) and (4.2), we offer a few comments.
Ramanujan further defines

()3 ()

where evidently x is meant to be a positive multiple of 7. Ramanujan’s
versions of Entries 4(i) and (ii) also contain formulas for F,(x) and y,(x) in
terms of A4,, k <n— 1. Because (4.1) and (4.2) implicitly indicate that x is a
continuous variable, with |x]| < n/2, and because A4, is defined for only values
of x that are positive integral multiples of #, Ramanujan’s formulas involving
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A appear to have no sensible interpretation, and we shall not make any
further comments about these formulas.

In Ramanujan’s second published paper [5], [15, pp.15-17], he es-
tablishes a recursive formula for ¢(n) in terms of S,, 1 < k < n. This recursion
is also given by Ramanujan in Chapter 10, Section 13.

Proof of Entries 4(i), (ii). We proceed by induction. We first establish (4.1) for
n=0. If L denotes the left side of (4.1) when n=0, then L= S,¢(0). Since
{(0)= —4, we find that S,=4%. Now in Proposition 4(vii) below, which
actually holds for |x| < n/2, set x = n/2 to deduce that ¢(0) = 1. Hence, L=1.
On the other hand, by Propositions 4(iil), (iv), and (vi) below,

2 3x/2
Box) = {fzsi’f,ﬁ ), ?;(C:s/i cos<32i>m +1}=%,

and so (4.1) is valid for n = 0. (Propositions 4(v), (vii), and (ix) below can be
used to provide a direct proof of (4.1) when n=1.)

We now prove (4.2) for n= —1. In this case, the left side of (4.2) is
understood to be equal to 0. On the other hand, by Propositions 4(il), (iii),
and (v),

—3F(x)= — -{ sin(x/2) _ sinGx/2) + sin (%) /2 cos x} =0,

\/2 CoS X \/2 COS X
as desired.

We also prove (4.2) for n=0. In this case, the left side of (4.2) is equal to

%) 1 1
Sop(1) = T kzo < >22k(2k + 1)2 =3 Log 2,

by Example (i) in Section 16. On the other hand, by Propositions 4(vi), (viii),
and (x),

%lﬁl(x)=%{Log(./cosx+ 200s<§>)—c0s( >,/2 cosx +1
+cos<§>«/2cosx—Log(./cosx+ 2cos<§>>+Log2—1}

=1Log?2,

and so (4.2) is valid for n = 0.

Proceeding by induction, we now assume that (4.1) and (4.2) are valid for
any fixed, nonnegative even integer n. Integrating (4.1) over [0, x], |x| < 7/2,
we readily find that

n/2 (_ l)k n+1-—2k

kzo (n +1— 2k)'

(n+ n
2

z 278,p(2k — ) = 4 sin ( )F,.H(x). (43)
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Thus, we have established (4.1) with n replaced by n+ 1.
Integrating (4.3) over [0, x], |x| < /2, we find that
ni2 ( 1)k n+2-2k

3 s B2 sk

: 2 1 o (k) (=1

=7cos((”+2 h)*{'"”(x)'*'icos(%){k;)(k)?"(—ﬂ:—k_)l_)m
= (2k\ (=1 o (2k\ (=1

5 (Ve & (i)

Comparing (4.4) with (4.1), with n replaced by n+ 2, we find that we must
show that

nf2+1 X
ZO 2748, 0(n+ 2 —2j)
=

x, 2k (—1) (Zk (— 1)
=0 22k(2k+ 1)n+2 + 22k(2k+2)n+2

o 2k (—1)
53 %ﬁﬁ?ﬁﬁ} @)

In a similar fashion, after two integrations of (4.2), we find that it suffices to
show that

ol

nMs

n2+
Z ~28, 0+ 3 —2j)

k(=) @ (k) (=Y
"E{k;(k)zz"(zkﬂ)"” z(k)

o 22k(2k+2)n+3

o - l)k
+ &)t o

Combining (4.5) and (4.6) together, we deduce that, in order to prove
Entries 4(i), (ii), it suffices to prove the following curious theorem

Theorem. Let n denote a nonnegative integer. Then

Z 2798;0(n—j) = 5 Z (2:)(—4)"‘{(2k+1)“

k=0
IJ

F =1k 4+ — (K +2) 7 @)

We are very grateful to R.J. Evans for providing the following elegant
proof of (4.7).

Proof. Let L, and R, denote, respectively, the left and right sides of (4.7)
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Define
=Y Lx" and R(x)= Y R,x",
=

where |x| is sufficiently small. It then suffices to show that

L(x) = R(x). (4.8)
Next, define, for j > 0,

2778, if 2)j,

= 4.9

y {0, if 24j. (*9)
Then, by (4.9) and the definition of L,

L_Z T,p(n — ), n>0,
and a
L(x) = T(x)¢(x), (4.10)

where

20

=3 T and ¢(9)= 3, ol)x"

n=0

for | x| sufficiently small. We shall compute L{x) by determining T(x) and ¢(x).
First, since S, =1,

© © (_1)k+1
T(x Z S2"4 n 2n _é_+ Z 4*nx2n Z -
n= n=1 k=1 k
1, v R A
=35+ 1 —
+2, (=D n;<2k>
2

nx il of il 2—x 124X 2—x
=W=ZF<E>F< 2 >=7F< 2 >F< 5 >-(4.11)

Next, since
(1—-x)"12=Y% (2kk>4"‘x", —1<x<1, 4.12)
k

we find that, for v < 1,
© 1 1
2y 12w
2z, ( )4"(2k+1 2) L (1=x7)7 " xm"dx
‘[1 (1 _u)—lllu—(v+1)/2 du

0

1- 1-
() ()
v

o) = ()

B —
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Differentiating n times with respect to v, we find that

2i<2k) i RN r(1;v>
k

#Qk+1—0" 1 o dv" F(Z——v)

o) = —— ﬁ
=)

2

k=0

Setting v = 0 yields

0o

)
o) =—=—5— (4.13)
()

Therefore, by (4.10), (4.11), and (4.13),

1 2+ x 1—x
L(x)zzﬁl“< 5 >F< 3 > 4.14)

We next compute R(x). By (4.12),

il

Hence,

Q407 2=§ <2kk>(—4)-kxk, —l<x<l. (4.15)

k=0

Thus, for v < 1,

1 i i 1 1(1+x2)_1/2x_”dx
3.8\ k JFokr1=9 2],
1
=%J (14 u) 2y~ 0+ D12 gy = F(), (4.16)
0

say. Differentiating n times with respect to v, we find that

1 & (2 (— 1) _ Fv)
5,;0 k J&Qk+1—vp*t nl -

Recalling that R, denotes the right side of (4.7), we deduce that

_FUOQ)  (ZIPFRTY (1) (1PFR(=1)
e P A B

and, with the help of (4.15),

n>0,

R, = —— _ F(—1)

2
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Thus,
~ 1 ® F(n-—l)(o) (_l)nF(n—l)(—l) n
R(x)"ﬁ Z {(n—l)' * (n—1)! }x
o R
; F ( 1)(_ X"

_ P9 xF(—x— )= F(—x—1)

NG

=L X+ (—x— DF(—x— 1)

72

4.17)

To determine xF(x), we return to (4.16), and integrating by parts, we

deduce that, for x < 1,
1!
xF(x)= — 5'[ (1 4wy~ 12y12g(y /2
= J (1+u” 32y~ =+ 172 g,

_2\[ :

Furthermore, replacing u by 1/u, we also find that, for x < 1,

xF(x)= —7+4j (1 +u)~ 320" du.

Hence, from (4.18) and (4.19), if —2<x < 1,

xF(X)+(=x—D)F(-x—1)= — L +%J‘ (1 +u) *u? du
1]

NG

R A

We therefore conclude from (4.17) that

1 x+2 1—x
R(x)=2ﬁr< 2 )r( 2 >

(4.18)

4.19)

By (4.14) and the foregoing equality, we deduce (4.8), which completes the

proof.

Proposition 4. For |x| < n/2, we have

o (—1)%2k)! _sin(x/2)
e W 5
2 (—1)*2k)! cos(x/2)

1) Cr= Y Sargps c0s@k+ Dx =

./2cosx’
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' & w sin(x/2)
@) 8:= 2wy sin@k ~reosx
® (_ 1\
(i) €= % cos(2kn) = 2
o 22 (k) 2cos x
_a(- D)¥2k)! . sin(3x/2)
(ili) S;= k;) IRG? sin(2k + 2)x = N
v oo & (Z1Fa _ CoCx/2)
(ivy C3= o 22K(Kk!)? cos@k + 2= 2cos x|

@ (—1)2k)! sin(2k + 2)x

) S4Ek:0 2% k1)? 12 =sin<;>,/2cosx,

o (—1)%2k)! cos(2k +2)x

(vi) C4Ek=0 SR T =COoS

X
2
. © (=1 Q2k)! sinQk+1)x . _ [x
O Ss= 2 mpy aker Om 1(\/5 s‘“(f))’
© _ 1)k
(viii) Cssk;)( Zzlk)(,((!z)k) cosz(ik-:ll —Log( COS X + 2cos< >>

. @ (= DH2K)! sin(k + 2)x
) S6=2Y “man it

= sin(%) 2cos x + sin‘l(ﬁ Sin(%‘_)) — X,

© (—1)2k)! cos(2k + 2)x

® Co=2 PHKN? (k427

—cos< >./2cosx—Log< cos x + 2cos< >>+Log2—1.

In all of the equalities of Proposition 4 and throughout all of their proofs
below, we take the principal branches of all multi-valued relations.

Proof of (i1), (iil). For |x| < m/2,

) @ (—1)42k)!
¢i+i5:= 5 Cny

— eix(l + eZix)—l/Z

= (cos <;> +isin (;))(2 cos x)~ 12,

Equating real and imaginary parts above yields (iil) and (il), respectively.

and

(2k + 1)ix
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Proof of (i2), (112). For |x| < n/2,

. o (—1)%2k)!
C,—iS,= kzo ( 22k)(lf!)2) e

2kix

— (1 + eZix)— 1/2

_ X e x ) ~1/2
=\ cos 5 —isin 5 (2 cos x)™ V4,

and the results follow as before.

Proof of (iii), (iv). For |x| < r/2,

& (= 12k

iS. = (2k +2)ix _ ,2ix 1 2ix —1/2’
C3 + 153 k;() 22k(k!)2 (4 ( +e )

from which the desired equalities readily follow.

Proof of (v), (vi). For |x| < r/2,

. 3 @© (___ 1)"(2]()' e(2k+2)ix
CotiSe= 2 Snay 2k+2

=(1+e*™)V2 -1 =¢"2 /2cosx — 1.

Equating real and imaginary parts on both sides above, we complete the
proof.

Proof of (vii), (viii). For |x] < n/2,
© (-1)"(2]{)’ e(2k+1)ix

Cy +iSs =
s+i8s= 2 onGn? ok il
=sinh ~1(e™)

= Log(e™ +./1 + €**)
= Log(e™ + ¢*/*, /2 cos x).

Log{(cos x+ cos<§> my + <sin x+ sin(%) m>2}
%Log{l +2cosx+2 cos<§>\/5€os—x}

=1Log {cos x + 2 cos? (%) +2 cos <§) \/Eco?}

= Log <\/m + ﬁ cos <%>> s (4.20)

Hence,

Cs

I
Nl

]
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and

sin x + sin(x/2),/2 cos x >

cos x + cos(x/2)./2 cos x

\/5 sm(x/2){\/§ cos(x/2) + . /cos x })
Jeos x{/cos x + /2 cos(x/2)}
/2 sin(x/2) )

1 —=2sin?(x/2)

a(ian)

Proof of (ix), (x). For |x| < n/2, put

' 3 © (_l)k(Zk)! e(2k+2)ix
CotiSe=2 Sma? ki)

Il

vy

=

.’:3 B
N /'\ /_\

=f(w),

where u = e”*. Observe that

uf'(W)=/1+u*>—1.

Thus,
z)_f ST+ —1)du
={/1+u* —Log(l +/1+u*)}|;
1
=./1+t2—1+Log2+Logt—Log<;+ t’2+1>.
Hence,

Ce+iSg=e€"%/2cosx —1+Log2—
2
—%Log{(cos x+cos<%>, /2 cos x>
X 2
+<sin X+ sin<§>~ /2 cos x) }

-+ itan-! ( sin x + sin(x/2)./2 cos x )
€08 X + cos(x/2)./2 cos x

=e*? /2cosx —1+4+Log2—

245

4.21)

{5 () ()

by (4.20) and (4.21). Equating real and imaginary parts above, we deduce

(x) and (ix), respectively.
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Entry 5. Let a, n, and 0 be real with n20 and |6| < n/2. Then

G s=3 (Z) sin(a + 2k)B = 2" cos”  sin(a + n)0
K=o

and

(ii) Cc=)Y, (:) cos(a + 2k)f = 2" cos” 6 cos(a + n)0.
k=0

Proof . By Stirling’s formula (16), the series in (i) and (i), indeed, do converge
{absolutely) for n > 0. Now,

C+iS=Y (Z) pla® 200 _ glad(] 4 g2i0yn

k=0
= € @*™8(2 cos 6"
Equating real and imaginary parts on both sides above, we deduce (i) and (i),
respectively.

If |z} < 1 and n is a natural number with n > 2, the polylogarithm Li,(z) is
defined by

w Zk
Li,(z) = —. 6.1)
=1 k
Furthermore, set
. o g2+
=Li{z)— Li{—z)=2 ——— 6.2
202) = Liyd) ~ Lin(=2)=2 3. s (62)
Observe that, for |z] < 1,
=L - Tdw (¥ d
Li,(2) = _j fg_u_yﬂdwzj _Wj il 6.3)
0 W 0 W 0 l-u

where the principal branch of Log(l — w) is assumed. (The latter expression
for Li,(z) suggests the terminology “dilogarithm.”) Equality (6.3) may be used
to define Li,(z) for all complex z. By employing the equality

Li(z) = jz Li,_ ((w)dw ’
0 w

we may, by induction, analytically continue Li,(z), n>2, to the entire
complex z-plane, cut along [1, o). In the sequel, we shall often say that
certain functions related to the dilogarithm have analytic continuations to
the entire complex plane. It is to be tacitly understood that the analytically
continued functions will generally be holomorphic except on a branch cut. In
Sections 6 and 7, Ramanujan derives several properties of the dilogarithm
Li,(z) and trilogarithm Li;(z). Since most of these results are known, we shall
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not give complete proofs but refer to Lewin’s book [1] where proofs may be
found.

Recall that the Bernoulli numbers B,, 0 < n < oo, are defined by (I1).

Entry 6. Let Li, and y, be defined as above. Then

1
(i) Li,(1 —z) + Li, (1 - ;) = —4Log?z,

_1 2

(i) Liy(—2)+ Li, <—> =T ilogs,
z 6
2
(i) Lig(z) + Lin(1 — 2) = % — Log z Log(1 —2)
(iv) Li,(z) + Liy(—2z) =4 Li,(z%),
1—z n 142z
=7 1iLogzL

v) X2(2)+Xz<1+z) 3 +7Log:z Og(l—z)’

v  Li (1 z W) +Li, (1 - Z) = Li,(2) + Li,(w)

. W
L ((1 - z)(r_T)>

+ Log(1 —z) Log(1 — w),
2

(vid) Liy(e %)= ’% +zlogz—z
© B Zn+1
- 2

t L A<
and

© an+1
oy . .
(viii) Li,(1—e7%) nz‘oi(n+1)!’ |z| < 2m

Proof . Part (i) is proved in Lewin’s text [1, p. 5, equation (1.12)] and is due to
Landen [1].

Part (ii) is also found in Lewin’s book [1, p. 4, equation (1.7)] on noting
that Li,(—1) = —n?/12. Evidently, (ii) is due to Euler [5, p. 38], [9, p. 133].
See the top of page 5 of Lewin’s text [1] for further references.

Equality (iii) is also due to Euler [5], [9, p. 130] and can be found in
Lewin’s book [1, p. 5, equation (1.11)].

Formula (iv) is rather trivial and can be found in Lewin’s book [1, p. 6,
equation (1.15)].

Part (v) is again due to Landen [1] and is established in Lewin’s treatise
[1, p. 19, equation (1.67)].
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Formula (vi) was first established by Abel [3, p. 193], but an equivalent
formula was proved earlier by Spence [1]. The former formula is also in
Lewin’s book [1, p. 8, equation (1.22)].

Formula (vii) arises from (6.4) after dividing both sides of (6.4) by z and
integrating both sides twice. See Lewin’s book [1, p. 21, equation (1.76)].

To prove (viii), first replace z by t in (6.4) and integrate both sides over
[0, z]. Next, in the resulting integral on the left side, set w=1—e™". Using
(6.3), we complete the proof.

Example. We have
2

0 Liz(}) = 5 —3 Log*2
) (51 2 51
(ii) Li, <—\/——2——> = zl% — Log? (-\/——7—~>,
3-S5\ =t 5-1
(iii) Li, <—2\[—> - % — Log? (Jz—>

(iv) 122 — )= —4 Log(/2 - 1),
(v) X2 (_\/_5_—_1> =£—%Log2 (l[s__l),

2 12 2

and

(vi) ni-2=1 31 g(‘ﬁ[l).

Proof . Part (i) follows from Entry 6(iii) on setting z = 3. The result is found in
Lewin’s book [1, p. 6, equation (1.16)]. The priority for this evaluation seems
to be clouded. According to Lewin [1, p. 6], the result is credited to Euler in
1761, but Landen claims to have established (i) in 1760. On the other hand,
Bromwich [1, p. 520] indicates that the result is due to Legendre.

Formula (ii) can be found in Lewin’s treatise [1, p. 7, equation (1.20)] and
is apparently due to Landen [1].

Formula (iii) is found in Lewin’s book [1, p. 7] and is again due to Landen
[1].

Equality (iv), which readily follows from Entry 6(v) upon setting
z= \/5 — 1, is again found in Lewin’s book [1, p. 19, equation (1.68)].

Part (v) is also found in Lewin’s book [1, p. 19, equation (1.69)] and is due
to Landen [1].

Formula (vi) was submitted by Ramanujan as a problem in the Journal of
the Indian Mathematical Society [8], [15, p. 330]. See also Lewin’s book
[1, p. 19, equation (1.70)], where the result is attributed to Landen [1].
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Many other functional equations and numerical examples for the diloga-
rithm can be found in papers of Euler [2], [5], Gastmans and Troost [1],
Lewin [2], Loxton [1], Richmond and Szekeres [1], and Schaeffer [1] and
the books of Landen [1], Lewin [1], and Spence [1].

Entry 7. Let Liy(z) be defined by (6.1). Then

® Liz(1 —z) + Li, (1 - 1) + Lis(2)

2
~(3)+ %— Log z +1 Log® z— 4 Log? z Log(1 — 2),

.. . -1 L N

(i1) Liy(—z)—Li, i Log Z—KLog z,
and
(ii1) Lis(z) + Liy(—2) =4 Lis(z?).

Proof . Part (i) is due to Landen [1] and can be deduced from Lewin’s book
[1, p. 155, equation (6.10)] by letting x = 1 — z there.

Part (ii) can be found in Lewin’s book [1, p. 154, equation (6.6)].

Part (iii) is trivial. See also Lewin’s treatise [1, p. 154, equation (6.4)].

Example. If y, is defined by (6.2), then

2
() Lis(4) =4 Log® 2 — % Log 2 + 15(1)
and
(i) Li3<3 _2\/g> —2Log? (ﬂ;—» 21”5 Lo <*/5 + 1) +403).

Proof . The first equality follows from Entry 7(i) on setting z =3. See also
Lewin’s text [1, p. 155, equation (6.12)].

Part (ii), due to Landen [1], is again in Lewin’s book [1, p. 156, equation
(6.13)]. In Ramanujan’s notebooks, p. 107, the coefficient £ on the right side
of (ii) is inadvertently omitted.

Entry 8. For |x| < 1, define

© pyx?k
f(x)—k;1 T (8.1)
where
h,= Zn: —1— (8.2)
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Then, for |x| <1,

f(zfx> =4 Log?(1 — x) + 4 Li,(x)

Proof . Taking the Cauchy product of the Maclaurin series for 1/(1 — x2) and
Log{(1 + x)/(1 — x)}, we find that, for |x| <1,

S 14+ x
ro i gtes( 1)

Hence,
2 —2
2= x)2f< x> a(l —x) 081 =)
__r _ . Log(l—x)
= oy Logll =0 ==~

Integrating the foregoing equality over [0, x], |x| < 1, and using (6.3) and the
equality

i X 2

dx\2—-x) @2-x?*

Example. With f defined by (8.1), we have

we complete the proof.

2

0 (=3, —¥Log*2,
. 1 n?

(i f<7§> ==

and

(i) 15=9=2 3 Log (@)

Proof . To deduce part (i), set x = 3 in Entry 8 and then employ Example (i) of
Section 6.

To obtain (ii), set x = (ﬁ —1)/2 in Entry 8, note that 1 — x = x2, and use
Example (ii) of Section 6.

Lastly, set x =(3 — \ﬁ )/2 in Entry 8. Using Example (iii) of Section 6, we
deduce the desired equality.

Both Examples (ii) and (iii) are in error in the notebooks, p. 107. In (ii),

Ramanujan has an extra term —3 Log?® {(\/5 — 1)/2} on the right side. In (iii),
he has written 2 instead of § on the right side. Ramanujan [9], [15, p. 330]
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submitted Examples (i) and (i) as a question in the Journal of the Indian
Mathematical Society.
For other examples of this sort, see Catalan’s paper [1].

Entry 9. For |z| < 1, define

@ szk+1

g(z)= 3, m, 9.1

k=1

where H, is defined by (3.1). Then g can be analytically continued to the entire
complex plane. Furthermore,

(@) g(1 —2)=4%Log? z Log(l — z) + Li,(z) Log z

— Liz(2) + {(3),

(i) gl —2)—g(l —1/z)=%Log’ z,

(iii) g(1—z)=%Log?zLog(z—1)—3Log’z
~Li, (1> Logz —Li, (l) +{(3),

z z
and
(iv) g(—2) +g(:z—1> = —41Log®z—Liy—z) Logz

+ Liz(—2) 4+ {(3).

Proof . Squaring the Maclaurin series for Log(1 — z), we find that

2g'(z)=1Log?(1~2), lz]<1l. (9.2)
Thus,
, Log®z
—g(l—-z)—-—m, O0<z< 1 9.3)

Integrating by parts twice, we find that
g(1 —z) =4 Log? z Log(1 — z) + Li,(z) Log z — Lia(z) + c.

If we let z tend to 1, we find that ¢ = Lis(1) = {(3), which completes the proof
of (for0<z< L.

Since Li,(z) and Li,(z) can be analytically continued into the full complex
z-plane, then (i) shows that g(z) can be analytically continued as well.

From (9.3),
, 1, 1\ Log’z
—-g(l-z)——;g(l——)—- 2z .

Z

Integrating this equality over [1, z], we get (ii).
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Consider (i) for 0 < z < 1. Replacing z by 1/z, we obtain for z > 1,

1 1
g<1 - ;> =4 Log? z{Log(z — 1) — Log z} — Li, <E> Log z

- Lg(é) +203).

Substituting this expression for g(1 — 1/z) into (ii), we deduce (iii) for z > 1. By
analytic continuation, (iii) is valid for all complex z.
Lastly, if z> 0, we find from (9.2) that

— 2 2
—g(=2)+ izg’<—l> _ Log’(1 +2) Log’(l+1/2)

2z 2z

Log?z LogzLog(l+2)
—_— + .
2z z

Integrating by parts, we find that

-1 Log? .
g(—z)+g<7>=— og Z—le(—z)Logz+J

Li,(~2) dz
z

Logiz . .
= Og Z  Lij(—z)Logz+ Liy(—2) +c.

By analytic continuation, this holds for all complex z. Now set z= —1 and
use the fact that g(1) = {(3), which can be deduced from (i). We then find that
={(3), and so the proof of (iv) is complete.

Entry 9(i) is stated without proof by Lewin [1, p. 303, formula (12)]. Entry
9(iii) contains a misprint in the notebooks, p. 107; Ramanujan has written
Log(1 — z) for Log(z — 1) on the right side.

The formula

0 Hk
,,; (k+1)?
obtained from Entry 9(i) by setting z =0, has a long history. Formula (9.4)
was evidently first discovered by Euler [2], [8, p.228] in 1775. This
evaluation and many other results of this sort were established by Nielsen
[31,[4], [6]. In 1952, (9.4) was rediscovered by Klamkin [1] and submitted as
a problem. Briggs, Chowla, Kempner, and Mientka [1] rediscovered the
result again in 1955. Once again, in 1982, (9.4) was rediscovered, by
Bruckman [1]. In fact, (9.4) is a special case of the more general formula

={03), ©4)

2 =2+ )~ 2 Cn— K)(k + 1), 9.5)

where n is a positive integer at least equal to 2. This result is also due to Euler
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[21, [8, p. 266]. Nielsen [3, p. 229], [4, p. 198], [6, pp. 47-49] developed a
very general method for obtaining (9.5) and similar types of results. Formula
(9.5) was rediscovered by Williams [2] in 1953. Sitaramachandrarao and
Siva Rama Sarma [1] and Georghiou and Philippou [1] have also proved
9.5).
It might be remarked that the problem of evaluating series of the type
Lo | k

1
kZI k" 1;1 i’
where m and n are positive integers with n > 2, was first proposed in a letter
from Goldbach to Euler [10] in 1742. (See also Euler and Goldbach [1].) The
two mathematicians exchanged a series of letters about this problem in 1742
and 1743, and Euler was successful in obtaining several evaluations of series
like that depicted above. However, (9.4) and (9.5) apparently are not found in
these letters.

Matsuoka [1] and Apostol and Vu [1] have made a study of the related

Dirichlet series

F(S)= z Hk_lk_s, RC(S)>1.
k=1

In particular, they have shown that F can be analytically continued to the
entire complex s-plane. Apostol and Vu have further studied more general as
well as other related series.

Entry 10. For |z| < 1, define
© H Zk+1
hz)=Y .
@=L Gy

k=1

Then h(z) can be analytically continued into the entire complex z-plane.
Furthermore,

1
® hQ —z)—h<1—;>= —3 Log* z+ % Log® z Log(l — 2)

2

+{(3) Log z — 2 Lis(2) + Lis(z) Log z + Z—S

and
. —1

@) h(—2)— h<—2—> — _ Log*z—Liy(—2) Logz

2 Liy(—2)+ {3) Logz + 1%

. 827 360°
Proof . First observe that
W =52 (10.1)

s
z
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where g is defined by (9.1). It follows from Entry 9 that h can be analytically
continued into the entire complex z-plane.
By (10.1), Entry 9(ii), and Entry 9(i),

, 1./, 1\_ gl-2 gl-17z)
—h(l*z)*?h(l—;>_— 1—z zZ*(1—1/2)

1 1 1
= ———-—{g(l—z)——g(l—z)+—Log3 z}
1-z z 6z

_gll—2) Log’z
Tz 6z(1 — z2)

1
= — 2 —_
> Log? z Log(l —z)

1 1
+ E le(Z) LOg Z— E L13(Z)

Integrating the equality above, we find that

2 —
h(1—z)_h(1_§)=JL°g 2Log =2) 4. 4 1i(2) Log 2

2z

_J L13(Z) dz _J Ll3(2) dz + C(3) Log Z—Eli' L0g4 4

z z

Log? z Log(1 —2z)
2z

= Lis(z) Log z — 2 Li(z) + {(3) Log z — 7 Log* z
+4+LogdzLog(l—2)+¢,

dz+c¢

+1 Log® z Log(l —z)*.f

where in the penultimate equality we integrated by parts twice. Letting z =1
and employing the fact that Liy(1)={(4) ==*/90, we find that c= n*/45,
which completes the proof of (i).

Next, by (10.1),

1 -1 1 —
- ta()- ()

1 N 1.
= —g;Log z—;le(-—z) Log:z

1_. 1
+ - Lig(=2)+-10)
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by Entry 9(iv). Integrating both sides above, we find that
-1 Lia(—
h(—z)— h(—) =~ Log*z—Lis(—z) Logz + f Lis(=2) dz
z z

+J~£i_—z-)—dz+l(3)Logz+c

—47 Log* z—Liz(—z) Log z
+2Liy(—2z)+{(3) Logz +c.

Putting z = 1 above and using the fact that Liy(— 1) = —7{(4)/8 = —Tn*/720,
we find that ¢ = 7n%/360. This completes the proof of (ii).

In the notebooks, pp. 107, 108, the right sides of Entries 10(i) and (ii) must
be multiplied by (—1).

Entry 11. For —1 < x <1, define

2k ©

x
(X} = Z (2k)2 and G(x) = kzl (2k)3 )

where h, is defined by (8.2). Then for 0 <x <1,

1- 1
(i) F(1+z> $ Log? xL0g<l+x)+%x2(x)Logx

+2{xa(1) = x3(x)}

and

. 1 1—x 1—x
(ii) G(x)+G<1+x> F(x)Logx+F<1+x>Log<l+x>

1—x
— - Log? 2 —= 1).
15 Log* x Log <l+x>+G()

Proof . For |x| < 1,

2%
hx

xF'(x) = i = i ht? =t dt
=1 2k =

=;Ll_tzwg<”’>
= [, el ares(1 1)

1
=§Log2< +x>. (11.1)
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Hence, for 0 <x < 1,

2 (1=x\  Log’x
_(1+x)2F(1+x>— 41 —-x%’ (11.2)

Integrating the equality above, we find that
Log x 1—x
— L d
_f 4x Og(l + x) *

1—x 1 &2
1 2 _ 2k
=3 Log xLog<1+x>+2k=§02k+1jx Log x dx

+17(x) Log x — f )
2 X

1—x
x Log <m> +4x,2(x) Log x —4x3(x) + c.

Now let x tend to 1 — to find that ¢ = y5(1)/2, which completes the proof of (i).
We now prove (ii). Observe that for |x| <1, xG'(x) = F(x). Hence, for
0<x<l,

, 2 J(1—x\ F(x) 2 1—x
G(x)_(1+x)zG<1+x>~ x —1—x2F<1+x>’

An integration of this equality yields

G(x)+ G<%> = F(x) Logx—Jv F'(x) Log x dx
o#( ee(53)
+Ju fx)zF’G;i) L°g<1 ;i)d"
= F(x) Logx+F(i—;f—c> Log(i ;z>
el
o T () o
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by (11.1) and (11.2). Integrating by parts, we get

1—
1% Log? x Log? <1+x>+c‘

Letting x approach 1 —, we find that ¢ = G(1), and this completes the proof.

In fact, Ramanujan claims that

o (=1 T X 1
G()= - .
( ) ; (4k + 1)3 3./3 kgo (2k + 1)3

(11.3)

Unfortunately, this beautiful formula is incorrect. Taking the first three terms
of the series defining G(1), we find that G(1) > 0.1529320988.... On the other
hand, the right side of (11.3) is easily found to be less than 0.1442780636....
We have been unable to find any formula for G(1) which resembles (11.3).
R. Sitaramachandrarao (personal communication) has derived several ex-
pressions for G(1) that are related to the Riemann zeta-function and similar
types of series. Unfortunately, none of Sitaramachandrarao’s formulas echoes
(11.3).

Entry 12. For |x| < 1, define

© HkXZk—l
H =
() k; %—1"

where H, is defined by (3.1). Then for 0 <x <1,

1—x 14+x 4x
Hl—— }=LLog2—-1)L — Lo
<1+x> (Log ) 0gx+1 g<(1+x)2)

2

+4 Log? x+§+L12( X).

Proof . First observe that, for |x| <1, x*H'(x) is the Cauchy product of the
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Maclaurin series for —Log(1 — x?) and 1/(1 — x?), i.e.,
Log(1 —x?)

H)=="ai=w

Hence,
2 1-x\  (1+x)? 4x
- B - L
(1 +x)? <1+x> 2x(1 — x)? ong+xV>

1 2
= (E + (T_—x)z> {Log 4+ Log x—2 Log(1 + x)}.

Integrating the equality above, we find that, for 0 < x < 1,
— 2
H(l x>=lLog4Logx+1

T+x
Log(1 + x) Log(1 + x)
—f———dx—4f——(1_x)2 dx

0g x
1 —x)?

Log 4 + 4 Log? x+2'[( dx

2
=Log2Logx+1_xLog4+%Log2x

2Logx _ dx
1—x x(1 —x)

4 Log(1 + x) dx
4
1- + 1—x?

g@@
1—

+ Liy(—x) —

Log2 Logx + +4Log*x—2Logx

2 Log(1 + x)?
1—x

+2Log(l+x)—2Log(l —x)+c¢,

+2 Log(l — x) + Liy,(—x) —

2 4x
= - + L +1Log?
(Log2—1)Logx I og ((1 )2> 1 Log® x

+ug—@—UgGﬁgy>+

where c¢=c, + Log 4. Letting x tend to 1—, we find that ¢ = —Li,(—1)
=7%/12, and this completes the proof.

Examples. We have

(i) 3 e _r3) - Loga,
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. x H.

(1) k; Ck—17 313(1),

% h

(i) 27 =20,

and
o _o)k=1 g2 5_1

(iv) zws——)——=n—+%Log2 —\/:— +(/5+2) Log4
k=1 2k—1 60 2

+(3/5+5+Log2) Log<\/§2_ 1).

Proof of (i). For |x| < 1, define

© H, x*
tx)= Y kz .
=k
Observe that
t(x) = Liz(x) + g(x), (12.1)

where g is defined by (9.1). We wish to evaluate (). Using (12.1), Entry 9(i),
and Example 6(i), we find that
t(3) = Lis(3) + 2(3)
= Li3(3) —3 Log® 2 — Li,(3) Log 2 — Lis(3) + {(3)

7[2

=—41Llog®2— <E —41Log? 2) Log 2 +{(3),

from which the desired result follows.
Proof of (ii). We wish to evaluate {t(1) — t(—1)}/2. By (12.1), (9.4), and Entry
Aiv),
He() — (= 1)} =3{g()) —g(= D} + 3{Lis(1) — Liy(- 1)}

= H{{B) = 3(Lis(— 1) + {(3))} + xa(1)

=31+ ()= %Xs(l)'
Proof of (iii). The left side of (iii) is 4F(1), where F is defined in Entry 11.
Putting x =0 in Entry 11(i), we find that F(1)=x5(1)/2. Hence, the result
follows.
Proof of (iv). The left side of (iv) is H (\ﬁ — 2), where H is defined in Entry 12.
Putting x = (\/3 —1)/2 in Entry 12 and noting that (1 — x)/(1 + x) = \ﬁ -2,
we find that

H(/5-2)=(Log2—1) Log<\/§_ 1) +3(,/5+2) Log<\/§2_ 1>

2

+2(/5+2) Log2+4 LogZ(—*/ST‘—l>

n? . \/3—1
+E+L12<— : ) (122)
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Since, by (6.2), Li,(—x) = Li,(x) — 2y,(x), we find from Examples 6(ii) and (v)

that Liz(_@>=_”_z+zLo (Jt{)

2 15 2
Using this value in (12.2) and simplifying, we deduce the sought result.

Example (i) was first established by Nielsen [4]. Jordan [1], [2]
apparently not only first proved Example (iii} but also found a general
formula for ) %, h,/k?", where n is a positive integer. Later proofs of both (ii)
and (iii) were found by Sitaramachandrarao and Siva Rama Sarma [2].

For other formulas like those in Sections 9 and 12, consult the papers of
Nielsen [1], [2], [3], [4] (as well as his book [6]); Euler [2], [8]; Jordan [1],
[2]; Gates, Gerst, and Kac [1]; Schaeffer [1]; Gupta [1]; Hans and Dumir
[1]; Sitaramachandrarao and Siva Rama Sarma [1] (as well as Siva Rama
Sarma’s thesis [1]); Sitaramachandrarao and Subbarao [1], [2]; Buschman
[1]; Rutledge and Douglass [1]; Georghiou and Philippou [1]; and Klamkin
{11, 2).

Closely connected with the polylogarithms are the Clausen functions
Cl,(x) defined by (see Lewin [1, p. 191])

®, sin(kx)

Cl,,(x)= Z T nx>1, (13.1)
=1k
and
% cos(kx
Clzm{x):kz1 %2%—1—) n>0, (13.2)

where x is real, with the restriction that x is not a multiple of 2z when n = 0. It

should be noted that
o cos(kx) 2 sm(i)' (13.3)

Cli= 3 =5

Entry 13. If n is a positive integer, then

Xu'l
—cot du
J, 7o ()

—Cos< >nv {n+1) i (= 1yu+ 12

= —Log

T(n+1)
T(n+1—j)

Proof . For each positive integer k, we have upon n integrations by parts

x"7ICL 4 4 (x).

x n X"~ 1
f u" sin(ku) du = — all cos(kx) + sin(kx)
o k k2

n(n — 1)x" 2

k3
o fu(x) + kﬁ'l 0s <%) (13.4)

nin—1)n-2)x"3

cos(kx) — T

sin(kx)
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where f,(x)=(—1)"*n! cos(kx)/k"* 1, if n=2m is even, and
folxy=(=1)"n! sin(kx)/k"**,

if n=2m+ 1 is odd. Now sum both sides of (13.4)on k, | <k < N, and let N
tend to oo to get (see Gradshteyn and Ryzhik [1, p. 30])

) *u" u 1 u
1\112130 L 5 {cos<2> cos(N + z)u} csc(z) du

T u " o Cn+1) .
, = —cot| - _ -1 (J+1)/2 n=JjC.
L 2 (2) du ,Zo( y Tt 1-j) Cliss()

+n! {(n+1)cos <%>
where we have used the Riemann-Lebesgue lemma.

Entry 13 is equivalent to formulas in Lewin’s book [1, p. 200, equations
(7.52) and (7.53)].

Next, define
& sin(2k—1)x
DZ”(X)——kzl W, nx1, (141)
and
D= 3 SR DE s, (142)

& (2k_ 1)2n+1 -

where x is real, with the restriction that x is not a multiple of # when n=20.
Observe that (Gradshteyn and Ryzhik [1, p. 38])

X
tan{ — }|. 14.3
Entry 14. If n is a positive integer, then

L %csc u du = cos (n%t) n! oy, (1)

n
_ ¥ (— a2
XD

where y, is defined by (6.2).

D((x)= —3 Log

Fn+1)

mx”_ij+ l(x), (144)

Proof . The proof follows along the same lines as that of Entry 13, We begin
with (13.4) but with k replaced by 2k — 1. Now sumon k, 1 <k < N,and let N
tend to oo. It is easily seen that we get the right side of (14.4). On the left side,
we obtain {(Gradshteyn and Ryzhik [1, p. 30])

X 40

limf %—{1—005(2Nu)} cscudu= ftz—cscudu,

N—-w Jo 0

by the Riemann-Lebesgue lemma. This finishes the proof.
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On the right side of (14.4), Ramanujan has written Li,, (1) instead of
Xn+1(1)7 p. 109

Entry 15. For each nonnegative integer n, define

L) = f x" cot x dx.
Then if n>0,

Xﬁ<g—x>=}ZJ—4f<:>ﬂ‘%ﬁQw—QUMn}

Proof . Now, since tan x = cot x — 2 cot(2x),
rr(E ) e [ (E e Y cot(®—x)af® -
2]”,,(2 x) 2j<2 x) cot(2 x)d(z x)
=—2"‘[<g— > tan x dx
n T n—k .
=-2" Z 51 (—=x)f{cot x — 2 cot(2x)} dx
k<o \k/\2

Zn: <k> )knn—k<f (2x)* cot(2x) d(zx)_f (2x)k Cotxdx>

Examples. We have

— )" fl2x) — 243 }.

[
[\/]=

iy — 1 n
fx"cotxdxzf(imy—y)dy (15.1)
and _
2 |t (152)
sin(2x) z

Proof . Equality (15.1) arises from setting y = sin x, and (15.2) is gotten by
letting z = tan x.

Recall that h, is defined by (8.2).

Proposition 15. For |x| <1,

(_ 1)k~ lhkx2k
1 2k ’
© 22k(k!)2x2k+2
,;0 Qk+2)!

) (tan 'x)?=

s

va—
w
b4
':S

(i)
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I - 1 1 AN A
(i) 5y (sin™" x) ',;1<1+32+ +(2k—1)2>(k>22"(2k+1)’

and

1, a1 1 1\ 22K(k!)2 a2k
() g 0=, (22+42+ +(2k>2) 2k +2)

Proof. The Maclaurin series (i)-(iii) may be found in J. Edwards’ calculus
book [1, pp.88-90] where the methods for deriving them are clearly
delineated. Since (iv) is not given, we shall prove (iv).

Write, for |x| <1,

y=ein T = Y gxt, (15.3)

k=0
Then y' = ay/ /1 — x?, or
(1= x3)(y) =a’y*

Differentiate both sides above with respect to x and then divide both sides by
2y’ to obtain

(1 —x?)y" —xy —a’y=0.

Substituting the power series (15.3) into the differential equation above and
equating coefficients of like powers of x, we find that

(K +d¥)g
G =Gk 2O

Moreover, it is easily seen that ay=1 and a; =a. A simple inductive
argument now gives
a(@® +13)@* + 3% - (@ +2n—1)?)
a = )
mrd (2n+ 1)!

n>=1, (154)
and
@@+ 2@+ 4 - (@ + 2n =)
Gan = (2n)! :

n>1. (15.5)

Expanding exp(a sin ! x) as a power series in a, and equating coefficients of
a* on both sides, with the use of (15.4) and (15.5), we may deduce the
Maclaurin series for (sin™! x)¥, k> 1. In particular, for k= 4, we find from
(15.5) that

(sin"'x)* i by, x*"
4 & e
where
n—-1 2242._'(2’1_2)2 n-1 1
p, = Y S 0T T 2 D — 1)) —,
=Ly (=0 2, e

which completes the proof of (iv).
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Entry 16. For |x| < n/2,
© /2k\ sin?¥*!x ) 1 & sin(2kx)
ML § Sy I
Y ( )22"(2k+ 0 x Log|2 sin x| + 2’;:1 e

k=0
Proof . Making the substitution ¢ = sin(u/2) and employing Entry 13 with
n=1, we find, for |x| < n/2, that

sinx o 2k (t/2)2k 3 sinxsin—lt 1 2x
J;) kgo(k>'27+—l-dt— . 7 dt-z . u cot du

=3{—2x Cl,(2x) + Cl,(2x)}. (16.2)

If we now use (13.1) and (13.3) in (16.2), we deduce (16.1).
Let

(16.1)

_e (=1
2k + 1)

thus, G denotes Catalan’s constant.

(16.3)

Examples. We have Y} RNy
@ & ( )22"(2k+1)2 7 Log2,

@ (2k n 1
ii = Log2+ —@G,
(i) ;< >23"2k+1)2 N +\/§
(i) i 2k 1 3./3 & 1 B n?

o\ k)2 Tk 12 T 4 S Gkt 1) 63

and

. x 3% T
) Z, ( )24"(2k+1)2 33 Log3— + Z (3k+ 0

Proof . Part (i) follows from putting x = n/2 in (16.1).

Put x =n/4 in (16.1) and multiply the resulting equality by \/5 We then
obtain (ii).

Next, let x = /6 in (16.1). The left side of (16.1) becomes the left side of (i),
and the right side of (16.1) is found to be

% 2 sm(kn/3)

_\[21+£{w1w1

2
4 LBkt 1) ZoGk+ 17 T L 6kt 22

@ 1 @ 1
—4 kZ‘o 6k +47 kZ:O (6k + 5)° }



9. Infinite Series Identities, Transformations, and Evaluations 265

ENCERER ﬂ{il il}

4 0 0BkA)E 2 L& kT 1 L 6k 5y

3\[21 é{il 1§1}

4 S (Gk+1) ok + 12 9,5 (2k + 1)?

33 & 1 4./3 n?
4 EeBk+12 9 87
which completes the proof of (iii).
Lastly, put x = /3 in (16.1) and multiply the resulting equality by 2/\/3.

The left side then becomes the left side of (iv), and the right side is equal to
\n/_ Log 7 i sm(2kn/3)
7 e 1 1{a 1 © 1
=——Log3+ ) — 5 — — - ,
3\/§ & kZ() (3[( + 1)2 2 {kzl k2 k; (3k)2 }

which is readily seen to equal the right side of (iv).

3+

Part (i) can be found in a paper of Ruscheweyh [1],

Entry 17. For |x| < /2,

& (—1ktan?**1! x & sin(4k + 2)x
————————— =xLogit _— 17.
L OkanE X lesltanxl+y oy 17.1)
Proof . For |x| < =/2, the left side of (17.1) is equal to
tanx oo (_l)ktZk tan x tan—l t 1 2x
L k;) T dt = . - dt_i , ucscudu
= —2xD,(2x) + D,(2x), (17.2)

where in the penultimate step we made the substitution u =2 tan~! ¢, and in
the last step we utilized Entry 14 with n = 1. If we now employ (14.1) and
(14.3), we deduce (17.1).

Examples. We have

1//3 -1 2 5 1
(@ J tin——tdt=——ﬁLog3 o fz -
0 t 18f WSo(3k+ 1)

.. J2- 1tan Ly ©  (—1)
(i) L =-Log(f—1 +\[z(4k+1)2,
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and

2-J3 t -1 1
(i) J' ant t _T Log 2- \/— J tan"1¢ i,

0

where

1 -1
Jtant L dt =G =0915965594177...,
0

where G is defined by (16.3).
Proof of (). In Entry 17, put x = n/6 and use (17.2) to obtain

U3 tan~1¢ 3 1 1 1
S SR SR

0 t 12 52 77

3 1 1t 1t 1
_—-—L0g3+J{(l——+——-—+————+—1————+---)

12 2 22 4% 52 7 8% 107 117

TN (U .
22 4 8 107

5 1 1 1t 1 1 1t 1
=~ ZLog3+ \/'< +———+~—*+~——+--->

12 2274 527 g 102 112

= -2 Log3+ \[Z : 5\/—{’( lkz i—L—}

12 ok + 1) 4 IENEE
from which (i) follows.

Proof of (ii). Set x = /8 in Entry 17. Using (17.2) and the fact that tan(n/8)
=ﬁ — 1, we find that

VI-ttan~'y °° sin{(2k + 1)m/4}
L _Log(\[—l) Z 2k + 1)2

2 °° (=1
_Log(f \/ik 0(4k+1)2

1 © (_1)k(k+1)/2
2 @kt

The latter sum in the equality above is L(2, y), where y is the real, even,
primitive character of modulus 8. By a standard formula (see, e.g., Berndt and
Schoenfeld’s paper [1, p. 48]), L(2, ) = nz\/E/ 16. This completes the proof of
(ii).



9. Infinite Series Identities, Transformations, and Evaluations 267

Proof of (iii). Let x = n/12 in Entry 17. Noting that tan(n/12) =2 — \/3 and
using (17.2), we find that

Z—ﬁt —lt © . 2k+1 6
J = Log~ I+ 3 &?m—wﬂi

0 k=0

1 1 1
12Log(2 f+2<1+3——7-2—112 )

1 1 1 1

teoept T

T
=5 Log2-/3)
1/ & (1 o (=1
* 5(,;0 ST N 3)2> *

- % Log(2—/3) + 3G +4G.

G

O

The given integral representation for G follows easily upon integrating the
Maclaurin series for (tan!¢)/t termwise, and so the proof of (iii) is
completed.

The decimal expansion of G is correct to the number of places given. In
fact, this decimal expansion for G can be found in J. Edwards’ book [2, p. 246],
a text with which Ramanujan was very familiar.

Entry 17 as well as Examples (i) and (iii) may be found in Ramanujan’s
paper [10], [15, pp. 40-43].

Entry 18. For 0 < x < m/4,

© (2k\cos?**! x—sin**lx =x
k; ( ! > Tkt 1) =3 Log(2 cos x)

1 & (2k)\ sin?**1(2x)
- Ek;o( k )22“(2k+ ) (18.1)

Proof. Replacing x by n/2 — x in Entry 16, we find that, for 0<x <,

i cos?** 1 x m
; ( >m (‘2‘-X> L0g|2 cos X|

)“’rl sm(2kx)

1°°
EZ

(18.2)
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Subtracting (16.1) from (18.2), we deduce that, for 0 < x < /2,

@ 2 2k+1 2k+1
3 ( ! )cos — sin x_m Log(2 cos x) — x Log(2 sin(2x))
k=

22"(2k 1) 2
- sin(4kx)
= k)2
Replacing x by 2x in Entry 16, we get, for |x] < n/4,
© (2k\ sin?**1(2x) i © sm(4kx)
kz < )m =2x L0g|2 Sln(2X)| Z

Combining the latter two equalities, we deduce (18.1) for 0 < x < n/4.

Example. For |x| < 1, define
X oty — 1 t
l//(x)=j LY}
0 t

Then

1
V) -1y =3 Log 2+ 2y (75> -2y <"ﬁ)

Proof . From (16.1) and (16.2), for |x| < n/2,

in2k+1

® (2k\ sin X
i = —_ 18.
visinx)= % < k >22"(2k + 1) (183)
Let sin x = 2; so cos x = %. Then sin(2x) = £%. Thus, by Entry 18 and (18.3),
T
(R -y = 5 Log(3) —3¥(3%). (18.4)

Secondly, let sin x = 1/\/5; SO COS X =2/\/§ and sin(2x) =#%. Again, from
Entry 18 and (18.3),

2V (A P rop( ) Ciye
W(5)-+(%) 2Log<\/§> e
TLog+7Log2—4u(}). (183

Combining (18.4) and (18.5) together, we deduce the proposed equality.

Entry 19. For 0 < x < m/2,

2 (2k\cos™ ! x+sin®* ! x = —1)*tan?**! x
) < > o g os@eosn+ Zo (2k+ 1)
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Proof . Adding (16.1) and (18.2), we find that, for 0 < x < n/2,

2k\ cos?**1 x +sin?** ! x B
2242k + 1)? 2

Log(2 cos x) + x Log(tan x)

x
I
Jingt

& sin(4k + 2)x
K=o 2k +1)?
— 1) tan?** 1 x

T Log(2 ——
=3 og(2 cos x) + ZO kT
by Entry 17.
Example. We have

@ 1422%+1 4 1 & (=1

L — ) T

& ( >22"5"“(2k AN °g<f ) MV e
Proof . In Entry 19, put sin x = l/ﬁ; SO COS X = 2/\/3 and tan x =%. The
proposed formula now follows.

Entry 20. Let |x| < /2. Then

© 22KkN? sin?**2 x  x2 ) X & sm(2kx)
=X d
& Ok + Nk F 27~ 2 Losl2sinxl+3 )

s cos(2kx)

Z Zl

Proof. By Proposition 15(ii), the left side of (20.1), for |x| < =/2, is equal to

sin x (sin‘l t)z 1 2x u2
2 dt=-{ = cot
L 2 t 5 |, 200 2 du

=1{—20(3) — 4x* C1,(2x) + 4x Cl,(2x) + 2 CL,(2x) .

In the first equality, we made the substitution ¥ = 2 sin ' ¢, and to get the last
equality we used Entry 13 with n= 2. If we now employ (13.1)-(13.3) in the
equality above, we deduce (20.1).

—4L03). (20.1)

In the notebooks, p. 111, the term —{(3)/4 in (20.1) has been omitted.

Examples. We have

: 2 22K(k!)? n .
0 kZo (2k + 1)1 2k + 2)2 =5 Log2—32x,5(1)
and
ii - 267 1(k!)? n?
o kzo 2k + 1)1 2k + 2)2 =ggloe2ty "G —s15(D),

where x5 is defined by (6.2) and G is defined by (16.3).
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Proof . To obtain (i), simply set x =n/2 in Entry 20.
Putting x = n/4 in Entry 20, we see immediately that the left side of (20.1)
yields the left side of (ii). On the right side, we get

2 l)k

clog2+g Lo Z o —2(03).

The last two expressions are together equal to —35((3)/128 = — 5y,(1)/16,
and so the proof is complete.
Entry 21. For |x| < /4,

© (—1)1h x? @ sin(4k + 2)x
k; k7 * tan?k x = 5 Log|tan x| + x kzo kT

cos(4k + 2)x

1 &, .
5 Zo Qk+1)° —2x3(1), (21.1)
where hy is defined in (8.2).

Proof . Using Proposition 15(i), then making the substitution u=2tan" !¢,
and finally employing Entry 14 with n = 2, we find that the left side of (21.1) is
equal to, for |x| < n/4,

tan x ~1 42 2x ,,2
(tan™ ' t) 1 u
Jo n =3 . 2 cscudu

=4{—2x3(1) — 4x2D,(2x) + 4xD,(2x) + 2D;(2x)}.
Using (14.1)-(14.3) above, we complete the proof.

Example. We have
=71G — 2x,5(1), (21.2)

where G denotes Catalan’s constant.
Proof . Let x = /4 in (21.1) and multiply the resulting equality by 4 to achieve
(21.2).

In the notebooks, p. 112, the right side of (21.2) is incorrectly multiplied by
1. Nielsen [4] evidently first established (21.2).

Entry 22. Let 0 < x < 7/2. Then

0 22k(k!)2 {cos2k+2 x + sinZk+2 x} 7'[2
kZO (2k + 1)! (2k +2)? Y Log(2 cos x)
i cos*lx 1 @ 2%(k)?sin®**2(2x)
3L ok 12 T 2 .
2650\ k )2k + 17 T 45 @k + 1) (2 +2)

—%Xa(l)-



9. Infinite Series Identities, Transformations, and Evaluations 271

Proof . Replacing x by n/2 — x in Entry 20, we find that, for 0 <x < m,

© 2%k cos**t2x 1 (nz

Sk ) Qk+2? 2\ 4

— X + xz) Log|2 cos x|

1/n o (—1)**1! sin(2kx)
"3 <5 - x) 2 K2
1 © (—~1) cos(2kx
s 8 E g @
Adding (20.1) and (22.1), we deduce that, for 0 < x < /2,
®© 22k(k!)2{0082k+2 X + Sin2k+2 X} 2
= 2
o 2k + )l 2k + 2)° g Logcosx)
(= 12 (- 1)"+ ! sm(2kx)
+ 5{(5 — x) Log(2 cos x) + 5 Z
0 4 ) 4
+312x Logp sin(2x)| + x 3, SR04, 1 § coslky) 4
=1k 450k
~15{0). (22.2)

Observe that the former expression in curly brackets on the right side of (22.2)
is equal to the right side of (18.2). Secondly, note that the latter expression in
curly brackets on the right side of (22.2) is equal to the right side of (20.1), but
with x replaced by 2x. Lastly, note that 7{(3)/8 = x;(1). Employing all of these
observations, we see that (22.2) reduces to the desired equality.

Entry 23. For |x| < n/4,

© ( l)k 1hk 22k(k|)2 Sln2k+2x
k; (2k)? =2 Z o 2k + 1) 2k + 2)*

1 & 2%(k)? sin?**2(2x)

4% Rk+D)IQk+2)7 231
where h is defined in (8.2).
Proof. By Entry 20, the right side of (23.1) is equal to, for |x| < n/4,
x? . X & sm(2kx) & cos(2kx)
2{7 Log|2 sin x| + 3 Z 4’;1 pE -3
® sin(4k 1 & 4k
10052 Log2sinx) + x 3, Snkx) 1 cost@hy) g
=1k 4 k
x? © sin(dk+2)x 1 & cos(dk +2)x
=— Logi|t Z bt N SVIVE A
y Loglanxl+x 3 =07 2.2 akg oW

Entry 21 now implies (23.1).



272 9. Infinite Series Identities, Transformations, and Evaluations

Entry 24. Let x, y, 0, and ¢ be real numbers with xe'® + ye'? =1, 0< x,y < 1
and —n<8,p<m. Then

b4

o] ® 2

i) Z X cos(kO) + Z y* cos(k(p) —%—Longogy+0(p
k= k=1

and
® k) k

(il ) * S‘"( ) 4 Z Sm( ?) _ _pLogx—8Logy.

Proof . Using Entry 6(iii) below, we find that

o0 xkeik() © k ,ikp

y o o
kZ1 k* +kz1 k? = Li,(xe®) + Li,(ye)

2
- % — (Log x + if)(Log y + i®).

Equating real and imaginary parts on both sides above, we deduce (i) and (ii),
respectively.

Entry 25. Let x, y, 6, and ¢ be real numbers such that xe' + ye'¢ = xye®*+ ¥,
0<x,y<l,and —n<8,0 <7 Then

0 2 x cos(kB) Z y* cos(ko)

2
=1k

=% Log(1 —2x cos 8 + x2) Log(1 — 2y cos ¢ + y?)

in 6 i
—dtanH 0mgapy YO
1—xcos8 l—ycosg

x* sin (k0 x yk sm(kgo)
tL

~ y sin ¢
=17 1=-2 0 2yt y_--7
1 Log( x cos 6 + x*) tan (1 Jcos )

~ x sin 6
—4 Log(1 —2ycos 9+ y*) tan ™! <m>

Proof. We shall apply Entry 6(i) with 1—z=xe’. Then 1—1/z=
xe/(xe’ — 1) = ye'. Since also 1 — xe'® = 1/(1 — ye'®), we find that
Li,(xe™) + Li,(ye'®)
~ 3 Log*(1 — xe'®) =4 Log(1 — xe®) Log(l — ye'®)

in 0
=%{%L0g(1~2xcos9+x2)_itan—1<&>}

1—xcos@

. B 2y jqan-1f _YSiNQ
x{zLog(l 2y cos ¢ +y°) —itan (1—ycow>}'
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Formulas (1) and (ii) now follow from equating real and imaginary parts
above, respectively.

Entry 26. Let x, y, 0, and ¢ be real numbers satisfying the conditions
xe + ye'® + xye'®* 9 =1, 0<x,y< 1, and —n < 0,0 <n. Then

, 2 x**tlcos(2k+1)8 = y**!cos(2k + 1o
(i) Z 3 Z 2
& k41 & Ck+ D)
nZ
=3 —3Logx Log y +30¢
and
. © xZ+lgin2k+1)0 & y***lsin2k + 1o
X T rr tET ke 1y

—%p Logx—10 Log y.

Proof . Observe that ye’ = (1 — xe®)/(1 + xe™). Thus, Entry 6(v) yields
s . 7'[2 . N
X2(xe") + 12(ye'®) = = — 3 Log(xe") Log(ye®).

Equating real and imaginary parts above, we get (i) and (ii), respectively.

The topic of Sections 27-30 is altogether different from that of the
remainder of this chapter, and is a continuation of Ramanujan’s studies in
Chapter 8. Ramanujan considers

@,(x) = }: "Log k, (27.1)

where here it is assumed that r > — 1; in Chapter 8, Ramanujan studied ¢,(x)
when r< —1 and when r= —3%. In Section 29, Ramanujan examines an
analytic function of x which reduces to (27.1) when x is a positive integer.
However, Ramanujan does not give any hint at all as to how he has defined
his analytic extension of ¢,.

Entry 27(a). Let ¢,(x) be defined by (27.1) for r > ~ 1. For each nonnegative
integer k, let

1
r—j
Then there exists a constant C, such that as x tends to o,
X
—C(—r)} ~C, - m?
2 Byu(r + YM 5 (r)x" 2!
K= QRKNT(r—2k+2) ’

My(r) =

it

J

r+1

@.(x)—Log x {

=
T
-
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where B, denotes the kth Bernoulli number and where { denotes the Riemann
zeta-function.

Proof. We shall apply the Euler—Maclaurin summation formula (I5) to
f@t)=1t"Logt. Then as x tends to oo, we find that

©,(x) ~ f t'Logtdt+ix"Logx+C.+ Z Bae —2 - D(x) (27.2)

1 (2k)!
where C, is independent of x.
First, an integration by parts yields
x xr+ 1 LOg X xr+ 1 1
"L = — . .
ﬁt gLt = e ey (273)
Secondly, by Leibniz’s rule,
Irr+1)
) (+) — r—n
0=t et
n—1 iy k=10, L1\t
o'y m\I'(r+1)(—=1) n—k—1)
=o \ k F(r +1-— k)
re+1) (=)t "ot T(—r + k)
= r—n L
Te+i-n BT TR & kK
rr+1 _ (=)' Tr—rM,_ ("
— r-n,
—F(r+1—n)t ogt+ (=7 )
(27.4)

by a formula from Hansen’s tables [ 1, p. 126]. Using (27.3) and (27.4) in (27.2),
we deduce that

x*l1Llogx x*! x" Log x
~ - C
o~ e T 2 TG
© B, I(r+ L)x" ~2k+1
+ Y = c+D {Logx+My_,(n},  (27.5)

=1 k) T(r + 2 —2k)
as x tends to oo, where C,=C. + 1/(r + 1)~
From Entry 1 of Chapter 7, we have
x xr+1 szr(r+ 1) r—2k+1
2K~ + L)+ Z QK Tr+2-26)
as x tends to oo. Substituting (27.6) into (27.5), we deduce the desired
asymptotic formula.

(27.6)

An asymptotic expansion for ¢,(x) has also been obtained by MacLeod
[1]. For applications of Entry 27(a), see the papers of MacLeod [1] and
Ishibashi and Kanemitsu [1].
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Entry 27(b). Let C, be as in Entry 27(a). Then if r >0,

A+ DEG+ 1) Ce+)\ [
=G {S"’(z)(L 8(2n) - r(+l)> 5°°S<7>}

2I'(r + 1) sin(zr/2) i Log k
(2n)r+1 = kr+1 *

Proof. We shall first show that
C,=-=((-n). (27.7)
It is clear from (27.2) and (27.3) that

x"1Logx x™*!'  x"Logx
C, = li - _
T {(p'(x) vl r+1)? 2
n B de* 1
_kZH _—(2;;" PRI (x" Log x)}, (27.8)

where n is chosen so that n>(r+ 1)/2. Applying the Euler-Maclaurin
summation formula once again, we find that

x*l'Logx x"*! 1 x" Log x

P B P | AL R 1 2

@,(x)=

-

d2n+1
+ f P, 1) o —-+(t"Log t) dt, 27.9)

n BZk d k—1 d2k'1 ,
+k;(2k) e —5—(*" Log x) — de_l(t Log 1)

where P(t) denotes the jth Bernoulli function. Formulas (27.8) and (27.9)
imply that
1 n BZk d2-1

C=Gr & a ! oe )

t=1

© d2n +1

+ fl Py l(t)W(t’ Log t) dt. (27.10)
Now apply the Euler—Maclaurin formula to f(t)=¢"°, Re s > 1, to find that

B2k
1 (2k)!

1 n
(=g +i- X

+ J . Popiy(8)fCm*D(e) dt, (27.11)

1

where n> (r + 1)/2. By analytic continuation, (27.11) holds for Re s> —2n
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— 1. Differentiating (27.11) and then setting s = —r, we find that

BZk d2k— 1

1
YN =G5 T 2 g atLos )|

@ d2n+ 1
- f Paye1(0) ey (¢ Log 1) e 27.12)

1

A comparison of (27.10) and (27.12) yields (27.7).
From the functional equation of {(s), equation (4.2) in Chapter 7, we find
that

s

¢'(s)=2(2n)*" ! sin (%E) I'{t —s){(1 —ys) {Log(2n) + gcot (—2—>
I'l—s) {(1—5s)
T TU-s (-9
Putting s = —r yields
2M(r +1 1) sin(rr/2
0= - 2D DI ogon) - F o ()
I'+r 1 x Logk
“Tain Thr ) T }

By (27.7), the proof is complete.

In the first notebook, p. 163, Ramanujan indicates how he derived Entry
27(b), but his argument is not rigorous.
The following corollary is an immediate consequence of Entry 27(b).

Corollary. If r is an even positive integer, then

C - cos(nr/2)I(r + 1){(r + 1)
o 220y

Ramanujan next records the following particular values of C,:

{3 3¢(5
C0=%L0g(27[), CZ:W’ 4=—_4_7_I_4.)_,
and
_ 450
Co= 8nb

In the case r=0, we see that C, is the constant which occurs in the
asymptotic expansion of Log I'(x + 1) (Stirling’s formula), and this constant
is well known to be § Log(2n). (See Entry 23 of Chapter 7.) The values of
C,, C,, and Cg are immediately deducible from the Corollary.
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The next example is not correctly given by Ramanujan, p.113.
Furthermore, the additive factor of  in the denominator of Example (i) may
be deleted without affecting the limit.

Example (i). We have

exp(x* —3Logx+3—7) [] k*

l L (] ke (271

x+3

Proof . The logarithm of the left side of (27.13) is

= lim {2 Z kLogk+#(x*—3Logx+3—7)

X

—1x{(x+3)Logx — % Log T'(x* + 1) + 4 Log(x +%)}

= lim {2 Z kLogk+4i(x*—4Logx+3—7)

—4x(x + 3) Log x — 4((2x® + 1) Log x — x* + { Log(2n))
+% Log x} , (27.14)

by Stirling’s formula (Entry 23 in Chapter 7).
On the other hand, by (27.8) and Entry 27(b),

lim {2 Z kLogk—x?Logx+4x>—xLogx—4;Logx—+5

X

;:-\_.\,._J

1 I'(2) 1 &
6{“’“2 *m} e

1 & Logk
—H{Logm) +y— 1} +—5 ) o2~
T k=1 k

by (4.2) in Chapter 8. If we employ (27.15) in (27.14), we deduce that

(27.15)

which completes the proof.

Example (ii). We have

==

x k2
lim /9~ %12 H <_> = gt3)/4n?) (27.16)
k=1

x— o0 X
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Proof. The logarithm of the left side of (27.16) is

. x x* x
L=lim < ) k*(Logk—Logx)+— ——
x> (k=1 9 12

x3 x? x x> x
= 1 — | — — — _—— >, R
xl_.lg {(pz(x) <3 + 3 +6>Logx+ 9 12} (27.17)
On the other hand, by (27.7) and the Corollary above,

lim {(pz(x)_fLogx +x_3_x2 Log x _xLogx_i}_@

o 3 9 2 6 12 7 4n?”
(27.18)
Comparing (27.17) and (27.18), we readily deduce (27.16).
For each positive integer r, define
f(r,x)=HrB'+1(x+l)— By,r! sz—1xr_2k+l, (28.1)
r+1 1sk<e+1yz (2K (r+1—2k)!

where H, is defined in (3.1) and B,(x) denotes the nth Bernoulli polynomial,
0<n<oo.

Entry 28(a). For r> 2,

Br+ 1(x + 1) - Br+
rr+1)

Proof . Since B, , ,'(x) = (r + 1) B,(x), a direct calculation with the use of (28.1)

yields

x H, B ) H, B
P =1, 1) de = 2 r+1x+1) H, By
0 r+1 r+1

1, x)= ! +er fr—1,1)de. (28.2)
0

r—2k+1
Byt Hyp— X

i<k QRN+ 1-2k)
Br+1(x+1)__Hr—lBr+l HrBr+l
rir+1) r+1 r+1

=f(r,x)—

b

from which (28.2) immediately follows,

Ramanujan next studies an analytic extension of ¢,(x) for all real values of
x and any positive integer r. He does not give us his definition, but there exists
considerable motivation for defining

X)) ={(=rx+ 1) = (=), (28.3)

where {(s) denotes the Riemann zeta-function and {(s, a) denotes the Hurwitz
zeta-function. Normally, the definition of {(s, @) requires the restriction
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0 < a < 1. But as in Chapter 8, we shall remove this stipulation so that in the
sequel a denotes any real number. In fact, we could allow a to be complex, but
since Ramanujan evidently considered only real values of a, we shall do
likewise.

First, note that if Res > 1,

U@, x+ D= {(s,x)=x"°Logx. (28.4)

By analytic continuation, (28.4) is valid for all complex numbers s. Putting
s = —r, we find that ¢,(x) — ¢,(x — 1) = x" Log x for any real number x. Since
¢,{0) =0, we see that (28.3) is compatible with (27.1).

Secondly, (28.3) is similar to definitions of other analogues of Log T'(x + 1)
studied in Chapter 8, and if r = 0, (28.3) reduces to a formula of Lerch for
Log I'(x + 1). (See (18.12) in Chapter 8.)

Thirdly, if x and r are positive integers,

k=1

where B,(x) denotes the nth Bernoulli polynomial and B, denotes the nth
Bernoulli number, 0 < n < «o. By Hurwitz’s formula (17.15) in Chapter 8 and
the Fourier expansion for B,(a),

B
c(1—k,a)=——"lff’l, k>2, 0<a<l. (28.6)

h1lx+1)— B, 14
r+1

, (28.5)

Thus, we find that, for —1 <x<0and r>1,

B, (x+1)~ B,
r+1

= ~{(~rx+)+{-r1) (28.7)

If we formally differentiate (28.5) and (28.7) with respect to r and ignore the
different restrictions on x, we formally deduce (28.3).

Entry 28(b). If |x| < 1 and r is any positive integer, then

H
@x) = {Br+l(x+1)—Br+l}

r+1
_erH rl By Hyy o x 7172
T+l T QR(r+1—2k)
(N e & (=D (k= DL LR
- Cx" ™" + , 28.8
k;) (k> ) 1;2 (r+ k)t (28.8)

where H, is defined by (3.1), y denotes Euler’s constant, and C, = —{'(—k),
k=0.

The theory of a certain analytic extension of (28.3) has been extensively
developed by Bendersky [1]. In fact, for |x| < 1, Bendersky [1, p. 279] defines
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his analytic extension by (28.8), except that the first sum on the right side of
(28.8) does not appear in his definition. Biising [1] has further developed
Bendersky’s work and has removed some deficiencies in Bendersky’s defi-
nition of the constants L,, which are closely related to C, here.

Proof. For Res>1 and |x| <1,

® Log(k + x)
(s, x+1 k; ks

o2l & =s\(xV o (—1)mt x\m

L 5 ()G e £ 5
np—1 —s (_1)n+j

)j;)( / > n—j
1

|
w

;=0<j = j
_ 0 — j n— ( 1)”+J
_,-;,(j > (s+])x+ZC(s+n 20 > Py

=8,(5) 4+ S2(s) + S3(s) + S4(s) + S5(s) + S(s), (28.9)
where

Si9= ¥ (;S)C'(Hj)xf, Sz(s)=<rfl>¢<s+r+ s,

=0

S9= 3 ( ;s>4'(s ),

j=r+2

S.6)= %, o+, (;S)(_ Silia

—J

n
_1r+1—1
Ss(s)=Ls+r+1) '“Z( >(rT)l—7’

and

5= 5, toemn’s ()LD
§)= s + njx , —.
¢ n=r+2 ji=o\ J n—j
By analytic continuation, the far right side of (28.9) represents {'(s, x + 1) for
all s.
We now evaluate
Si(=7), S3(=71), Sy(—7), Se(~r), and limg, _,{S,(s)+ S5(9)}-

First,

Sy(=n) =_i (')c(;-r)xJ -3 ( >Ckx . (810
<r,

since {'(—k)= —C,, 0<k<r, by (27.7).
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Secondly, since <;> =0,j=>r+2,
S3(=n=0. (28.11)

Using (28.6) and the fact that {(0) = — 1, we find that
© B, pey(1) r\(= 1y
Syu—ry= § Brone@) =y
(=7 ..211' n+1 z(i) n—j
Employing the notation (I7) and the formula

@ @t L
kgo k! (m—k) m o a+ a+k’ (28.12)
found in Hansen’s tables [1, p. 126], we find that

LB (DT ()Xt rtL
Sa(=r)= Z (r+1t—nn! K=o —r+k

r 1 n—1
—s( ) BRI

=ot—

¥

s +

||[\/]-'

i(’“)BM (Ox(H, ~ H, )
500
r+1-— nl)x"

1 r 1

k

H,
= 1 {Br+1(x+ 1)— r+1—‘xr+l}

_ r! BZkHZk—le-l_Zk, (28.13)
L<k<oryz QRN (r+1-2k)
where we have used a familiar formula for B,, ,(x + h) (Abramowitz and

Stegun [1, formula 23.17, p. 804]).
Letting n=k +r and j =r —m, we find that

s(-n=3 o § (1S

Now if k is a positive integer, from Gould’s tables [8, formula 1.41, p. 6],
_1ym 1 (k — 1)
<r>( n™ rlk—1) (28.14)

1~

m+k  (r+k)

m=0
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Thus,

& (=1 (ke — 1) L (k)
Ss(—r)—k;2 T (28.15)

We lastly examine S,(s) + Ss(s) as s tends to —r. Letting

r —s (_1)r+j+1
=5 ()R

we have
L= lim {S,(s)+ Ss(s)}
=x""! lim {(rli) Us+r+ D) +f(s)(s+r+ 1)}. (28.16)
Replacing j by r — k and using (28.14), we find that
fen=-% ([0t (28.17)
" Y1 41 :
Since
roo(—1yttoactizt
I — + X
f(s)= ,Z Fri)f J)J'kzo '”1;12 (s+m)
we see that

=T+ T, (28.18)
say. We first calculate T;. We have

T = (— 1)' Z’:_I)J<r+1>

ji=1

__(—l)rHr r+
===y

r+1{1—( 1. (28.19)

Inverting the order of summation and, in the third equality below, using a
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well-known evaluation (Gradshteyn and Ryzhik [1, p. 3]), we find that
r—1 )r +j+1 - 1
T =S 2 -
2 ,21 r+1 ]<>Z‘k

( 1)r+1r 1yr r
r+1 kzlkz( 1)J< ]

_CT

T or+d ;;xﬁ{(_l) (r—k>—1}
=T (=Y (=LY

o or+d k;r—k(k>+r+1H"1

(=t (=1
T+ S —r+k r+1

+
—

1 T
= I+ 1/H}, (28.20)

where in the penultimate equality we used (28.12) again. Employing (28.19)
and (28.20) in (28.18), we deduce that

f—n= 2

r+1’

(28.21)

We now return to (28.16) and expand each function on the right side about
z =0, where z = s + r. The expansion for 1/I'(—z) and the coefficient of z in
the Maclaurin series of I'(r — z + 1) can be found in the tables of Gradshteyn
and Ryzhik [ 1, pp. 936, 945]. For the first two terms in the Laurent expansion
of {(z + 1), see Entry 13 of Chapter 7. Hence, using also (28.17) and (28.21), we
find that

T(—s+1)
r+ DI T(—s—7)

Us+r+ D+Hf)s+r+1)

(r-:l)'{— +yz? 4 ot (y—H)rlz + ---}{—Ziz+cl+-~}

+ ! +2H' + 1+ +
r+1 r+12 2 Y '

Hence,
1 ¥ ¥y 2H
L= r+1f = __H . _ r
* <r+1(y /) r+1 r+l+r+1>
xr+1
= H— . .
r+1( r—7) (28.22)

If we now utilize (28.10), (28.11), (28.13), (28.15), and (28.22) in (28.9} with
s= —r and recall the definition of ¢,(x) in (28.3), we readily deduce (28.8).
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Entry 29. Let ¢,(x) be defined by (28.3), let C, be defined by (27.7), let
—1<x<0, and let n and r be natural numbers. Then

nol X—k B+1(x+1)
o — T L 1— r+1 .
0. nkgoqo,( ; > T Logn+ (1 -G,

Proof. Let Re s> 1 and replace k by n — k below to get

L”(s,x+1)—n'"21 C’(s,x‘k )
k=0 n

i , n  ® Log{(jn+k+x)/n}
_g(s,x+1)+"k;j;, {(n +k + x)/n}*

Log{(m + x)/n}

i r+s <
={(s,x+1)+n mz=:1 T %)
=(1=n"Y'(s,x+ 1) —n"SLog n{(s, x+1).

By analytic continuation, the extremal sides of the equalities above are equal
for all complex s. Now let s = —r and use (28.3) and (27.7) to obtain

n—1 k
o, (x)—n" Z (p,(x >=—C(—r,x+1)Logn+(1—n’“)C,.
Noting that — 1 < x <0, we may employ (28.6) to complete the proof.

Corollary 1. If n and r are any positive integers, then
nl k B,,, Logn
r —_—— :-——‘———r +n_n_-rcr'
k;‘ ¢ < n) (r+ ' ( )

Proof . Putting x = 0 in Entry 29 and recalling that ¢,(0) = 0, we easily deduce
the desired equality.

Corollary 2. If r is any positive integer, then
B., Log2 -
S Rt St SufiV I ) B, Bt o Vo O
@(—3) 2 +( )C,

Proof . Set n=2 in Corollary 1.

Entry 30. Let 0 < x < 1. If r is positive and even, then

) elx—D+e(—x)=2C, +(2 ; cos(’") 5 ﬂskg"li’ﬂ

k=1

if r is positive and odd, then

(ii) o x =) —o(—x)=

r! . @ sin(2mkx)
2n) < )Z‘ kU
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Proof . Recall Hurwitz’s formula given by (17.15) in Chapter 8. Differentiating
with respect to s, we find that

&, 2 0 1
He= =2 “‘”%‘“( ); e °°S(n—s)k=18(lzg“$lki)}

s\ & cos(Qrkx) . [(ms\ & sin(2mkx)
+7rl"(1—s){cos< )k IW sm<7>k=1(—27gcrs‘}

+2I(1 —5) {sm( ) i cos(2rkx) Log(2nk)

(2nk)'—*
s\ & sin(2rkx) Log(2nk)
+cos( 5 )k; Al . (30.1)
Thus, if 0 < x < 1 and r is even,

o x =D+ o(—x)=0(-rx)+{(—r1—x)+2C,

nr\ & cos(2nkx)
— 2TIF(1 + r) COS( > kzl W 2C,a

which completes the proof of (i). The proof of (ii) is analogous.

Ramanujan remarks that “More general theorems true for all values of r
can be got ...” (p. 114). Indeed, (28.3) can be used to define ¢,(x) for any real
number r, r # — 1. Thus, (30.1) can then be employed to obtain generali-
zations of (i) and (ii) for r > — 1.

Entry 31(a). Suppose that ¢,(x) is defined by (28.3), and define
2k sin?** Y(zx)
Y(x)= z ( )m (3L1)
Then if 0 < x <34,
Y(x)=n{ei(x — 1) = @;(—x)} + nx Log(2 sin(rx)).

Proof. By Entry 30(ii), for 0 < x < 1,
n{o(x —1)—@,(—x)} + nx Log(2 sin(nx))

_% ﬁ 2“ SIN@mkX) | o Log(2 sin(m)

But by Entry 16, with |x| <3,

¥(x) = nx Log|2 sin(nx)| + _;_ i Sln(2nkx)

The desired result now follows.
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Entry 31(b). Let /(x) be defined by (31.1) and let h, be defined by (8.2). Then we
have

0 po= 3, SVt gy, <y,
i V) + 93— ) = % Log(2 cos(my)

i (—1ytan?** (nx)
& k1?0

0<x<i,

(i) (& —x) +39(2x) ~Y(x) = g- Log(2cos(nx)), 0<x<4g,

and
(iv) Y3 —x) + ¥(3 + x) = n(1 — 2x) Log|2 cos(nx)|
+ ki (=7 lkszin(znkx) ,  0<x<l.

Proof of (i). By the Cauchy multiplication of the Maclaurin series of
(tan™' )/t and 1/(1 + ¢?), or by Proposition 15(i), we find that, for |t| < 1,

tan~ !¢ ©

- T 2k
() = T heat™

Thus, for |x| <, we find that the right side of (i) is equal to

tan(nx) tan_l t X
f — dt = ucot udu
0 t(1+1t°) 0

e sm(27rkx)

= nx Log|2 sin(nx)| + = Z 2 (31.2)

In the penultimate step we made the substitution u = tan ! ¢, and in the last
step we applied Entry 13 with n =1 and used (13.1) and (13.3). Using Entry 16
on the far right side of (31.2) along with the definition (31.1) of ¥/(x), we
complete the proof.

Proof of (ii). From the definition (31.1) of ¥(x), we find that, for 0 < x <31,
© 2k sin?**1(nx) + cos?** (nx)
n//(x)+w%—x=z( > .

222k + 1)*
Applying Entry 19, we finish the proof.
Proof of (iii). By Entry 18, for 0 < x <1,

2 2;(Z

$h =)~ P =T Log(2 cos(r) 5§ (2" ) sin””_@2mx)

k )22k +1)* -

Using the definition (31.1), we complete the proof.
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Proof of (iv). Using the definition (31.1) and (18.2), we find that, for 0 < x < 1,

V-0 +d+9=2 § (2")

cos¥** 1(nx)
20k + 1)

o

=2 (F— — nx) Log|2 cos(nx)|

(=11 sin(2rkx)

+ ,
kzl kz

which completes the proof.

Part (iv) is not what is claimed by Ramanujan, p. 115. Ramanujan asserts
that

(& —x) + ¥(3 + x) = 7 Log(2 cos(nx)).

Evidently, Ramanujan applied Entry 16 twice, with x replaced by in —ax
and with x replaced by 7 + nx. But the intersection of the domains for which
these two equalities are valid is only the origin. The infinite series on the right
side of (iv) cannot be evaluated in terms of elementary functions. In fact, from
Gradshteyn and Ryzhik’s tables [1, formula 1.441; 4, p. 38], it is easily seen
that, for 0<x <1,

0 _ 1 k+1 3 k x
Z (=D kszm(Zn al =2nJ Log|2 cos(nt)| dt.
k=1 0

Examples. We have

0 W) =3 Log2,
(i) W(}) =G + T Log2,

e 1
(iii) 6] k20(3k+1)2 9\/ﬂ+ L0g3
2

) 3f°° n
(iv) W) ==y Z‘3k+1 NG

w

Il

and
(— 1 tan?** Y(nx)
Qk+r

Proof . Parts (i)—(iv) are merely restatements of Examples (1)—(iv) in Section 16.
Part (v) arises from Entry 31(b) by subtracting (ii1) from (ii).

1
0<x<3.

@ W0-en= Y
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In Ramanujan’s version, p. 115, of part (ii) above, read 2y(4) for y(3).
Entry 32 below should be compared with Entry 17.

Entry 32. For |x| < /4, we have

224(k!)* sin®* "} (2x) 5

i (=1 tan?k*1 x
¥So  (2k) (2k+1)° k

0 (2k+1)?
Proof . Using Proposition 15(ii) and then making the successive substitutions

t =sin(2u) and u =tan" ! v, we find that the left side of (32.1) is equal to, for
x| < m/4,

18

(32.1)

J’sin(Zx) o0 22k(k!)2t2k dt: sin(2x) Sln 1[
0 K=o (2k +1)! 0 \/i—-lfz
=4 Jx ucsc(2u) du =2 J‘tanx tan”"v dv
0 0 v
=2Jtanx i (_l)kUZk i — 1) tan?** ! x
o k=0 2k+1 o (Rk+1)?

Entry 32 also falls in the realm of generalized hypergeometric series. In
Whipple’s quadratic transformation of a well poised yF, (Erdélyi [1, p. 190])

F a b, c .
Ua+1-ba+1-—¢

_ at+l—-b—ciaia+l) -4t
=(1—1t)"*4F ;
(=075 2|: a+l—ba+1—c "(1—1)?)
let a=1, b=c=3, and 1 = —tan? x. After some simplification, we readily

deduce (32.1).

Corollary (i). For |x| < 1, we have

&, 22k(k!)2 4X _ o0 )k
kZO (2k)! 2k + 1)2<(1 +x)? > =(1+x) 2 2k T (32.2)

Proof. Replace tan x by ﬁ in Entry 32. Noting that
sin(2x) = (2 tan x)/(1 + tan? x) = 2. /u/(1 + u),
we readily deduce (32.2) with x replaced by u.

Ramanujan, p. 115, has a slight misprint in the third summand on the left
side of (32.2).

Corollary (ii). If |x| < n/4, then

© (—1)2%(k!)? tan®**1(2x) _ = tan®**!x

o k) (2k + 1) o Ck+ 17
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Proof. In Corollary (i), replace x by —tan?u. Noting that tan?Qu)=
4 tan® u/(1 — tan® u)*> = — 4x/(1 + x)*, we easily achieve the proposed iden-
tity with x replaced by u.

Examples. We have

) :0 @T)%Z(kz(_;’j)%)‘z =26, |
(i) 2 2k)v3k(2lz)jr 0~ 3\n/§ Log3 - 1(2)7;2
(i) ki} (27)'_((];%21_1)“2 g -2 Llog2+/3)
) ,:0 (2k)!2’£(215<!)jr 2= 2\% Log(1 +/2)

(-1

TC2
'Z\ﬁ +4,;0(4k+ 12’
o 2%(k1)2 3
® X Gk 17 (1 F 1) 3 Los+/3)
w0 ( 1)k22k(k|)2 T[

(Vl) kzo m —8— % Logz(l + \/E),
and

.. a (—DK)>  n? V541
(Vll) kzom—?—3L0g2(—2—).

Proof . Example (i) follows from putting x = 1 in Corollary (i) or x = n/4 in
Entry 32.
Putting x =4 in Corollary (i) yields
& Mk 4 i
K=o (2k)! (2k + 1)* T3 =0 (
Employing Example 17(i), we deduce part (ii).
).

Thirdly, put x =(2 — \[ )* in Corollary (i). Then 4x/(1 + x)® =1, and so
we get

l)k

Qk+ 17

© (k|)2 © {_ 1)k(2 _ \/3)2k+ 1
x=o (Ck) 2k + 1)2 k o (2k +1)? )

Applying Example 17(iii), we readily deduce (iii) above.

M




290 9, Infinite Series Identities, Transformations, and Evaluations

Next, put x = (ﬁ — 1) in Corollary (i). Then 4x/(1 + x)? =4, and thus

© 2k(k )2 \[ z 1)k(\/7 )2k+1'

K=o (k) (2k + l)2 =0 (2k + 1)*

Appealing to Example 17(ii), we readily find (iv).

Fifthly, multiply the formula of part (i) by — 2 and add it to the formula of
part (i). This yields part (v).

Next, let tan x = tan(n/8) = \/5 — 1. Then tan(2x) = 1, and so Corollary (ii)
yields

§ DT 2 (2o D

o QI 2k + 12 TS (2k+1)?

Now use Example 6(iv) to deduce formula (vi).

Lastly, let tan x= \/3 2 in Corollary (ii). Then tan(2x)=3. Using
Example 6(vi), we readily achieve (vii) above.

Example (i) is originally due to Nielsen [4, p. 166] and is reminiscent of the
formula (0.1) for {(3) that was used by Apéry [1] to prove the irrationality of
{(3). An interesting, animated account of Apéry’s proof has been written by
van der Poorten [1]. Mendés France [1] has also described the lecture in
which Apéry announced his achievement. In fact, formula (0.1) appears to be
originally due to Hjortnaes [1] in 1953. Other proofs have been given by
D. Hawkins (personal communication, January, 1977), Ayoub (personal
communication, 1974), and van der Poorten [2]. Cohen [2] and Leshchiner
[1] have established different formulas for {(n), 2 < n < oo, for which (0.1)is a
special case. Other results in the spirit of Examples (i)—(vii) and (0.1) may be
found in Comtet’s book [1, p.89] and in the papers of Clausen [2],
Ruscheweyh [1], van der Poorten [2], [3], Zucker [1], and Gosper [1]. It is
interesting that the formula for G in Example (i) was discovered almost a half
century before the formula (0.1) for {(3).

Entry 33. If n is a positive integer, then

/2 n
(i) J x cos” x sin(nx) dx = ——H,,

0 2n+2

where H, is defined in (3.1), and

»IN

/2 n
(ii) f cos” x sin(nx) dx = Z

0

Proof . We shall prove only (i). Formula (ii) is slightly easier to establish, and a
proof may be found in Fichtenholz’s text [1, p. 136].
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By Entry 5(i) and an integration by parts,

n/2 1 n n /2
x cos” x sin(nx) dx = — x sin(2kx) dx
2" \k

0 0

_ T n n (_1)k+1
T ognt2 kzl<k> k

T
=gz H,,

by a well-known formula (Gradshteyn and Ryzhik [1, p. 4]).

The next two results are designated by Ramanujan as corollaries of Entry
33. However, we prefer to begin the proofs anew. On the surface, it appears
that these two corollaries as written by Ramanujan are devoid of meaning.
However, each can be assigned a mathematically precise meaning.

Ramanujan defines

n k
o=} 2 z :
k=1
and claims, p. 116, that ¢(n) “can be expanded in ascending powers of nin a
convergent series the first two terms being S,x/2 + S;x?/8 + &c.” Here
S, = [{k), k = 2. We shall need to extend the definition of ¢(x) to all real values
of x. Upon integrating both sides of

x -1
1o
kZﬁ t—1
over 1 <t <2, we find that
2 —1
(p(x)zf o dt. (33.1
1

Thus, we shall define ¢(x) for every real number x by (33.1). By expanding
t* — 1 in a power series and inverting the order of summation and integration,
we find that

© k

ax
X)= ), —,
)= 2

where

2Loght
a =f : Elu k=1 (332)
We now state a revised version of Ramanujan’s first corollary.

Corollary 1. If a is defined by (33.2), then a, = 3{(2) and a, =1{(3).
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Despite the fact that g, is a rational multiple of {(k + 1) for k = 1, 2, it does
not appear that this property persists for k > 3. (See Lewin’s book [1, p. 199].)

Proof . Integrating by parts and using Example (i) in Section 6, we find that

2 t © (2Logt
R = L

1t'_1 k=0 lt
2 12 dt
1+EJ; tk+l}

—Li,(3) +{(2)

& t
=3Log?2+ Y {——Logt
=4 k

1 Log?2~—Log2 Z k2"

~1log?2— % +3Log? 2+ ¢(2) = 4¢2),

as claimed.
Next, integrating by parts twice and employing Example (i) in both
Sections 6 and 7, we find that

2Log?t © (2Log?t
az J; t— 1 kZO J; tk+1

=%Log®2—Log®2—2Log2Li,(%)
—2Lis(3) +20(3) = 1203),

since y5(1) =§{(3).

Corollary 2. For each positive integer n,

© 1
(p(—n)z: —k;nEZ—k_Hn—la

where H, is defined by (3.1).
Proof . From (33.1),

Zt*n_l 2n-1
cD(—n):J f Zt K1y
1 [—’1

—11
—Log2+Zk2k Z‘E

® 1
= — ZW_H,‘,I.

k=n

Ramanujan, p. 116, next seems to indicate that Corollary 2, perhaps in
conjunction with Corollary 1, can be used to find the value of Li,(3), k> 2,
where Li, is defined by (6.1). The calculations in the proof of Corollary 1
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make it clear that Li,,,(3) arises in the calculation of g, k>1. Since
Corollary 2 is valid only when n is a positive integer, it does not appear that
these last two facts can be utilized to determine Li,(3).

Entry 34, Let —3 <x < 1. Then
i 1 X k+1= io: (_1)k22k(k!)2hk+1xk+1
k=0(2k+1)2 14+x k=0 (2k+1)' ’
where hy is defined in (8.2).

Proof. Rearranging the double series below by absolute convergence, we find
that, for —i<x <1,

© 1 k+1 ® k+1 el —k—1 .
S oorlie) i o)
¥So 2k + )2\ 1+ x ok+ 1) =0\

< n 4 (-l)k Y

k=0

(34.1)

Comparing (34.1) and (34.2), we see that we must show that

no(=1F (n\ _ 22(n)?
k;m<k>_mhn“, n>0, (343)

Since
3 (- 1)"(2) = (1- ),

we find after two integrations that

n ——1 ld x
Z, 2k+1)2<n) LYXL (1—eyde
=j1(1—t2)”dtjldl
0 r X

- J 1 (1 —t2y" Log ¢ dt. (34.4)
4]

Letting B(x, y) denote the beta function and y(x) the logarithmic derivative of
the gamma function, we find that the far right side of (34.4) is equal to
(Gradshteyn and Ryzhik [1, formulas 4.253, 1, p. 538; 8.363, 3, p. 944])

—4BG,n+ D{Y}) — v+ 1+3)}
Jan! m( 1 1 >
TAT(m+3) o \F+k Tn+ 14k

_2%(nl)?
T @n
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where we have used the Legendre duplication formula. This completes the
proof of (34.3) and hence of (34.1) as well.

If we let x tend to — 4 in (34.1), we obtain a formula for Catalan’s constant
that has been found in a different way by Fee [1].
In preparation for the last theorem in Chapter 9, define

0

i
K=Y —
’ k; Kk + 1y

and A,=(1+ cos(nn)){(n),

where r is a positive integer and n is any integer. If n = 1, it is to be understood
that A, = 0. Since {(— 2k) = 0 for each positive integer k, it follows that 4, = 0
if n<0. Also, since {(0) = —4, we have 4, = —1.

Entry 35. For each positive integer r,
& k—1
K=3 (_1)k(”r )A,_k. (35.1)
k=0 k

By the remarks made above, the series on the right side of (35.1)
terminates. Formula (35.1), or formulas easily equivalent to it, are well
known. The first proof of (35.1) is apparently due to Glaisher [3] in 1913.
Later proofs were found by Kesava Menon [2] and Djokovic [1]. One can
also find (35.1) in Hansen’s tables [1, p. 116].

Examples. We have

i K,=— -3,

(i) 273
(ii) K;=10—1n?,

z*  10x?
(iii) K,= % + 3 35,
and

) 3572 n*
(iv) Ks=126— I

All of these examples are consequences of (35.1). Formulas (i)-(iii) are
given explicitly by Hansen [ 1, pp. 40, 35, 31]. Greenstreet [ 1] found (i)—(iii) in
1907, six years before Glaisher [3] found (35.1). One can also find (i) in
Bromwich’s text [1, p. 226].



Ramanujan’s Quarterly Reports

Introduction

In 1910, Ramanujan met with V.R. Aiyar, the founder of the Indian
Mathematical Society, in the hope of securing clerical employment in a
municipal office of Tirukoilur. With this meeting, word of Ramanujan’s
mathematical genius slowly began to spread amongst mathematicians in
southeast India. Several people, including R. Ramachandra Rao, P. V. Seshu
Aiyar, S. N. Aiyar, Sir Francis Spring, and Sir Gilbert Walker, took a kindly
interest in Ramanujan through financial support, employment, and en-
couragement. In particular, on February 26, 1913, the English meteorologist
Walker sent a letter to the registrar of the University of Madras, Francis
Dewsbury, with the emphatic recommendation, “The University would be
justified in enabling S. Ramanujan for a few years at least to spend the whole
of his time on mathematics, without any anxiety as to his livelihood.” The
Board of Studies at the University of Madras agreed to this request, and its
chairman, Professor B. Hanumantha Rao, wrote a letter to the Vice-
Chancellor on March 25, 1913, with an exhortation that Ramanujan be
awarded a scholarship of 75 rupees per month. Again, the decision was swift,
and Ramanujan was granted a scholarship commencing on May 1, 1913. A
stipulation in the scholarship required Ramanujan to submit quarterly
reports detailing his research to the Board of Studies in Mathematics.
Ramanujan wrote three such quarterly reports, dated August 5, 1913,
November 7, 1913, and March 9, 1914, before he departed for England on
March 17, 1914. Possibly the original reports remain at the University of
Madras, but they evidently have either been lost or misplaced. Fortunately, in
1925, T. A. Satagopan made a handwritten copy of the reports on 51 foolscap
pages. This copy was sent to G. H. Hardy along with a copy of Ramanujan’s
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notebooks also made by Satagopan. G. N. Watson subsequently made
a second handwritten copy of the reports. Both of these copies of
the quarterly reports are now on file in the library of Trinity College,
Cambridge.

The quarterly reports have never been published. However, Hardy used
material from the reports as the basis for Chapter 11 of his book [20] on
Ramanujan’s work. We shall describe in detail the contents of these reports.
In contrast to his notebooks which contain very few proofs, or even sketches,
the quarterly reports offer several fairly detailed proofs. However, many of
these proofs, especially those for the principal theorem, are formal and not
rigotous. Nonetheless, Ramanujan’s proofs are enormously interesting
because they provide insight into how Ramanujan reasoned, and for this
reason we shall describe Ramanujan’s arguments. We also shall indicate,
frequently with references to the literature, how Ramanujan’s findings can be
put on firm foundations.

The first two reports and a portion of the third are concerned with certain
integral formulas which, in a sense, are interpolation formulas and which are
connected with the theory of integral transforms. In discussing one of these
formulas, Hardy [14, p. 1501, [20, p. 15] remarks, “There is one particularly
interesting formula ... of which he was especially fond and made continual
use.” In Chapter 11 of [20], Hardy further observes, about the aforemen-
tioned formulas, that Ramanujan “had not ‘really’ proved any of the formulae
which I have quoted. It was impossible that he should have done so because
the ‘natural’ conditions involve ideas of which he knew nothing in 1914, and
which he had hardly absorbed before his death.” The natural conditions to
which Hardy refers are from the theory of functions of a complex variable.
Indeed, as we shall momentarily see, the proofs given in the quarterly reports
are not rigorous. After arriving in England, Ramanujan evidently learned,
probably from Hardy, that his proofs were not sound. For in a paper
published in 19135, after offering some beautiful integral evaluations, Raman-
ujan [13], [15, p. 57] remarks that, “My own proofs of the above results make
use of a general formula, the truth of which depends on conditions which |
have not yet investigated completely. A direct proof depending on Cauchy’s
theorem will be found in Mr. Hardy’s note which follows this paper.” These
results will be expounded upon in the sequel.

Some of the principal formulas and their applications in the quarterly
reports appear in Chapters 3 and 4 of the second notebook. Pages 180, 182,
and 184 of the first notebook contain related “scratch” work. All of this
relevant material in both notebooks can be found in Ramanujan’s quarterly
reports and/or his paper [13], [15, pp. 53-58]. We emphasize, however, that
the quarterly reports contain many additional theorems and applications
that have not been studied in the notebooks or Hardy’s book [20].

One result in the reports which has not been discussed by Hardy and
which does not appear in Ramanujan’s published papers or his notebooks is
a beautiful generalization of Frullani’s integral theorem. This new theorem
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provides a powerful tool for evaluating many integrals and deserves more
attention.

In addition to material on integral interpolation formulas and transforms,
the third quarterly report contains results on orders of infinity, fractional
composition of functions, and fractional differentiation. Each of these topics
is treated only briefly. It might be recalled that in his first letter to Hardy,
dated January 16, 1913, Ramanujan [15, p. xxiii] mentions that he has been
reading Hardy’s tract, Orders of Infinity [6].

We now discuss in turn each of the three quarterly reports. Each report is
divided into several sections, and we shall adhere precisely to Ramanujan’s
divisions. The reports contain some minor misprints which we correct
without comment.

1. The First Quarterly Report

In contrast to the second and third reports, the first report commences with a
letter of introduction which we completely reproduce below.

From S. Ramanujan, Scholarship holder in mathematics.
To the Board of Studies in Mathematics.

Through The Registrar, University of Madras.
Gentlemen,

With reference to para. 2 of the University Registrar’s letter no. 1631 dated
the 9th April 1913, I beg to submit herewith my quarterly Progress Report for
the quarter ended the 31st July, 1913.

The Progress Report is merely the exposition of a new theorem I have
discovered in Integral Calculus. At present there are many definite integrals the
values of which we know to be finite but still not possible of evaluation by the
present known methods. This theorem will be an instrument by which at least
some of the definite integrals whose values are at present not known can be
evaluated. For instance, the integral treated in Ex(v) note Art. 5 in the paper,
Mr. G. H. Hardy, M.A,, F.R.S. of Trinity College, Cambridge, considers to be
“new and interesting.” Similarly the integral connected with the Besselian
function of the nth order which at present requires many complicated
manipulations to evaluate can be readily inferred from the theorem given in the
paper. I have also utilised this theorem in definite integrals for the expansion of
functions which can now be ordinarily done by Lagrange’s, Burmann’s, or
Abel’s theorems. For instance, the expansions marked as examples nos (3) and
(4), Art. 6, in the second part of the paper.

The investigations I have made on the basis of this theorem are not all
contained in the attached paper. There is ample scope for new and interesting
results out of this theorem. This paper may be considered the first installment of
the results I have got out of the theorem. Other new results based on the
theorem I shall communicate in my later reports.

I beg to submit this, my maiden attempt, and I humbly request that the
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Members of the Board will make allowance for any defect which they may
notice to my want of usual training which is now undergone by college students
and view sympathetically my humble effort in the attached paper.

I beg to remain,

Gentlemen

Your obedient servant
S. Ramanujan

1.1. The thrust of the quarterly reports is described at once. Suppose that F(x)
can be expanded in a Maclaurin series. Then Ramanujan asserts that the
value of

IEJ x""1F(x) dx
4]

can be found from the coefficient of x" in the expansion of F(x). Conversely,
he claims that if I can be determined, then the Maclaurin coefficients of F(x)
can be found.

1.2. Theorem I (Ramanujan’s Master Theorem). Suppose that, in some
neighborhood of x =0,

© k A
P = § AR
k=0 .

Then
= I(m)p(—n). (L.1)

Ramanujan’s theorem needs some explanation. Generally, n is not an
integer. Thus, Ramanujan is tactitly assuming that there exists a “natural,”
continuous extension of ¢, defined initially on the set of nonnegative integers.

We shall first relate Ramanujan’s proof and his adjoining discussion, and
then we shall state Hardy’s rigorous reformulation of Ramanujan’s theorem.
Observe that the proof given below is a slight generalization of that given in
Section 11 of Chapter 4.

Ramanujan’s proof. Recall Euler’s integral representation of the gamma
function

f e ™x" 1 dx=m""T'(n),
0

where m, n > 0. Let m = r* with r > 0, multiply both sides by f®(a)h*/k!, where
f shall be specified later, and sum on k, 0 < k < oo, to obtain

Ll K o
k;)—k'-_L e dx =T(n) Zo .

Next, expand exp(—r*x), 0 <k < oo, in its Maclaurin series, invert the order
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of summation and integration, invert the order of summation, and apply
Taylor’s theorem to deduce that

© © h i —x}J

J ot § IO N 4oy e 4. (1.2)
0 =0 J:

Now define f(hr™ + a) = ¢(m), where m is real, and a, h, and r are regarded as

constants. Then (1.2) may be rewritten in the form

f : ! i @Ljﬁ dx = T(n)p(—n),

which completes Ramanujan’s proof.

Ramanujan was evidently quite fond of this very clever, original technique,
and he employed it in many contexts. See Chapter 4 for several additional
illustrations.

1.3. Of course, Ramanujan’s procedure is fraught with numerous difficulties.
Ramanujan asserts that his proof is legitimate with just four simple
assumptions: (1) F(x) can be expanded in a Maclaurin series; (2) F(x) is
continuous on (0, «o); (3) n > 0; and (4) x"F(x) tends to 0 as x tends to co. He
remarks that the fourth condition can be relaxed if, for example, F(x) is a
circular or Bessel function. However, these four conditions are not nearly
strong enough.

In preparation for stating Hardy’s version of Theorem I, we need to
introduce some notation. Let s = o + it with ¢ and ¢ both real. Let H(3) = {s:
o> — 8}, where 0 < § < 1. Suppose that y(s) is analytic on H (6) and that there
exist constants C, P, and 4 with 4 <z such that

ly(s)] < CePor A, (1.3)
for all se H(8). For x >0 and 0 < ¢ <4, define

+i
cTrico b4

1 -5
¥(x)= i ﬁﬂiw ) Y(—s)x " ds.

If0 < x < ¢~ ¥, an application of the residue theorem yields (see Hardy’s book
[20, p. 189])

Y= 3 (-

Theorem (Hardy [20, pp. 189, 190]). Let y and ‘¥ satisfy the conditions set
forth in the preceding paragraph. Suppose that 0 <¢ <. Then

ki

L Y(x)x* ! dx = pe—— Y(—s). (1.4

Formula (1.4) yields (1.1) upon replacing y(s) by ¢(s)/I'(s + 1). In Hardy’s
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book [20], formulas (1.1) and (1.4) are (B) and (A), respectively, on p. 186.

Ramanujan devotes the remainder of the first quarterly report, all of the
second report, and a large portion of the third to giving examples and
applications of his Master Theorem. For the individual examples we shall
determine if the hypotheses of Hardy’s theorem are satisfied. However, for
brevity, we shall generally not recast Ramanujan’s theorems that are derived
from his Master Theorem into rigorous formulations. Thus, let it be tacitly
assumed in the sequel that Ramanujan’s theorems can be placed on solid
ground if the relevant functions satisfy the hypotheses of Hardy’s theorem.

1.4. Ramanujan next briefly indicates some of the kinds of functions to which
his Master Theorem is applicable.

1.5. Examples. (i) This first example is mentioned by Hardy in his book
[20, p. 188]. Let m, n> 0 with m < n. Letting x = y'/", we find that

w ,m~1 1 ® ,mna—1
J X —dx =~ j y dy.
o 14x nlo 1+y
Expanding 1/(1 + y) into a geometric series, we see that, in the notation of the

Master Theorem, ¢(s) = I'(s + 1). Hardy’s hypotheses are easily seen to be
satisfied, and so (1.1} gives

@© xm~1 m m
L T X F(ﬁﬁ('z)

1
“n
e
n \n n)  nsin(zm/n)’

(i) The second example is Corollary 5, Section 11 of Chapter 4. Let m, n
> 0 and set x = y/(1 + y) to obtain

which is a familiar result.

1 ®
j x"‘"(l—x)"”‘dx=J‘ Yy L4 y) T dy.

0 0

From the binomial series,

© T'(k
Aty =5 TETD <, (L5)

k=0 T (r)k‘
we find that @(s)=I(s +m+ n)/T(m+n). By Stirling’s formula (I6), the
hypotheses of Hardy’s theorem are readily verified. Hence, Ramanujan’s
Master Theorem yields the following well-known representation of the beta-
function B(m, n),

"t ety et g . T(mT(n)
B(m,'ﬂ—Lx (=X~ dx=Tmol—m) = 2o (16
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(iii) Let p>0 and 0 <n < 1. Letting x = /y, we find that

J x"~ 1 cos(px) dx =%J yrzt cos(p\/;) dy.
0 0

Expanding cos(p\/}) into a Maclaurin series, we find that, in Hardy’s
notation, y(s) = p*/T(2s + 1). By Stirling’s formula, we deduce that, in the
notation (1.3), A=n+e¢, for any £¢>0. Hence, with no justification, we
proceed, as did Ramanujan, to conclude that

j X"~ cos(px) dx = $TGn)(—3n)
0

_ TGmI(1 —3n) _ T'(n) cos(znn)
C pT(l-n P '

1.7

Now, in fact, Ramanujan’s evaluation is, indeed, correct (Gradshteyn and
Ryzhik [1, p. 421]).
Ramanujan next shows that
J‘ © ['(n) sin(in)
n

x"" 1 sin(px) dx = ,  nl<1, (1.8)

0
by replacing n by n — 1in (1.7) and differentiating both sides with respect to p.
This procedure is invalid because the integral obtained from (1.7) by replacing
n by n — 1 does not converge in the domain |n| < 1 of (1.8). Nonetheless, (1.8)
is still correct (Gradshteyn and Ryzhik [1, p. 420]). If we follow the procedure
employed by Ramanujan in obtaining (1.7), we also deduce (1.8). As before,
this method is not justified.

(iv) Recall that the ordinary Bessel function J,(x) of order n is defined for
all real values of n and x by

B © (_1)k _’i 2k+n
J"(x)_k;)k!l"(n+k+1)(2> '

Consider

o o 0 B 0 (_y)k
p—n IJ = p/2—1 .
Jl) X n(x) dx JO y k;() k' r(n + k + 1)2n+2k+1 dy

Clearly, we need to require that p > 0. Also, from the asymptotic expansion
of J,(x) as x tends to oo (see Whittaker and Watson’s text [1, p. 368]),
the integrals above converge if p<n-+3. In Hardy's notation,
1(s) = 2" 1 ¥ B0(s + DI(n + s + 1) and 4 = n + ¢, for any & > 0, by Stirling’s
formula. Thus, Hardy’s theorem is inapplicable. However, formally applying
Ramanujan’s Master Theorem, we find that

® 2P T (3p)
P11 (x) dx = TApYp(—4p) = =——2
L x W(x) dx = TGp)o(—3p) T+ 1-1p
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where 0 < p < n + 3. Despite the faulty procedure, this result is again correct
(Gradshteyn and Ryzhik [1, p. 684]; Watson [3, p. 391]).

(v) For 0 < ¢ < 1, define

(@ q) = ﬂ (1—aq"

and

© tn~1 dt
1=f AL
0 (_t, q)co

This integral is one to which Ramanujan refers in his prefatory comments. It
is actually the particular case a =0 of the more general integral

[N (—at; 9, dt .
ﬂ”‘J; Err

discussed by him in [13], [15, pp. 53-58]. As we inferred in our introduction,
Ramanujan used the Master Theorem to evaluate f(a). In a paper [8],
[19, pp. 594-597] immediately following Ramanujan’s paper [13], Hardy
evaluates f(a) by contour integration. R. Askey [1] has made a penetrating
study of f(a) and has shown that if n = x and a = ¢**?, then f(a) is the natural
g-analogue of the beta function B(x, y) discussed in Example (ii).

We now describe Ramanujan’s proof which is also briefly sketched by
Hardy [20, p. 194]. Writing

= tq)w k;) (-0, il <1,

and using the fact that (1 +¢)(—gqt; ¢), =(—1t; q),, we easily derive the
recursion formula

k
wy =" ke
Since (0) = 1, an inductive argument shows that
k+1.
why =D s,
(¢ 9w

which satisfies the hypotheses of Hardy’s theorem. Hence, by Ramanujan’s
Master Theorem, or Hardy’s theorem,

1-n,

LU
sin(nn)(q; q)s,

Y(—n)= (1.9)

s1n(nn)
Example (a). If n =1, (1.9) becomes

© 1— 1—n
f dt =limn(, d )=—Logq.

o (=t @) n-1 sin(mn)
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Example (b). Let n =2 and replace ¢ by \/E in (1.9) to find that

© _aql-n _ 42-n
J dt =lim2n(l q )L—q"™")
_\/[; Do 12 sin(nn)

_2Ag—1DLogg

q

Example (c). Letting n = 3 and replacing ¢ by t/3 in (1.9), we deduce that

f“’( d 3l —¢' (1 -¢" (1 -¢>"

—t13,9),  n-3 sin(nn)

3 -g0- %) Log q
q ‘

2

Example (d). Let n=%, g=a? and t=x

identity
® dx T o 1—g*!
2. 2 =—H 2k
0 ( x’a)ao 2

in (1.9) to discover the elegant

which was first posed as a problem by Ramanujan [6], [15, p. 326].
Ramanujan also gives this application in [13], [15, p. 58] and further
remarks that

—a

< 1
Z ghk—1y2 _ H

This result is due to Gauss, and a proof can be found in G. E. Andrews’ book
[1, p. 23]

(vi) In the last example of this section, Ramanujan shows that if a >0,
m<1, and m+ n> 0, then

J“’ I(x+a)dx  mcse(mm) & <n> (=1

= . 1.10
o Nx+a+n+1)x™ Tn+1) So\k/(a+k)" (1.10)

The conditions on a, m, and n are needed for the convergence of the integral.

Also, since
n ~ (_ l)k k—n— 1
k) T(—n) ’

as k tends to oo, if n is not a nonnegative integer, the condition m+n>0
insures the convergence of the series on the right side. We have not been able
to find (1.10) in the literature.
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We now present Ramanujan’s derivation. From (1.6) and (1.5), for x + a,
n+1>0,

Ix+aln+1) L el
-~ @@z = 7 x+a 1_ n
Tatatnsn |, 0 d-0d

= 3 ()~ (1.11)

provided that |x| < a, where

0 _1"
¢(S)=kzo<z>ﬁ, s+n+1>0.

Now multiply the left side of (1.11) by x ™™ and integrate over 0 < x < co. It is
easily checked that the hypotheses of Hardy’s theorem are satisfied with y«(s)
as given above. Hence, by (1.4),

*Tx+al(n+)dx  mp(m—1)
o Tx+a+n+x"  sin{n(l—m)

] - 1 k
=7 ¢sc(nm) kzo <Z> —(c(z n IZ)""

from which (1.10) is apparent.

1.6. In the final section of the first report, Ramanujan derives certain
expansions for four functions by assuming that a type of converse theorem to
the Master Theorem holds. More specifically, he determines a power series
for the integrand from the value of the integral. In fact, Ramanujan’s converse
to the Master Theorem follows from the inversion formula for Mellin
transforms. Although Ramanujan proceeded formally, all of the results that
he obtains are, indeed, correct. We shall not only give Ramanujan’s argument
but also indicate a correct proof in each case.

(i) We first want to expand (2/(1 + /1 + 4x))" in powers of x when n > 0.
Let 0 < p < n/2 and consider

oo} 2 n
= x(7> dx.
.L 1+./1+4x
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Setting x = y + y* and then y = z/(1 — z), we find that

I'= f YT+ )P (1 +2y) dy

0

1
= J P71 =21 + z)dz
0
_T(l(n—2p) T(p+ HI(n—2p) nI(pl(n—2p)
I'(n—p) I'n—p+1) n—p+1)°
where we have employed (1.6). Hence, in the notation of (1.1), ¢(p)=
nl'(n + 2p)/T'(n + p + 1). Ramanujan thus concludes that

( 2 >"_n © T(n + 2k)(—x)*
1+ 1+dx/) ¥ Tn+k+ k!’

This result is, indeed, correct. In fact, the restriction that n be positive is
unnecessary. Of course, one could also establish (1.12) by applying Taylor’s
theorem. Equality (1.12) can also be found in Corollary 1, Section 14 of
Chapter 3, where a short proof, based on Example (iv) below, is given.

x| <L (1.12)

(i) We next wish to expand (x +./1+x*)"" in ascending powers of

x when n>0. Letting x+./1 +x2=1/\[ , Ramanujan considers, for
O<p<n,

J w xj)/_1 T fl (1=y)? Iy P21+ 1y) dy
o (x+/1+x3) 27*1 Jo
__nfpIG{n—p})
27" A {n+p) + 1)
by (1.6). In the notation of the Master Theorem,
_ 2" 'T{n+p})
IG{n—p}+1)°
Hence, Ramanujan concludes that
_ o 21T {n + kP (—x)*
J1+xH) "= 2 : <l (L13
(x + +x7) nk=0 T&{n—k} + D {x| (1.13)

The expansion (1.13) is, in fact, valid for all complex values of n. Moreover,
(1.13) can be found in Corollary 2, Section 14 of Chapter 3, where a short
proof based upon Example (iv) below can be found.

o(p)

Now replace n by in and x by ix in (1.13). Recalling that

sin"! x= —iLog {ix+ /1 —x?},
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where principal branches are taken, we deduce from (1.13) that

o © b, (n)x*
M =14nx+ Y ——k(k') , x|,
=2 :

where, for k> 2,
b {nz(n2 +2%)(n* +4%) - (n® + (k—2)?), if kis even,
n)y=
¢ n(n? + 12)(n? +3%) - (n2 + (k—2?), if k is odd,

(iii) Let a>0 and let x be the unique positive solution to the equation
Log x = —ax. For each positive number n, we want to expand x” in
ascending powers of a. Letting 0 <p <n, a= —(Log x)/x, and then x =¢
Ramanujan finds that

® '/ Logx\""' ,1-L
f a?~x" da=J <h °8 x> x"————zogx dx
0 0 x x

= f yp_l(l +y)e'y(n_l7) dy
0

nl'(p)
(n—p)?*t

Thus, in the notation of the Master Theorem, ¢(p) = n(n + p)? " !. Therefore,
Ramanujan concludes that

U o e k) 1.14
X ",;0 k! (L14)

Using Stirling’s formula (I6), one can show that the infinite series in (1.14)
converges for 0 <a < 1/e.

In fact, (1.14) is valid for every real number n and |a| < 1/e. The expansion
(1.14) can be found in Chapter 3, Entry 13, where a rigorous proof has been
given,

>

(iv) Consider the trinomial equation
agx? + x1=1, (1.15)

where a> 0 and 0 < g < p. We shall find an expansion for x" in nonnegative
powers of a, where n is any positive real number and x is a particular root
of (1.15). Ramanujan’s derivation is briefly presented in Hardy’s book
[20, pp. 194, 195].

Choose r so that 0 < pr < n. Making the substitutions a = (1 — y)/(qy*9)
and x = y'4, we find that

* r—1.n 1 ! n l—y ! p(l_y) -
L a " lx da=EJO y/q<yp,q> pawrE +y Pt dy

p [
=70 J YOI — yy dy
0
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1. -
+21;J Yo —yy Tt dy

4]
_aT)T({n—pri/a)
g T{n—pri/g+r+1y
by (1.6). Thus, in the notation of the Master Theorem,
ng’ 'T({n+ pr}/q)
T{ntprifg—r+ 1)’
Hence, Ramanujan concludes that
N & _T({n+pkl/g)(—qa)
q«=o L({n+pk}/q—k + k!’

The expansion (1.16) is actually valid for all real numbers n, p, and g, and for
complex a with

o(r) =

(1.16)

lal <|pl #4|p—q|® . (1.17)

Equality (1.16) is stated in Chapter 3, Entry 14, where a legitimate proof is
given.

Formulas (1.14) and (1.16) have a very long history. The latter was first
discovered in 1758 by Lambert [ 1], while the former was initially found by
Euler [4], [6] in 1779. In 1770, Lagrange [1] discovered his famous
“Lagrange inversion formula,” which can be found in Whittaker and Watson’s
treatise [1, p. 133], and which is sometimes called the Lagrange-Biirmann
theorem, and as an application derived (1.16). Recall that in the introduction
to the first report, Ramanujan makes a reference to theorems of Lagrange
and Biirmann. Ramanujan evidently learned about these theorems from
Carr’s Synopsis [ 1, pp. 278-282], where expansions similar to (1.12) and (1.13)
are given as applications. Polya and Szegé [1, p. 146] have offered (1.14) and
(1.16) as exercises illustrating the Lagrange inversion formula. The deri-
vations of (1.14) and (1.16) in Chapter 3 are developed ab initio, however.

2. The Second Quarterly Report

2.1. Ramanujan commences the second quarterly report with two further
applications of his Master Theorem.

Example (a). Let 0 <r < 1 and suppose that m is real. Then

© © 1 m k
f » M dx =T(r)(1 — )" Q1)
0 k=0

In the notation of Ramanujan’s Master Theorem, ¢(s) = (s + 1), and so
Hardy’s hypotheses are readily seen to be satisfied. Hence, (2.1) follows

immediately from the Master Theorem. This example is also mentioned in
Hardy’s book [20, p. 193].
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Although (2.1) is not found in his notebooks, Ramanujan thoroughly
discusses the integrand of (2.1) when m is a nonnegative integer in Chapter 3.
In fact,

g k+D=x) e F@pii(—x)
k;() k! - X ’

where ¢,(x) is a polynomial of degree n called the nth single variable Bell
polynomial.

Ramanujan illustrates (2.1) with four examples which we need not record
in detail here. The examples are form=1and r>0,m=2and r>0,m=n
and r = 4, and m real and r =3. In the former two cases, the integrands may be
expressed in terms of elementary functions.

Example (b). Ramanujan next derives several related expansions by appeal-

ing to a converse of his Master Theorem, as in the first report. We first expand

¢ in ascending powers of y = e ~** sinh(cx)/c, where a, b >0 and ¢ > 0.
Choose n > 0 so that a + n(b — ¢) > 0. Letting y = e ~** sinh(cx)/c, consider

I=f yn—le—axdy

0

J' © <e"”‘ sinh(cx))"* U (c—byee D 4 (¢ + bje o>
_— e dx

0 4 2¢

- izb;)nb J‘w e—(a+n(b—c)}x(1 _e—-2cx)n—1 dx
0

c+b (*®
+ e#{u+n(b—c)+2c)x l_e—Zcx n—1 dx‘
oy L ( )
Since for p, g >0,
© 1
f e P (1—e ) dx = if PN -y de
0 qJo
_ ITmI'(p/q)
gl'(n+ p/q)’
by (1.6), we find that

(c — BT (a +n(b— c)) ( 4+ BT (a +nb-c)+ Zc)
2c 2c

+
an+1 a+nb—cj nt1 a+nb—c)+2c
@éyrTir (n + e ) (20 F(n + e )

I=

al(m)l (—————“ T "2“6’ - C)>

i fatnb+o '
(20) r(————zc +1>




Ramanujan’s Quarterly Reports 309

Hence, Ramanujan conciudes from the Master Theorem that

a(zc)s_1r<a+s(c—-b)>
9s) = a—s(b+c)2c
F(T+1)
and
a+kic—-»b _
& F( 2c )(2(:)" 1( e~ ** sinh(cx)\* 22
L Yy e e T - @
r ——T+I k!

Now, in fact, (2.2) is really a special case of Example (iv) at the end of
the first report. In the notation of that example, replace x by e 7 let
a=e % sinh(cx)/c, let p=c—b, and let g=2c. Then a brief calculation
shows that (1.15) is satisfied. Letting n (in Example (iv)) = a, we find that (1.16)
reduces to (2.2). Furthermore, by (1.17), the representation in (2.2) converges
for
e % sinh(cx)

¢

< (b — | NI 4 | ~EFONCO), (2.3)

Ramanujan next derives an expansion for e¢** in ascending powers of
¢~ sin(cx)/c. First observe that e”"*sin(cx) is an increasing function on
[0, x,], where x,=(1/c) tan~*(c/b), the point at which e~ % sin(cx) achieves
its maximum for x > 0. Thus, at the outset, we restrict our attention to
0 < x < x,. Ramanujan proceeds formally and simply by replacing a by —a
and ¢ by ci in (2.2). Although in Chapter 3 it is assumed that p and g are real,
the proof of (1.16) can be easily generalized to allow for complex values of p
and g. Thus, proceeding as in our derivation of (2.2), we find with Ramanujan

that
—a + k(ci — b) -
N i F( 2ci )(‘_2“) (e—bx sin(cx))"
e =a .
k=0 r(—“a-—k(fil—f'b) + 1>k’ C

Ci

(2.4)

ae ¥* sin(cx o Jk (o % sin(cx)\*
i) | d (e sinen)\*

C k=2 F C
provided that the series converges, where, for k> 2,
ala-+kb){(a+kb)? +(20)*} {(a+kb)* +(@dc)} -+ {(a+ kb)?
+(k—2)%c?}, if k is even,
dy= ( yell 2.5)
a{(a+kb)* +c*}{(a + kb)*+(3¢)*} -~ {(a+kb)?

+(k~2)%c?}, if k is odd.
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By Stirling’s formula (I6) (compare also with (2.3)), the series on the right side
of (2.4) converges when

-
e "sinex)| (b — ci)b=ed/2ed(p 4 cj)= b+ eni2en|

=(b*+cH) texp { - g tan~! (%)} . (2.6)

A short calculation shows that when x = x, there is equality above. Thus,
since e~ ?* sin(cx) is increasing on [0, x,], (2.4) is valid for 0 < x < x,,.

C

2.2. In this section, Ramanujan derives four corollaries of (2.4).
Letting b =0 in (2.4)—(2.6), we find that, for 0 < x < n/(2¢c),

a sin(cx ® sin| k
eax=1+__£~l+2ﬂ<ﬂ),

c k=2 k! c
where, for k> 2,
a*{a® + (2c)*} {a® + (4¢)?} -+~ {@® + (k—2)*c?}, if kis even,
B {a{a 2+ et {a? +(3¢)?} - {a® + (k—2)% ¢, if k is odd.
Letting ¢ tend to O in (2.4)—(2.6), we find that, for 0< x < 1/b,

i (a+kb)" .1 k —kbx ‘ (27)

k=0

Ramanujan evidently first learned of this well-known formula in Carr’s book
[1, p. 282]. The expansion (2.7) can be used to establish a more general
theorem due to Abel, found in Carr’s Synopsis [1, p.282], to which
Ramanujan refers in his introductory letter to these reports. In a slightly
different form, (2.7) may be found as (13.8) in Chapter 3. Formula (2.7) is
stated as a problem in Bromwich’s text [ 1, p. 160] and is mentioned by Hardy
[20, p. 194].

For the third illustration, Ramanujan replaces a by ai and b by bi in (2.4)
and equates real parts in the resulting equality to obtain an expansion of
cos(ax) in ascending powers of sin(cx)/c. This procedure is not really justified
because the primary expansion (1.16) was derived under the assumption that
n be real. However, we can deduce Ramanujan’s expansion directly from
(1.16) in the following manner. Let a = ie”** sin(cx)/c, p=c —b, and g =2c
in (1.15), where b > 0 and ¢ > 0. With x replaced by e~ we see that, indeed,
(1.15) is satisfied. Since we shall expand in powers of e *** sin(cx), we need to
restrict x, and so we add the assumption,

|x] < (2.8)

n
2(b+c¢)
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Thus, from (1.16), with »n replaced by —a, and (1.17), we find that
— — bk
F< a+(c )>(—2c)"‘1

=0 (—C—— + 1) k!
2¢
provided that
SINEX)| _ 1~ ofo-or@a 4 ¢ ~6+or0, (2.10)

Equating real parts in (2.9), we deduce Ramanujan’s expansion

a sin(bxc) sin(cx) . i v <sin(cX)>k’

cos(ax) =1+ P "

where, for k> 2,
(— 1%a(a + kb){(a + kb)> — (2¢)*}{(a + kb)* — (4c)*} --- {(a + kb)®
—(k—2)*c?} cos(kbx), if k is even,
(—1* " V2a{(a + kb)® — ?} {(a+kb)* —(3¢)?} -+ {(a + kb)?
—(k—2)*c?} sin(kbx), if k is odd,

provided that x satisfies (2.8) and (2.10). Of course, a similar expansion for
sin(ax) may be derived.

Lastly, return to (2.4) and equate the coefficients of @ on both sides to
deduce that

Uk=

e e bx scin(cx) . kgz %Tk <ebx iin(cx))", @.11)
where, for k> 2,
kb{(kb)? + (2¢)*} {(kb)* + (4c)?} -+~ {(kb)?
= +(k—2)*c*}, if kis even, 2.12)

{(kb)? + 2} {(kb)? +(3¢)2} - {(Kb)?

+(k—2)*c?}, if kis odd,
provided that 0 < x < x,,. Similar, but more complicated, expansions can be
deduced for higher powers of x.

2.3. Ramanujan next gives a beautiful application of (2.11) to approximating
the roots of the transcendental equation

© (_x3)k e~x+e4wx+84m2x

,;0 (k) 3

e 4277 cos(x\/§/2)_
= 3 =

0,
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where w is a primitive cube root of unity. Thus,
3
cos <x\2/_> = —1e73%2, (2.13)

By examining the graphs of y = cos(x\ﬁ/2) and y = — 4 exp(—3x/2), we see
that there are an infinite number of positive roots of (2 13). Furthermore,
these roots are very near the roots n(2n + 1)/\/3 of cos(xﬁ/2), where nis a
nonnegative integer. Setting x = n(2n + 1)/ﬁ — z, we transform (2.13) into

(—1)"sin <—z§> = —1pm2n+ 1)/3/2 +3212

and then with h = exp(—n(2n + 1)\/3/2), the equality above may be written

as
{—1)*th=e"3gin <#>

We now apply (2.11) with b=3% and ¢ = \/5/2 to expand z in powers of h.
Hence,

=(—1)"+1h+ © ﬂ<(_1)n+1h>k
S BT A )

or, by (2.12),

n(2n + 1) m2n+1)  (=1) 7., 1921
== 5 7" NE \/_<h 5
+37-§?-43h7+61-639-!67-73h9
91'93'9171'!103'111h“+---)
<h2 ; 4+285-!31héJr49-57?-57h8
+76-799-'84-91h10+m>‘

In view of (2.6), the expansions above converge when
e 32 sin(z\/§/2) } ‘ e~ /306
NEP NE

Since h = exp(—n(2n + 1)\/5/2), the aforementioned series converges for each
n,0<n<oco.
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2.4. The second main theorem in the quarterly reports is a beautiful
generalization of Frullani’s integral theorem. Employing Ramanujan’s nota-
tion, let

iu(k)( ' and g(x) —g(owo) =

@ k k
1)1 3 e

where

fleo) = lim f(x) and g(o0) = lim g(x),

X0 X

which we assume exist.

Theorem I1. In the notation above, let f and g be continuous functions on [0, o).
Assume that u(s)/T(s + 1) and v(s)/T(s + 1) satisfy the hypotheses of Hardy’s
theorem. Furthermore, assume that f(0) = g(0) and f(c0) = g(c0). Then if a, b
>0,

lim I,= lim jw X" f(ax) — g(bx)} dx

n-0+ n—=0+ Jo

={f(0O)—f (o)} {Log (2) + Ed; <Log G%)) ZO}. (2.14)

Ramanujan tacitly assumes that the limit can be taken under the integral
sign. If f(x) = g(x), Theorem II reduces to

J wf@;_ﬂllﬁ dx = { f(0) — f(0)} Log (g) (2.15)

since in this instance the limit on n can always be taken under the integral
sign. Formula (2.15) is known as Frullani’s theorem and holds for any
continuous function f such that f(c0) exists. If f(co) does not exist, but f(x)/x
is integrable over [c, o0) for some ¢ > 0, then (2.15) still holds, but with f(c0)
replaced by 0. According to the reports, Ramanujan likely learned of
Frullani’s theorem from Williamson’s book [1] on integral calculus. Raman-
ujan was also familiar with the classical text of J. Edwards {2, vol. 2,
pp. 337-342] which has a nice section on Frullani’s theorem and some
generalizations.

Ramanujan’s proof. Applying the Master Theorem with 0 <n < 1, we find
that

1= f (S ax) —f(0)} — {g(bx) — g(c0)}) dx

=T(n){a""u(—n)— b~ "v(—n)}
i pfE Mt
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Letting n tend to 0, we deduce that
b"v(n) — a"u(n)}

lim I, = lim {
n

n—0 n=0

= lim {b"v(n) Log b + b"v'(n) — a"u(n) Log a — a"w'(n)}

n—0

b
= {f(0)—f(c0)} Log <5> +v'(0) —w(0)

— ((0) = f(0)) {Log (g) + %(Log (5%)) } 216)

where we have used the fact that 4(0) = v(0) = f(0) —f(0).

Hardy [1], [19, pp. 195-226] discovered some different beautiful gen-
eralizations of Frullani’s theorem. His paper contains a plethora of nice
examples. In fact, Hardy evaluates ad hoc several integrals that fall under the
province of Theorem II with f#g. Although Hardy was unsurpassed in the
evaluation of integrals, he evidently failed to discover Theorem 11. Another
very interesting generalization of (2.15) was discovered by Lerch [1] and
essentially rediscovered by Hardy [2], [3], [19, pp. 371-379]. The most
complete source of information about Frullani’s theorem is a paper of
Ostrowski [2] which contains much historical information and several
generalizations and ramifications. His paper [1] is a shorter, preliminary
version of [2]. However, none of these papers contains Ramanujan’s
beautiful Theorem II, which evidently has not heretofore appeared in the
literature.

2.5. This section is devoted to applications of Theorem II. Example (i) records
Frullani’s theorem. All of the relevant functions in the next three examples
satisfy, by Stirling’s formula, the hypotheses of Hardy’s theorem. With each
application of Theorem I, letting n tend to 0 under the integral sign is easily
justified.

(ii) Recalling (1.5) and using the standard notation y(x) = I"(x)/I'(x), we
find from Theorem II that for a, b, p, ¢ >0,

21 4a) P (b0 (B d.  (Tg+sr)
j . x dx ‘L"g(a) s o8 <r<p+s)r(q)>s=o

~vog(2) + 40 - v(p)

b x 1 1
= Log( 2 — 4 17
Log<a>+kz‘0{p+k q+k}’ 2.17)
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since (see (5.5) of Chapter 6)

o (1 1
t//(x)=—y—kgo{k+x—m}. (2.18)

Ramanujan records four special cases of (2.17):

@ -5 __ -7
(1+ax) (1+bx) dx = Log b + E’
o x a 30

© -p__ -p—1
J (1+ax)"?—(1+ bx) dx=Log<g> +%’

0 X

Jw(l +ax) P —(1+bx)7P7? e Log(Z)

0 X

22p +5)p*+5p+9)
(p+DP+2)(p+3)(p+4)

and

) -1/4 _ —3/4
j (1+ax) (1 + bx) dx=Log<Z)+n.

0 X
To calculate the last example employ Leibniz’s series for n/4.

(iii) By (1.5), (1.12), Theorem 11, and (2.18), for a, b, p, ¢ >0,

dx

(2 Y
j‘”(H—ax) <1+,/1+4bx)

1) X

_ b d ql(g + 25T (p)
=Log (‘) + s loe (F(q s+ UM+ s)>s=0

+24(q) —¥(g + 1) — ¥(p)

)
)i &

2

w(1+ax)-p—(————->p
J 1+ /1 +4bx dx:Log(g)_%.

0 X

In particular,
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(iv) By (1.5), (1.13), Theorem II, and (2.18), for 4, b, p, q>0,

J’“’ (1+ax) " P=(bx+./1+ bzxz)‘z"d
X
0

X
_L0g<b> d( 92’T'(q + 39)T(p)
ds\I'(g+1—3s)I'(p+5)/ - 0

b

=Log <5> + Log 2+ 3¥(q) + 3¥(g + 1) — ¥(p)
2b 1 © 1 1

=Log|—}+—+ Y {—————*.

og<a) 2q kzo{erk q+k}
In particular,

ﬁ”(l+ax)“’—(bx+,/1+b2x2)‘2" Lo <2b> 1
= Log
0 X

t o

Ramanujan remarks that “many other integrals such as

) P

e~ “* cos’(ax) — <ﬁ>
J“’ e —(1+4bx)” 1’ f‘” 14+./144bx i
’ x

0 X 0

can be found from Theorem I1.”
Let fi, ..., f, be functions such that

3 chl®=0= ¥ aito)

where ¢, ..., ¢, are constants. ‘Then it is clear from the proof of Theorem II
that, under suitable conditions,

|5 & asawa

can be evaluated, where ay, ..., a,> 0.

James Hafner has kindly shown us that Theorem II can be significantly
strengthened. Hafner’s improvement allows Ramanujan’s formula (2.14) to be
applied to a wider variety of functions (and also for the limit in (2.14) to be
taken under the integral sign). We now present Hafner’s argument.

By Frullani’s theorem (2.15),

Ff(ax) —gbx) | f {f(@x) —f (b)) + {f(bx) = gbx)} |
x 0

X

={/0 f(oo}Log<> J S0 - 1) 8t
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By (2.16), it then remains to show that

f ”f((i);ﬂ dx = — {u/(0) — v(O)}.

Replacing f(x) — g(x) by f(x), it now suffices to prove the following lemma. (A
similar result was established by Carlson [1] under stronger hypotheses.)

Lemma. Suppose that f is analytic in a neighborhood of the nonnegative real
axis Put

y U9
=X w

for |z| sufficiently small. Assume that, for some positive number §,

jmf(x)x_“dx

converges uniformly for 1 — < Re(a) < 2. Suppose furthermore that f(0)=0.
Then w(s) can be extended in a neighborhood of s =0 so that u is differentiable
at s =0 and so that

W)= — f @ dx. (2.19)
o X
Proof . For ¢ > 0 sufficiently small, we shall, in fact, define u by
r 1 nis
u) = EEDR A g (2.20)
27” Jzl=¢

and then show that u has the desired properties. (We shall assume that
principal branches are always taken.) First, observe that if s is a nonnegative
integer, (2.20) is valid by Cauchy’s integral formula for derivatives. Since f'is
analytic in a neighborhood of the positive real axis, by Cauchy’s theorem,

Re2ni R
j f(z)z“s“dz—f f(2)z75"1dz=0, 0O<e<R<oo0.
It follows from (2.20) that

u(s)zr_(sil_)i"’{ - f(2)z75 Y dz + (e 25— 1) fkf(x)x“s‘1 dx}.

2ni

Assuming that — é < Re(s) < 1 and using our hypotheses, we find that, upon
letting & tend to 0 and R tend to oo,

(s + 1)e ™ —
2mi

_ _ Ds+ 1) sin(ns) J‘ Flox+ 1 dx,
n 0

u(s) = e) j fOox s dx
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From this formula and our hypotheses, it follows that u(s) is analytic in a
neighborhood of s = 0. Calculating «'(0) from the formula above, we deduce
(2.19) to complete the proof.

Many of the integral evaluations found by Hardy [1] do not technically

fall under the domain of Theorem II because the hypotheses are too
restrictive. However, by using Hafner’s lemma, the use of (2.14) can be

justified. For example,
J © < sin x> dx
cos X — —=—1
0 X X

and

where y denotes Euler’s constant.

2.6. Ramanujan now returns to his Master Theorem to derive several
additional corollaries. As mentioned earlier, for brevity, we omit the
hypotheses which arise from Hardy’s theorem. We shall also write the integrands
in terms of power series, as did Ramanujan, even though the series may not
have an infinite radius of convergence.

Corollary (i). f ) f PR e F)p(—n) costmn)
0

K=o (2k)!
Ramanujan’s proof. By the Master Theorem,

J ” & 2k)( x)t

0

OM

————dx=T(n)e(-2n).

Replacing x by x? and n by %n we find that
© & k) (—x)F
[t 3 2B e srtgmg
0 k=0 .
Next replace ¢(s) by ¢(s)[(3s)/I(s) to obtain

QRIS PK)(=x*)" dx =L GnI(—3me(—n)
o o (k) - 4T(—n) ’

from which formula (i) follows.

Corollary (ii) is simply (1.4) and is also found in Chapter 4, Section 11,
Corollary 1.

Corollary (iii). f " i O(2K)(— x) dx = np(—n)

o K= 2 sin(inn)”
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Proof . Replace x by x2, s by 4n, and ¥(s) by ¢(2s) in (1.4).

Corollary (iv). If r is any natural number, then
® n—1 = Nk _ n¢0_n)
L X kZ‘O Plrk)(— 7" dx = r sin(zn/r)’

Proof. The proof is similar to that of Corollary (iii), which is obviously a
special case of Corollary (iv).

Corollary (v). j 5 Xy )( Y costn)dx= 3 o(—2k— 1) (=nf.
¥=0 K=o

Ramanujan’s proof . Expand cos(nx) into its Maclaurin series, invert the order
of integration and summation of this series, and then apply the Master
Theorem to each term.

For a rigorous proof of Corollary (v), see Hardy’s paper [13], [21,
pp. 280-2897 or [20, pp. 200, 201]. Corollary (v) is also found in Chapter 4,
Section 11, Corollary 3.

Corollary (vi).

k k oo 2k _ a242¥k 0
J‘O kZ,o ()( x) k;() W( )((Zk)r't x*) dxzkgo W(Zk)(p(—Zk—l)(—nZ)".

Ramanujan’s proof. His proof undoubtedly was like that of Corollary (v),
which clearly is a special case of the present corollary.

Corollary (vi) is a corollary of formula (E), p. 186, and is discussed and
proved on pages 202-205 of Hardy’s book [20]. Corollary (vii) is Corollary 4
in Section 11 of Chapter 4.

Corollary (vii).
© o 0 k
J Y (2k)(~x2)* cos(nx) dx— 3 Mﬂ. @2.21)
0 k=0 k=
Ramanujan’s proof . By the Cauchy multiplication of power series,

J. Y. (2k)(—x?)* cos(nx) dx=f Y o*2k)(—xHtdx, (2.22)
0 k=0 0 k=0
where
plk—2)n* & (=2 "
=S 2GR oy ATAT
L T P S ]
Note that (2.22) requires the definition of ¢* for only even k, but that

(2.23)
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Ramanujan makes a definition for odd k as well. Now apply Corollary (iii)
with n =1 to the right side of (2.22). Using (2.23), we complete the proof of
(2.21).

Ramanujan cautions us that if we expand cos(nx) into its Maclaurin series
and apply Theorem I to each term, we will not obtain the correct formula in
Corollary (vii). Moreover, if we replace ¢(s) by I'(s + 1)¢(s) cos(ns/2) in
Corollary (v), we obtain the same formula as that gotten by expanding
cos(nx) into its Maclaurin series! Ramanujan’s advice is even more curious
because he is criticizing the same procedure followed by him in establishing
Corollary (v). We might therefore be suspicious of Ramanujan’s new line of
attack delineated above. Indeed, Ramanujan’s argument seems to be objec-
tionable for at least two reasons. First, there is no apparent reason why ¢*,
defined by (2.23), should satisfy the hypotheses of Hardy’s theorem, or even
Theorem I. Secondly, the definition of ¢* itself invokes skepticism. The
reader should now be unequivocally convinced that Corollary (vii) could not
possibly be correct. But, despite our arguments to the contrary,
Corollary (vii) does appear to be the correct formula! We shall defer our
argument until after Corollary (viii) which generalizes Corollary (vii).

Corollary (viii).

2 & a2 YRR(—nPx  m 2 o(—k—1)Y(k)(— n)"
L L, o@R=x 3 oo T4 k!

Ramanujan’s proof. Evidently, Ramanujan employed the same type of
argument that he used to prove Corollary (vii), which is the special case
Y(s) =1 of Corollary (viii).

Proof . By Corollary (iii),
T Y ok x2dx = 2 224
L x kgofp( N—x*) dx 3 sins) (2.24)
Letting u = n?x? and employing the Master Theorem, we find that
P o1 B YRR(=n’x?)
s—1
L LT &

(& YRR
“—L T o ™

n_‘jJ""us/z_1 i YRRk + 1D)(—u) du
0

o L(Qk+ Dk!

_ n U TES(—9)0(1 = 33)
(1 —s)
= n"%Y(—s) cos(ns)I'(s), (2.25)

after a little simplification.
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With the use of (2.24) and (2.25), we now apply Parseval’s theorem for
Mellin transforms (Titchmarsh [2, pp. 94, 95]) to deduce that, for 0 <c < 1,
(__n2x2)k

- = Yk
J L, PR N T

0 =0

dx

1 c+ioo
" 2mi J . %n*“m—wu- DI(1 —s) ds
=2 5 mo—k— 1w S

by an application of the residue theorem. This completes the proof.

We have obviously proceeded very formally above. Besides needing
hypotheses to invoke Hardy’s theorem, we also must require strong con-
ditions on ¢ and ¥ to apply Parseval’s theorem. The last step of our proof
also supposed that ¢ and i have sufficiently mild growth conditions so that
we can integrate around a suitable rectangle with vertices of the form ¢ + iM,
N +iM and let M and N tend to oo to get the required sum.

2.7. Ramanujan devotes Section 7 to the inversion formulas for Fourier
cosine and Fourier sine transforms and some applications thereof. As we shall
see, he derives these familiar formulas from his Master Theorem. The
inversion formulae hold if ¢ is of bounded variation on every finite interval in
[0, o) and if ¢ is absolutely integrable over (0, c0) (Titchmarsh [ 1, pp. 434,
435], [2, pp. 16, 17]).

Theorem III. Let n>0. If

j“’ @(x) cos(nx) dx = y(n), (2.26)
then ’

Lm ) cost) dx = 5 gl 27)
i

r L) sin(nx) dx = (o),
then '

Jw WY(x) sin(nx) dx = zgo(n).
o 2

Ramanujan’s proof. If
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then by Corollary (v) in the previous section, we observe that (2.26) holds with
Y(x)= kZO @*(=2k — D(—x*f.

An application of Corollary (vii) then yields (2.27).
To prove the second part of Theorem III, Ramanujan evidently developed
sine analogues of Corollaries (v) and (vii) and proceeded as above.

In the applications which follow, except for the last, the hypotheses of the
aforementioned theorem in Titchmarsh’s books [1], [2] are satisfied, and so
the results are correct. In each example, n > 0.

Example 1. Since
® 1
“* cos dx=——
L e (nx) dx T n®
we have

dx="
0 1+x2 7772

Jmcos(nx) T,
e "

Example 2. Since (Gradshteyn and Ryzhik [1, p. 490])
J"O L I'(p) cos{p tan~'(n/a)}

x?"e" cos(nx) dx = ,
o (nx) (a* + nH)P2 ’

where a, p > 0, then

() J“o cos{p tan"}(x/a)}

1,—an
0 (a® + x?)P?

cos(nx) dx = % nf~le

Example 3 is the same as Example 2, except that all cosines are replaced by
sines.

Example 4. First, recall that, for Re a>0 (Gradshteyn and Ryzhik [1,

p. 4807),
Jw —ax \/;e*nz/a.

e cos(2nx) dx =
0 2./a

Setting Im a = b and letting Re a tend to 0, we deduce with the aid of Abel’s
theorem (Bochner and Chandrasekharan [1, p. 35]) that

o 2
bx?) cos(2nx) d =—\/icos<z—n—>
L cos(bx?) cos(2nx) dx 2\/5 1

@ 2
f sin(bx?) cos(2nx) dx = ﬁ sin <E - n_> .
0 2\/5

and
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Replacing x, n, and b by \/;, \/&, and n, respectively, we find that the
foregoing formulas become, respectively,

© cos(2\/(; Jcos(nx) . [r n a
L \/; dx-\/%cos(z—;>

* cos(Z\/E) sin(nx) .~ n . (n a
L \/; dx-\/%sm(z——;)

Ramanujan then invokes Theorem III to conclude that

and

f 0°° cos(m/4 — jij) costnx) .y — 2‘5’% cos(2,/an)

Lw sin(r/4 — \7; i) gy - 2@ cos(2,/an).

Note that cos(2\/a>x)/\/; is not absolutely integrable on [0, o), and so the
aforementioned theorem in Titchmarsh’s text [1, pp. 434, 435] cannot be
applied. Nonetheless, these last two evaluations are correct, as can be verified
from results in Gradshteyn and Ryzhik’s tables [1, pp. 398, 399]. (The
formula at the top of p. 399 is incorrect; read —e 2V® for +e¢ 2V®)

and

In 1952, Guinand [1] discovered that ¥(x + 1) — Log x is self-reciprocal
with respect to Fourier cosine transforms, where y(x)=I"(x)/T'(x). It is
remarked in a footnote [1, p. 4] that this fact was independently discovered
by T. A. Brown, who was informed by Hardy that this theorem is found in
Ramanujan’s quarterly reports. However, such a theorem is not found in the
reports.

3. The Third Quarterly Report

3.1-3.3. After a sentence of introduction to the Board of Studies in
Mathematics, Ramanujan returns to the conditions under which his Master
Theorem is valid. He has become concerned about determining ¢(x) from its
values on the set of nonnegative integers. Ramanujan tries to convince us that
there is always a “natural” continuous function that is determined by its
values at 0, 1, 2, ..., but his argument is quite unconvincing.

3.4-3.6. In these three sections, Ramanujan, for the first time in the reports,
turns away from his Master Theorem and its ramifications. He discusses the
ordinary composition of functions and extends this concept to “the fractional
order of functions.”
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Define F%x)=x, F!(x)=F(x), and F"(x)=F(F" (x)), n>2, for any
function F, where, of course, the range of F"~! must be contained in the
domain of F. As a particular example, consider F(x) = ax¥, where a, p, x > 0.
An easy inductive argument shows that

Fn(x):a(p"*l)/(p—l)xp" (3.1)

for each nonnegative integer n. Ramanujan now defines F"(x) for all real
numbers n by (3.1). Thus, FY%(x) = a'//?*Vxv?_ In general, if there exists a
formula for F"(x) when n is a nonnegative integer, Ramanujan defines F"(x)
for all real n by the same formula.

By inducting on m, it is easy to show that F™(F"(x)) = F™*"(x), where m
and n are arbitrary nonnegative integers. Ramanujan declares that this
identity remains valid for all real numbers m and n. For example, in the
particular instance mentioned above, it is easily verified that F'/%(F'/?(x))
= F(x).

Lemma. Let f=y~ 'Fy. If n is a positive integer, then
fr=xtF (3.2)

where y~! denotes the inverse function of y.
This formula is easily established by induction on n. Ramanujan gives a
more complicated version of (3.2) and assumes that (3.2) is valid for any real

number n. He concludes Section 6 with several examples illustrating the
Lemma’s usefulness.

Example (a). Let F(x) = {a(x™ + 1)? — 1}'/™ where a, p, x, m > 0. Then, for
any real number n,
Fr(x) = {@@" = D= D(xm 4 1y — [jim (3.3)

Proof. Let y(x)=x"+ 1. Then y~ }(x)=(x — 1) Letting ¢(x)=ux?, we
find that F =y '¢y. By (3.2) and (3.1),

Fr(x) =y to"y =y H{a"" D D{x(x)}"},
from which (3.3) follows.

Example (b). Let F(x)= x*—2, x>2. Then
2 _A\J/? _ 2 _A\V2
F”Z(x)=<x+‘/2x 4> +<x x 4) ’
FLog3/LogZ(x) — x3 _ 3x,
and

Flosskoe2(y) = x5 — 5x3 4+ 5x.
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Proof. Set x=y+1/y. Then F(x)=y*+y~ 2 F*x)=y*+y % and, in
general, for n >0,

/.2 2n _ 2 _ 2n
F"(x)=y2"+y_2"=<x+ x 4) +<x a 4). (3.4)

2 2

The three proposed formulas now follow without difficulty.

Example (¢), (i). If F(x) = x* + 2x, then for any real number n,
Frix)=(x+1)>"—1.

Proof . Let ¢(x) =x2 and x(x)=x + 1. Then y "!(x)=x — 1. A short calcu-

lation shows that F = ¥~ !¢y. The proposed result now follows from (3.2).

Example (¢c), (ii). If F(x) = x> — 2x, x > 3, then for each real number n,

Fr(x)=1+ <x—1+\/x2—2x—3>2"+ <x—1——,/x2—2x-3>2"

2 2

Proof. Let o(x)=x*>—2 and x(x)=x—1. Thus, y '(x)=x+1 and
F =y~ 'oy. Upon noting that (3.4) is valid with ¢ in place of F, we apply (3.2)
to obtain the desired result.

Example (c), (iii). If F(x) = x? + 4x, x > 0, then for each real number n,

- (T (e Y

Proof . If p(x) = x? —2and y(x)=x+ 2, then y "(x)=x—2and F = y loy.
By (3.2) and (3.4),

Fr(x) = <x+2+\/x2+4x>2"+ <x+2——./x2+4x>2"_2

2 2

After an elementary algebraic calculation, it is seen that the two formulas for
F"(x) are in agreement.

Example (d). Let 0 < x < 1. If

L4 Sy = L), (3.5)

1—x

1+2 \/Fms(x)= \/I_F PR (3.6)
x 1—x

Proof . If we solve (3.5) for F1°#2(x), we find that

G(x) = FL82(x) = (2 - x>2.

then
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Let ¢(x) = x? —2 and y(x) =2/\/;. Then y !(x)=4/x% and y '¢y = G. By
(3.4),
1+ 1%\ [1—/T—x\”
ONSE (—* N ") + <—ﬁ x) .
Thus, by (3.2),
4

= CET

{(1 +F>3:<1 —\\/fifxﬂz =(4—x;x)2'

A straightforward calculation now shows that F°¢3(x) satisfies (3.6), and so
the proof is complete.

FnLogZ(x) = Gn(x) —

In particular,

FLog3(x) —

Although the arguments in these three sections have been purely formal,
the fractional iteration of functions can be put on a firm basis; see Comtet’s
book [1, pp. 144-148].

3.7-3.9. In Sections 7-9, Ramanujan, inspired by reading Hardy’s tract [6],
briefly studies orders of infinity. None of Ramanujan’s results is new, but his
approach seems novel.

As in Hardy’s book [6],

f(x)<g(x)

means that lim, , , f(x)/g(x) =0, and we say that g(x) is of an order higher
than f(x), or f(x) is of an order lower than g(x). The symbol > is defined
similarly. Thus,

x<x2<x3<
and
¥ > x*>T(x + 1)>e*>x",

for every real number n.

Iterative powers may be defined inductively from the definition a® = a®?,
Let "¢* denote the nth iterate of the exponential function. Thus, le* = €,
2e* = ¢°", etc. We also shall write "e! ="e. From the ratio test, it can be seen
that

X 2,x 3,x

e e
=1 o —
fx)=1+5+5; +2345+
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converges for every x. Furthermore, f(x)>"e* for each positive integer n.

On the other hand, by a clever construction, Ramanujan next shows that
there exist functions tending to co slower than any iterate of the logarithmic
function. (This is actually a consequence of a theorem of du Bois—
Reymond found in Hardy’s tract [6, p.8]) Define Log; x=Logx and
Log, x = Log(Log, ; x), n= 2.

Theorem 1V. There exists a function f such that f(x) < Log,x for each positive
integer n.
Proof . Let ¢(x) be any positive, continuous function such that ¢(0) =1 and
xo(x) = ¢(Log x), x > 0. Define ug = (1) =1 and u, = ¢("e), n> 1. Let

1
J o(x) dx=C.

From the definition of ¢ it follows that
€ e L 1
J‘ (p(x)dxzj —q)(?c—gx)dx= J @(x)dx =C,

1 1 0

J‘e‘-’ @(x)dx = j‘eEKLz—gjﬁ dx = Je e(x)dx=C,

e e 1

and, in general, for n > 2,

J" e(p(x)dxzjn ewdxzr o(x) dx = C, (3.7)

Yle "e x
by induction. Thus,
f (X)EJ (1) dt
4]

tends to oo as x tends to co. By L'Hopital’s rule,

liﬂ; L{)(gx,,)x = ll_{l;lo o(x)x Log x Log, x --- Log,_; x

= lim ¢(Log x) Log x Log, x --- Log,_; x

X

lim ¢{Log,x) Log,x --- Log,_, x

X

Il

... = lim ¢(Log, x)=0,

ie., f(x)< Log, x for every positive integer n.

Since f(x) tends to oo as x tends to oo, the series

o= ol
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diverges by the integral test. Ramanujan claims that @ diverges so slowly that
the sum of 10°°°°°%® terms does not exceed 5. This claim is meaningless
unless C is specified. Note that n =35 is the least positive integer such that
"e > 102999990 Then by a familiar geometrical argument from calculus,

102000000

102000000 S¢
y (p(k)<1+f qo(x)dx<1+J o(x) dx =1+ 5C,
k=1 1 1

by (3.7). Thus, if C <%, Ramanujan’s claim is justified.
To further illustrate slowly divergent series, Ramanujan remarks that

1029 1 p
,;2 k Log k =

Indeed, Hardy [6, p. 61] and Boas [1, p. 2441, [2, p. 156] have shown that
1.3 x 10%° terms are required to exceed 5.

In Section 9, Ramanujan discusses “scales of infinity.” Thus, x, x/2, x!/3,
and x'/* belong to the “ordinary scale,” and Log x, (Log x)!/3, and Log, x are
in the “logarithmic scale.” If fis any member of one scale and g is any member
of another distinct scale, then f<g always or g<f always. Using an
argument similar to the proof of Theorem I'V, Ramanujan attempts to show
that the number of scales is infinite, which again is a consequence of du
Bois-Reymond’s theorem. However, Ramanujan’s attempted proof is flawed
in several respects.

3.10. Ramanujan now returns to the topic of fractional composition of
functions. His main task is to expand f’(x) as a power series in r. As before,
Ramanujan’s procedure is not rigorous.

Some of this material is found at the beginning of Chapter 4. Thus, the first
part of our description here will be rather brief.

Write )
& x)r
fi= 3, P (8
K=o k!
Putting r =0, we find that x =f°(x) = yo(x). Ramanujan next shows that
df"(x df"(x)
) i 69
r dx

from which it can easily be deduced that y,(x) =y (x) dyr,_ ,(x)/dx, n> 1.
(See the proof of Entry 4 in Chapter 4) Thus, in order to calculate the
expansion (3.8), we need only to determine i,(x).

Ramanujan’s determination of y,(x) is quite interesting but not rigorous.
Let F(x) be a solution of

F(x)=f"(x)F{f(x)}, (3.10)
and let

e
C(x)= f F(t) dt.

X
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By differentiating C(x) and employing (3.10), we find that C(x) is independent
of x, and so we write C(x) = C. Now for each integer n> 1,

I ) TS
J F()ydt= J SOF{f(@t)}dt= J F(¢) dt.
!

S x) n-(x) S ™(x)

Hence, for each positive integer r,

I
‘[ F(t) dt =rC. (3.11)
But now Ramanujan differentiates (3.11) with respect to r. Using (3.9), he finds
that

df'(x

Yilx F{f( )} = (3.12)

By a repeated use of (3.10) along with the chain rule, Ramanujan next finds
that, for each positive integer r,
f '( ) pgpr
F(x)= T2 F{f7(x)). (3.13)

Comparing (3.12) and (3.13), we deduce that y,(x) = C/F(x). As previously
shown, this enables Ramanujan to determine the series (3.8).

3.11. As a natural outgrowth of his study of the fractional composition of
functions, Ramanujan briefly studies fractional differentiation in Section 11.
For each nonnegative integer n, let D"f(x) = f™(x). Ramanujan assumes that
there exists a unique, “natural” function of n passing through the points
D% (x), Df(x), D*f(x),..., and in this rather imprecise fashion defines
fractional derivatives of f. As an example, consider f(x)=e*. For each
nonnegative integer n,

D" = gre™, (3.14)

and so it is natural to define the nth derivative of ¢ for any real number n by
(3.14). It is interesting that Liouville in 1832 began his study of fractional
differentiation in this same manner. (See an article by Ross [1].)

Theorem V. If n> 0, then

f X100 — x) dx = T(n)f*~"(a), (3.15)
0
where [®(t) denotes the kth fractional derivative of f.

Ramanujan points out that Theorem V can actually be used to define the
fractional derivative f®. Let r be any nonnegative integer greater than k and
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let n=r — k. Thus; n>0, and by (3.15),

f © 71 0a - x) dx = T f¥(a). (3.16)
0

Since the left side of (3.16) has a definite meaning from elementary calculus,
(3.16) can be used to define the fractional derivative f ®(a) for any real number
k. It is remarkable that (3.16) is precisely the same definition that Liouville
gave for the fractional derivative f®(a) (Ross [1, p. 6, equation (7)]).

Ramanujan’s deduction of (3.15) is purely formal and amazingly simple. As
we shall see below, he deduces (3.15) from his Master Theorem!

Ramanujan’s proof. By Taylor’s theorem and the Master Theorem,

Jw xn—lf(r)(a_x) dx = J‘m xn—l i f(r+k)(a)(_x)k dx

0 0 K=o k!
=T(n) " ™a).
Corollary. We have

f £Pa—x?) dx = \/T; Fer-112)
0
Proof. Set n=1% and replace x by x? in (3.15).

For an introduction to fractional calculus, see the book by Oldham and
Spanier [1]. An informative historical account of fractional calculus and
many of its applications can be found in a book edited by Ross [1]; for
another historical account, see Ross’s paper [2].

3.12. In Section 12, Ramanujan indicates how operators can be formally
employed to deduce various types of formulas. As at the beginning of the
third report, Ramanujan incorrectly asserts that a function can be uniquely
determined from its values on the set of nonnegative integers in order to
justify his methods.

As is customary, the difference operator A", n>1, is defined as
follows. Define Af(x)=f(x + 1) —f(x) and A"f(x) = A(A" " 'f(x)), n>2. Let
E =1+ A, where I is the identity operator. Then E"¢(0) = ¢(n) for any non-
negative integer n. Ramanujan assumes that the last equality is valid for any
real number n and deduces that

olr) = E'0(0) = (I + &70(0)= 3, (Z) £9(0),

which can be thought of as an infinite version of Newton’s interpolation
formula (Abramowitz and Stegun [1, p. 880]). We make no attempt to justify
this formal process.

Ramanujan prefaces his next application by declaring that, “If a result is
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true only for real values of a quantity (say a), then the result got by using the
operator for a is true only if when the new function can be expressed in terms

of the original function ....” As an illustration, Ramanujan considers
* cos(ax T
3 (ax) dx=—e79,
o X°+1 2

which is valid only for (nonnegative) real values of a. Multiplying both sides
by ¢(0) and replacing a by the differential operator D, we get

® cos(Dx) T,
L 211 0 dx=7e"00) (3.17)
Now
iDx —iDx
cos(Dx)p(0) = 5 0(0)
=1 i Mq)(g)
_1 v X+ (= 9lix) + 9(—ix)
-3 £ g - 40

Similarly, e P@(0) = ¢(—1). Thus, (3.17) can be written in the form

J ® @lix) + o(—ix)
o 2x*+1)

which Ramanujan claims is valid only when ¢(ix) + ¢(—ix) can be written as
a linear combination of cosines. Observe that, in fact, (3.18) is really a special
instance of Corollary (viii) in the second report.
Ramanujan continues the remarks quoted above by asserting that, “But if
a result is true for complex values of a then we can freely use the operators
...” To elucidate this principle, consider

n
d =5(p(—1), (3.18)

J‘ x""teT ™ dx = a "[(n),
0

which is valid when Re(n), Re(a) > 0. Multiply both side by ¢(0) and replace a
by the operator E. Since E"o(0) = o(r),

j @ i Ex)"(P(O) ix
o k=0
_ rxn—l i de=r(n)E‘"¢(0)=F(n)w(—n),

0 k=0 k!

and so another “proof” of the Master Theorem is obtained.
Ramanujan applies operators in two more instances to rederive the result
of Example (iv) in the first report and Theorem III in the second report.
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3.13. Section 13 is devoted to the delineation of some results that are
described more fully in Ramanujan’s paper [13], [15, pp. 53-58]. First [15,
p. 54],

f |T(a + ix)|? cos(2nx) dx = %\/;I“ (@I (a +3) sech?® n,
4]
where a > 0. By the Fourier cosine inversion formula of Theorem III,
* cos(2nx) | _ JTI(a +in)|? (319)
o cosh®*®x ~ 2l(@T(a+%) ‘

Letting a =3 and using the fact that |[(4 +iy)|? = n sech(ny) (Gradshteyn
and Ryzhik [1, p. 937]), we find from (3.19) that

® cos(nx) , m(n® +1)(n* +9)
o cosh®x =748 cosh(nn/2) ~

Replacing a by 1 — ain (3.19) and using an infinite product representation for
cosh(2nn) — cos(2na) (Gradshteyn and Ryzhik [1, p. 37]), we find after some
manipulation and simplification that, for 0 <a <1,

* cos(2nx) x “  cos(2nx) dx = 7 sin(2na)
o cosh®x ], cosh?~9 x ™" (1 —2a){cosh(2rn) — cos(2na)}’

3.14. Let a, h, n> 0. First,

h h
J e~ "* cos(nx) dx = Re J e @tmix gy

0 0
a{l — e~ cos(hn)} + ne™ " sin(hn)
a’ + n? ’

Secondly, using some integral evaluations in Gradshteyn and Ryzhik’s tables
[1, p. 406, Section 3.723, formulas 2, 3], we find that

J‘” a{l — e~ cos(hx)} + xe ™ ** sin(hx)

0 a® + x?

cos(nx) dx

_ j"“ cos(nx) I — ae J‘” cos{(h + n)x} ix

x
o a*+x? 2 Jo  a*+x?

dx

_ae ™ [ cos{(h—n)x}
2 Jo  a?+x?
e™ [ x sin{(h+n)x}

L L a?+x2 dx

e J“’ x sin{(h — n)x} b

2 Jo a’ +x?

+
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- T ah—alh— T ah—alh—
e ™ _"Tp ah—alh "'+sgn(h—n)ze ah—alh—n|

T

2 4
(n/2)e™ ", ifn<h,

=< (n/d)e . ifn=h,

0, if n>h.

Using differential operators in a manner like that in (3.17) and employing the
calculations above and similar calculations with cos(nx) replaced by sin(nx),
Ramanujan deduces the following theorem.

Theorem V1. Let n> 0. If

Y(n) = r ®(x) cos(nx) dx,

0

then
(n/2)p(n), fn<h,
J Y(x) cos(nx) dx = 4 (n/4)e(n), ifn=h,
° 0, ifn>h

if
Y(n) = Jh @(x) sin(nx) dx,
(4]
then

(n/2)p(n), if n<h,
J Y(x) sin(nx) dx = < (n/4o(n), ifn=Hh,
(]
0, ifn>h.
Now, in fact, Theorem VI follows from the Fourier integral theorem

(Titchmarsh [2, pp. 16, 17], [1, pp. 432-435]) and is valid when ¢ is
continuous and of bounded variation on [0, A].

3.15. Several of the formulas in this final section have been discussed by
Hardy [20, pp. 187, 206-209] who regarded them as examples of
Ramanujan’s formalistic thinking, Like Hardy, we shall make no attempt to
justify the formal analysis.

Theorem VII. Suppose that F and f satisfy either

(a) Lao F(ax)f(bx)dx = ﬁ[;’ a, b>0,
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or
(b) rxp-lp(x) dxrx-vf(x)dxz T 0<p<l.
0 0 sin(np)
If
() J‘QO @(x)3{F (nxi) + F(—nxi)} dx = y(n), n>0,
0
then
(d) f Y(x)5{ f (nxi) + f(—nxi)} dx zzz-(p(n), n>0.

Ramanujan’s proof. Ramanujan’s argument is not logically consistent with
the formulation of his theorem. He really proceeds as follows.
Set

@© * k @©
o= 3 LI = § yrony,
*(k)(— x)" *(k)(— )"
FU—ZE%%ﬁn nd =3O
k=0 . =0

Suppose that y*(r) = F*(r)p*(—r—1) and f*r)F*(—r—1)=1. Then he
proves (a), (b), (c), and (d) in turn.

Formulas (c) and (d) are then just reformulations of Corollaries (vi) and
(viii), respectively, in Section 2.6. Hardy [20, p. 206] has related Ramanujan’s
formal proof of (a), and so we omit it. To obtain (b), simply apply
Ramanujan’s Master Theorem to each of the two integrals and then use the
hypothesis F*(—r)f*(r—1)=1.

The third quarterly report concludes with five corollaries of Theorem VII.

For the first application, let F(x)=f(x)=e *. Then

® 1

f e e ™ dx=——, a,b>0.
0 a+b

Thus, Theorem VII yields a restatement of the Fourier cosine inversion

formula of Theorem III.

Corollary 2. Let n> 0. If
* olx)
f s dx =y,

o 1—n*x

then

o« 2
[ 5o
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Ramanujan’s proof. Let F(x) = 1/(1 + x?) and f(x) = 2F(x)/n. Then

2 [ dx 1 0 b>0
nJo 1+a>x)(1+b2x?) a+b’ ’ '

Applying Theorem VII, we readily deduce the desired result.

For conditions under which Corollary 2 is valid, see Titchmarsh’s book
[2, Chapter 8, esp. p. 219, paragraph (10)].

The next corollary gives the inversion formula for Hankel transforms.
Consult Titchmarsh’s treatise [2, pp. 240-242] for conditions which insure
the validity of Corollary 3 and for a proof. Even if v is an integer, it does not
appear that Corollary 3 can be derived from Theorem VII. Ramanujan is
quite vague on the origin of Corollary 3.

Corollary 3. Let n>0. If

[ xoep () dx = i)
then
[ (o 1) dx = o),
JO

where J, denotes the ordinary Bessel function of order v.

Corollary 4. If o/m = (n — B)/n=p, where m, n>0 and 0 <p <1, and

@ 1
J; F(ax)f(bx) dx:m, a, b>0,
then
Y e ipm P Btpm g T
JO x*T F(x™) dx J;) x* T (x") dx T

Corollary 4 is easily derived from formula (b) of Theorem VII. (Again, we
emphasize that Theorem VII is illogically formulated.) Corollary 5 is the
special instance of Corollary 4 when m=n=2,a=f=1,and p=13.

Corollary 5. If
o 1
F -
L (ax)f(bx) dx PR
then

T

ij(xZ)dewf(xz)dxz—
0 0 4
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Conclusion

Although Ramanujan did not fully develop many of the ideas in his quarterly
reports, he discovered the basic underlying formulas for several theories, most
of which were developed earlier but some of which evolved later. It is rather
remarkable that Ramanujan’s formulas are almost invariably correct, even
though his methods were generally without a sound theoretical foundation.
His amazing insights enabled him to determine when his formal arguments
led to bona fide formulas and when they did not. Perhaps Ramanujan’s work
contains a message for contemporary mathematicians. We might allow our
untamed, formal arguments more freedom to roam without worrying about
how to return home in order to find new paths to the other side of the
mountain.
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